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Summary

Algorithms on Phylogenetic Trees by FABIO PARDI

The simultaneous rise of digital computers and molecular biology fifty years
ago spurred the development of several algorithms for biologically relevant problems
and the birth of computational biology (e.g, [MS57, ED66, NW70]). Arguably
the earliest among these were algorithms for inferring phylogenetic trees based on
the present characteristics of species or molecules [MS57, Sne57, SS63, ECS63,
ECS64, CS65, ED66, CSE67, FM67|. Despite this long tradition, new opti-
misation problems on phylogenetic trees have continued to appear, and algorithms
dealing with them are an active area of research.

This dissertation presents my work on the algorithmics of phylogenetic trees in
two separate directions: first, I define and solve a hierarchy of optimisation problems
aiming to select a maximally diverse subset of taxa in a tree; second, I explore
a recently-proposed distance-based criterion for reconstructing phylogenetic trees:
balanced minimum evolution (BME).

The first direction of research is presented in Chapters 2 to 5. After introducing
a measure of diversity for subsets of taxa in a tree and discussing its relevance to
applications such as conservation biology, I show that a simple “greedy” algorithm is
guaranteed to select maximally diverse subsets of a fixed size (Ch. 2). When instead
each taxon has a “cost” and the selection is limited by a given “budget” (leading to
the possibility of selecting subsets of variable size), dynamic programming algorithms
become necessary (Ch. 3). A further improvement, in the context of conservation
biology, is to take into account different extinction risks for different taxa (Ch. 4).
Selecting taxa for conservation so as to minimise the future loss of diversity leads
to a framework proposed by economists, called the Noah’s Ark problem, which I
generalise and tackle in Chapter 5.

The rest of the thesis deals with BME. First, I illustrate the theoretical and
empirical bases supporting the use of this criterion, including a novel result regarding
its robustness to noisy estimates of pairwise distances (Ch. 6). Second, I present a
branch and bound algorithm for BME:; this is the first practical algorithm guaranteed
to construct optimal trees with respect to this criterion and I use it to investigate
the margins of improvement possible for current algorithms for BME (Ch. 7).

A more detailed summary is given in Chapter 1 (Sec. 1.3), which also introduces

the main themes and terminology of this dissertation.
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CHAPTER 1

Introduction

1.1. Phylogenetics

Phylogenetics is the discipline concerned with the study of evolutionary rela-
tionships, in particular the reconstruction of phylogenetic trees from molecular or
morphological data (for example DNA sequences or fossils), their analysis, and their
application to yet other disciplines.

A recent application of phylogenetics has been in the choice of species, for a
variety of purposes where it is important to choose species that span large portions
of the underlying phylogenetic tree. For example, in biodiversity conservation it is
important to concentrate conservation efforts on sets of species that are as diverse
as possible, so as to avoid the loss of extensive parts of the underlying evolutionary
history. Another example is genomics, where again it is desirable to sequence evo-
lutionarily diverse sets of genomes as this allows many inferences to be drawn by
comparing them. For both bioconservation and genomics, “diversity” can be math-
ematically defined in precisely the same way, as I will show in the next chapter. A
large focus of my research (Ch. 2 — 5) has been to work on a number of optimization
problems whose aim is to select from a tree a maximally diverse subset of its species.

I am also interested in the most classical question in phylogenetics: how can we
infer the phylogenetic tree of a group of taxa, given their (present) characteristics?
For a long time, morphological features were used for this task and it was left to
the good sense of the naturalist to reconstruct phylogenies, but with the advent of
molecular sequence data (and computers to analyse them) it became clear that au-
tomatic procedures for phylogenetic inference were needed. Many different methods
have been developed in the past 40 — 50 years, starting from the pioneering work of
R.R. Sokal [MS57|, P.H.A. Sneath [Sne57|, L.L. Cavalli-Sforza, A.W.F. Edwards
|[ECS63, ECS64| and others. With very few exceptions, tree reconstruction meth-
ods can be seen as optimisation algorithms looking for the tree that best fits the
observed data. They essentially differ in the criterion used to measure the degree of
fit between tree and data; for example parsimony, least-squares, likelihood. In this
thesis, from Chapter 6 onwards, I will present my work on a relatively new criterion
for tree reconstruction.

Phylogenetics involves a large amount of specialised terminology, which I briefly

introduce in the rest of this section and use throughout this dissertation.
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Phylogenetic trees are used to describe the historical relationships among any
objects related via a process of common descent with modifications. In the context
of biology, these objects can be genes, individuals, populations, species, genera, etc.;
in other words any taxonomic unit of interest. As I am here concerned with the
general properties of phylogenetic trees, I will usually leave unspecified what these
taxonomic units are and will refer to them as taza. In a phylogenetic tree, taxa
are represented by its leaves (see below for a definition), and the rest of the tree
represents the ancestors of these taxa and the relationships between them.

Depending on the amount of formalism needed for their investigations, some
authors (e.g., [SS03|) introduce their works with a formal definition of phyloge-
netic trees, while others (e.g., [Fel03]) do not. Here, I adopt a very simple semi-
formal approach. Throughout this thesis, a phylogenetic tree is a tree in the graph-
theoretic sense (a collection of branches connecting unordered pairs of nodes, see,
e.g. [CLRSO01], Appendix B.5), subject to a few notes:

e a particular node may be designated as the root of the tree, in which case
the tree is said to be rooted; otherwise it is unrooted;

e all the non-root nodes that are attached to exactly one branch are called
leaves and their corresponding branches are called terminal branches; the
nodes that are not leaves are called internal nodes and the branches that
are not terminal are called internal branches;

e there is a one-to-one correspondence between leaves and taxa of interest; as a
consequence, I will often use the words “leaves” and “taxa” interchangeably;
if X is the set of taxa in a phylogenetic tree, we say that that tree is over
X;

e branches have often associated with them real numbers representing the
amount of evolution that has occurred between their two extremes (this
could be time if taxa are species, or the expected number of substitutions
per site if taxa are molecular sequences); these numbers are called branch
lengths; in this thesis, trees with branch lengths are denoted with calli-
graphic fonts such as 7

e a rooted tree with branch lengths, 7, is said to be wultrametric if the sum
of the lengths of the branches on the paths from the root to any leaf is
constant; note that in this case it is justified to interpret branch lengths as
times;

e when a tree does not have lengths associated with its branches, that tree is
called a tree topology; in this thesis, tree topologies are denoted with normal
italic fonts such as T'; a tree with branch lengths 7 is said to have topology
T if T is what is obtained by stripping 7 of its branch lengths;

e two trees are effectively considered to be the same, and we write 73 = 75 or
T1 = Tb, if they represent the same information; this can be formalised by
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introducing a notion of isomorphism between trees, but for simplicity I will
avoid doing so;

e a tree is said to be bifurcating if all non-root internal nodes are attached to
exactly three branches and the root is attached to either one or two branches;
nodes attached to more than three branches are also called multifurcations;

a multifurcating tree is one containing multifurcations;

Lastly, there is one more requirement that I only add for consistency with most liter-

ature in phylogenetics (but very few results in this thesis depend on this assumption):
e no non-root node is attached to exactly two branches.

Note that because of this last requirement, all trees are either bifurcating or multi-

furcating.

1.2. Problems and algorithms

Many algorithims, certainly all the ones that I deal with in this thesis, are devised
in response to a well-defined problem. A problem is well-defined when it specifies the
possible inputs it can have (its instances) and their corresponding desired outputs.

Examples of classic problems are:

e given the distances between a number of cities, find a shortest possible tour
that visits all the cities (the traveling salesman problem);

e given an integer number, determine whether it is prime or not;

e given a program written in a known computer language, determine whether
or not this program will ever terminate execution (on an infallible computer

with infinite memory and given infinite time).

Among the examples above we can distinguish between optimisation problems (such
as the first one), where the aim is to find an optimal solution in a set of candidate
solutions, and decision problems (such as the second and the third), where we seek
a binary answer yes/no. There are other types of problems besides optimisation and
decision problems. In this dissertation I will only deal with optimisation problems.

Problems are not only categorised on the basis of the types of answer they seek,
but also on the basis of how complex it is to compute the answers. For some prob-
lems, there is no algorithm giving always the correct answer [Tur36|. For most of
the problems encountered in practice, however, the complexity of their solution is
measured in terms of the amount of computational resources (typically time and
memory space) that algorithms need in order to compute the correct output. I now
introduce the essential notions needed to discuss the computational complexity of
the algorithms and problems encountered in this thesis. For more information, the
interested reader may consult one of many excellent textbooks (e.g., [CLRS01], Part
I and Ch. 34).

In this dissertation I will often use the O(') notation to indicate the amount of

resources (time, memory) used by an algorithm. This notation is standard both in
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computer science and biology (e.g., [SK88, RN93, BW98]). Let n be a quantity
describing (some aspect of) the size of the input — for example, in the case of an
algorithm working on a phylogenetic tree, the number of taxa in the tree. Then,
an algorithm runs in O(f(n)) time (or uses O(f(n)) memory) — where f(n) is
a function of n (e.g., f(n) = nlogn) — if there exists a constant ¢ such that the
algorithm’s running time (or memory usage) is at most cf(n) for every possible input
corresponding to n. Note that this definition is independent of the the units used to
measure time or memory space. It is also important to note that, unless otherwise
specified, the notation O(f(n)) indicates a guarantee on the worst-case performance
of an algorithm: for example, there are well-known sorting algorithms that run in
O(nlogn) time in the majority of cases, but for which some inputs may require time
proportional to n?; in this case the best we can say without making any distinction
between inputs is that the sorting algorithm runs in O(n?) time.

Another useful notion for this thesis is that of NP-hardness. Many computational
problems of practical relevance (and in this thesis we shall encounter a few) can be
proved to be NP-hard. The importance of identifying a problem as NP-hard is that
this is strong evidence that there is no polynomial-time algorithm solving it — a
polynomial-time algorithm is one running in O(p(n)) time for some polynomial p,
where n measures the amount of memory that is necessary to store the input.

In order to provide a definition of NP-hard problems, we need a number of other
definitions: P is the class of decision problems that can be solved by a polynomial-
time algorithm. NP is the class of decision problems for which there exists a
polynomial-time randomised algorithm using a polynomial number of random bits
such that: if the correct answer to the problem is no, then it always returns no; if the
correct answer to the problem is yes, then it returns yes with nonzero probability.
For example, it is not difficult to see that the decision version of the traveling sales-
man problem above, where one asks whether there is a tour shorter than a specified
threshold, is in NP. A particularly important discovery was that there is a subset of
NP, whose elements are called NP-complete problems, for which the existence of a
polynomial-time solution implies that every problem in NP has a polynomial-time
algorithm solving it [Coo71, Kar72|, in other words that the classes P and NP co-
incide. After almost 40 years, no polynomial algorithm for any of these problem has
been found, but neither has a proof that P # NP been provided (and this constitutes
the most important open problem in theoretical computer science).

What confers NP-complete problems their special status is that it is possible
to prove that every problem in NP can be reduced in polynomial time to any NP-
complete problem, where “reducing” means transforming the input of a problem into
the input of another so that the desired output for the latter problem can be used to
compute (again, polynomially) the output for the former. This implies that if there
were a polynomial-time algorithm for a NP-complete problem, then this algorithm
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could be used to solve, after an appropriate reduction, any problem in NP in polyno-
mial time. NP-hard problems are the same as NP-complete problems, but without
the requirement of being members of NP: they are all problems (including also op-
timisation problems) to which every problem in NP can be reduced in polynomial
time. Clearly, in order to show that a problem is NP-hard, it suffices to show that
another known NP-hard problem reduces to it in polynomial time.

Knowing that a problem is NP-hard strongly suggests that there is no polynomial
algorithm solving that problem. In these cases, it becomes reasonable to devise
heuristics — algorithms that have no guarantees on the quality of the produced

solution.

1.3. Outline of the thesis

Although the first section of each chapter gives an overview of its contents, [ now
outline the contents of each chapter in a more concise way.

Chapter 2 introduces the phylogenetic diversity (PD) of a set of taxa, a quanti-
tative measure of their diversity that takes into account their evolutionary relation-
ships. PD is relevant for choosing taxa in a variety of applications, ranging from
conservation biology, where the aim is to save from extinction the maximum amount
of biodiversity, to comparative genomics, where sequencing a diverse set of genomes
ensures good statistical power for tests aimed at finding interesting genomic features
(e.g., conserved elements). Somewhat surprisingly, the problem of selecting the k
taxa with maximum PD from a phylogenetic tree — which I call MAXPD — can
be solved with a simple “greedy” algorithm, a nice property formally proved in the
second part of Chapter 2.

Chapters 3, 4 and 5 deal with a hierarchy of optimisation problems that generalise
MAaXPD by introducing more realistic and complex constraints on the selection and
by extending its objective function. Each problem in this hierarchy is a particular
case of the ones that follow.

Chapter 3 defines and solves BMAXPD, the budgeted version of MAXPD, where
different taxa require different amounts of resources (money, time, labour, etc.) for
their selection (sequencing or conservation) and a limit is set on the total amount
of resources available (a budget). This problem is computationally harder than the
previous one, but I provide a number of dynamic programming algorithms which run
efficiently when the budget is not too large.

Chapter 4 introduces the next problem in the hierarchy, which has previously
been referred to as the Noah’s Ark problem (NAP). The NAP more realistically
models the choices that have to be made in conservation biology, as it takes into
account taxon-specific extinction probabilities — clearly an important factor when
selecting taxa for conservation. The objective now is to choose a subset of taxa to
conserve so as to maximise the expected “future PD”, that is the PD of the species

that will survive until some specified future time. It turns out that in its simplest
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form, where conservation can ensure survival, the NAP can be reduced to BMAXPD.
In the first half of Chapter 4, I also investigate the distribution of the future PD
resulting from all possible extinction scenarios.

Chapter 5 deals with the GNAP, a realistic generalisation of the NAP, where for
each taxon, instead of making a binary decision between conservation and neglect,
we can choose an amount of resources to allocate for its conservation, given that
the probability of survival of that taxon is a known function of that amount. In
other words, we aim to find the best way to distribute the available resources among
the taxa under consideration, again with the objective of maximising the expected
future PD. For this problem, we can extend one of the approaches described in
chapter 3, but I have been unable to prove whether worst-case polynomial behaviour
holds. Therefore, I show that on many typical instances of this problem the proposed
algorithm is reasonably efficient.

In Chapter 6, the focus switches to the classical problem of phylogenetic tree
reconstruction. In this chapter, I introduce and review a criterion for tree recon-
struction based on pairwise distances between taxa: balanced minimum evolution
(BME). This allows us to derive (partly novel) results that lay the ground for the
following chapter. The main novel result here is about a “safety radius” for BME:
if the input distances are within a neighbourhood with this radius of the correct
distances, then the BME criterion is guaranteed to identify the correct tree.

Finally, Chapter 7 presents my original work on BME. In order to investigate
the gains that can be obtained by improving the existing heuristics, I designed and
implemented an exact algorithm for this criterion; that is, one that is guaranteed to
give optimal solutions. It uses the branch and bound strategy, a typical approach
to tackle problems for which a polynomial solution is not available. My experi-
ments with the implemented program are only preliminary, as some components of
the algorithm leave scope for improvement. These experiments nevertheless suggest
directions for future investigations, which I discuss in detail.

Other research that I have carried out during the course of my PhD is not pre-
sented in this dissertation. A brief description and pointers to the publications this

work has led to are provided in the next two sections.

1.4. Approximation algorithms for MP and AML

As I mentioned before, tree reconstruction methods essentially differ in the crite-
ria used to measure the fit between tree and data. Interestingly, finding optimal trees
with respect to some of the proposed criteria, namely maximum parsimony (MP) and
ancestral maximum likelihood (AML) [ABCH™" 04|, can be seen as special cases of
the Steiner tree problem, where given a set of points in a metric space one has to
find a tree of minimum total length connecting all these points [FG82, HRW92|.

The Steiner tree problem is well-known and a number of algorithms have been
proposed for this problem. In the case where the space under consideration has finite
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size (i.e., a weighted complete graph), approzimation algorithms — giving solutions
with a score within a guaranteed factor of the optimal solution — have been devised
(e.g., [RZ06)).

What MP and AML have in common is that, given a set of sequences of equal
length m in input, they aim to jointly reconstruct a phylogenetic tree and the se-

quences at the internal nodes of the tree, so as to minimise
> d(x,y),
x7y

where the sum is over all pairs of sequences x, y appearing at the extremes of a
branch in the tree and d(z,y) is a measure of the distance between them (MP and
AML essentially differ for how d( ) is defined). This formulation makes it clear that
MP and AML are special cases of the Steiner tree problem, where the underlying
metric space is the set of all the possible sequences of length m with distances defined
by d().

In 2006, I joined the then-ongoing work by Benny Chor and colleagues, who were
investigating the possibility of adapting the existing approximation algorithms for
the Steiner-tree problem to MP and AML tree reconstruction. This is not straight-
forward: these algorithms run in polynomial-time in the size of the space, which in
this case is exponential in m. A closer look at these algorithms, however, reveals
that all that is needed is a subroutine that can construct optimal trees for a small
number of k sequences (e.g., 3 or 4) (polynomially in m, but not necessarily in k).
Then an approximately-optimal tree for all the sequences in input can be obtained
from these “small” optimal trees.

Constructing such a subroutine for MP is easy: it simply consists of a brute-force
examination of all possible tree topologies (where calculating the parsimony score
for each topology can be done with the Fitch algorithm [Fit71]). For AML, this is
more complicated, as no equivalent of the Fitch algorithm is known for AML. This is
where | gave my contribution to this work: I helped Benny Chor and collaborators
to characterise solutions to AML for k = 3 sequences and especially for the more
convoluted case k = 4: it turns out that optimal ancestral sequences can be found
in a small set of candidate sequences.

The results of this work are approximation algorithms for MP and AML that
construct trees whose score is within a guaranteed factor from the optimal score: 16/9
for AML and approaching 1.55 for MP. These results were published in IEEE/ACM
Transactions on Computational Biology and Bioinformatics [ACPRO9]. Since these
approximation ratios are only worst-case guarantees, it remains to be seen how good
the algorithms are in practice, and whether it is useful to combine them with the

traditional heuristics for these problems.
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1.5. Analysis of proposed ENCODE transcripts

Phylogenetic methods are extensively used in analyses comparing genomes across
different species, helping to identify genomic regions with functionally important
roles. Throughout the first period of my doctorate study, I was involved in the EN-
CODE (ENCyclopedia Of DNA Elements) project, a large collaborative effort aiming
to identify “all functional elements” in the human genome [FGG104, BSD07|. The
project was then in its “pilot phase”, consisting of the evaluation and development of
several high-throughput techniques — both computational and experimental — on
a set of 44 genomic “target” regions representing about 1% of the human genome.
The aim was to determine the best strategy for analysing the remaining 99%, which
is the objective of the current ENCODE “production phase”.

One important component of the project was the sequencing and comparative
analysis of several other vertebrate genomic regions that are orthologous to the 44
human targets [TTBT03, MBP 03, MVM*05, MCA*07]. Our research group
carried out analyses of non-neutral evolution over all proposed protein-coding tran-
scripts in these regions. I worked first on the visualisation of the results and then,
when it became clear that a significant proportion of the results were unrealistic, on
trying to understand whether the results could be used to assess the quality of the
data on which the analyses were based.

A DNA site is said to evolve neutrally if selection has no role in its evolution.
Non-neutral evolution occurs either when selection eliminates new mutations in the
population — in which case we say that the site is under purifying, or negative,
selection — or when some new variants are actively selected and therefore increase
their frequency in the population at a rate higher than what expected by random
drift alone — in which case we say that the site is under adaptive, or positive,
selection. Unfortunately it is difficult to distinguish the effect of selection from that
of mutation: is a sequence conserved throughout evolution because of a locally low
mutation rate or because of purifying selection? Is a high substitution rate due to
an increased mutation rate or to adaptive selection?

In the case of protein-coding sequences, evidence for non-neutral evolution can
be obtained by comparing synonymous and non-synonymous substitution rates: if a
codon is evolving neutrally, it is expected to have no particular “preference” towards
evolving into another synonymous codon (i.e., encoding the same amino acid) rather
than into a non-synonymous one. If instead the fitness of individuals is affected
by the amino acid encoded by the given codon, we can expect non-synonymous
substitutions to be either over-represented (in the case of positive selection) or under-
represented (negative selection), in comparison to synonymous substitutions. This is
the idea at the basis of the state-of-the-art methods to detect non-neutral evolution in
protein-coding sequences [MGO05, YWNO05| that our group applied to the ENCODE

transcripts.
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The most noticeable result of these analyses was that many exons, sometimes
entire transcripts, showed very unusual selection signatures: in these exons, positive
selection seems to be widespread, contrary to the common expectation that most
codons in protein-coding genes are subject to strongly negative selection (with occa-
sional isolated regions of adaptively important sites undergoing positive selection).
My impression is that most of these unusual results are artefacts due to unmet as-
sumptions of the methods used. Little is known about the sensitivity of the methods

to violations of their assumptions, which are:

(1) The sequences are orthologous.

(2) The sequences are correctly aligned.

(3) All the sequences in the alignment are protein-coding.
(4) The reading-frame is correctly specified.

(5) Selection has not affected synonymous substitution rates.

Detecting the cases where these assumptions are not met can be relevant on one
hand to improve the quality of the data used for subsequent analyses, and on the
other hand to assess and compare the quality of the methods used to produce the
data, for example the methods for orthology prediction, sequence alignment and gene
annotation (the idea being that better methods should produce fewer examples of
unusual selection signatures). Furthermore, if the unusual selection signatures we
observe actually correspond to real widespread adaptive evolution in proteins, then
clearly their detection is very important.

My main role in the ENCODE project was to develop an automatic system to
score annotations (exons and transcripts) on the basis of how unusual their selection
signatures are. Although my scores have been used by other researchers on some
occasions (especially by members of the GENCODE project, the part of ENCODE
focusing on the identification of protein-coding genes), I do not think this part of my
work has been very successful, in my opinion because of the inability to disentangle
between the various causes for the unusual selection patterns observed (see points
1-5 above). It was however very instructive for me to take part in a large collabo-
rative project and to participate in a number of publications in prestigious journals
[MCA*07, BSDT07, TWF*08]|.



CHAPTER 2

Measuring and optimising diversity in a tree:

phylogenetic diversity and a greedy algorithm

2.1. Picking leaves from a tree

It is often the case that we are faced with a number of possibilities and not all
of them can be pursued. A choice must be made. In biology often the choice is
among a number of species, where we may need to select a subset from a collection
of species for some purpose, for example for experimentation or (as will be discussed
extensively) for conservation. In these cases, often the objective is to choose a subset
of species that is as “diverse” as possible.

If we imagine species as leaves in the evolutionary tree of all living organisms, it
is clear that this notion of diversity should somehow correspond to “spatial spread”
inside this tree. This and the next three chapters will deal with a natural measure of
diversity and spread in a tree and with algorithms for selecting sets of species that
are optimal with respect to it. This measure is called phylogenetic diversity (PD),
defined so that the PD of a set of species is the total length of the phylogenetic tree
connecting these species (formal definitions will be given in sec. 2.5). This measure is
quite natural and not surprisingly it has been independently proposed several times
in the literature [Fai92, Wei92, NM97, PGO05|, with applications in a few different
disciplines (discussed in secs. 2.2, 2.3 and 2.4).

The central topic of this chapter is a simple PD-optimisation problem (sec. 2.6)
and a “greedy” algorithm that solves it (sec. 2.7). The problem simply requires
finding a fixed number of species with maximum PD in a given tree. In computer
science, greedy algorithms — which construct solutions by iteratively taking the best
immediate choice — are rarely the best option to solve a problem. However, in this
context, it turns out that no other strategy can do better, as the greedy algorithm
always produces optimal solutions (formally proven in sec. 2.9). This is somewhat
surprising, especially considering its implications when, in real life, species are chosen
for comparative genomics or conservation (sec. 2.10).

Many of the results in this chapter have already been presented in a paper I
published on PLoS Genetics |[PGO5]|. Since this paper has attracted some interest
after its publication, section 2.12 will summarise the work that other researchers
have subsequently carried out on greedy algorithms for PD-maximisation problems.

16
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2.2. PD in conservation biology

Human activities are currently causing an extinction event of unprecedented
scale, with extinction rates up to a thousand times higher than background (see
[BGJO03| and references therein). Conservation biologists have long realised that,
faced with this process — now deemed unstoppable — the best that can be done,
instead of distributing equally the already scarce resources among all the possible
actions, is to concentrate on the most urgent conservation measures. In practice
this means that they need to decide which populations, species or geographical sites
should be prioritised for conservation. This unenviable situation has been sometimes
referred to as “agony of choice” [VWHW91, Cro92| or the “Noah’s Ark problem”
[Wei98].

In a seminal note appearing in Nature in 1990, Robert May pointed out ([May90],
p. 129):

As more and more species face extinction [...] how do we go about
making choices for the ineluctably limited number of places on the
ark? [...] how do we go about designing a limited set of reserves

that will, in some defined sense, optimise what is saved?

May’s answer to these questions (in line with the growing opinion in conservation
biology) was that taxonomic relationships among species should be of primary im-
portance in these choices. For example the tuatara, a reptile which can now be found
only in a few small islands off the coast of New Zealand, is the unique survivor of a
once-common order of reptiles, the Sphenodontians. It represents alone more than
200 million years of evolution and it has several features which set it aside from
the other reptiles (such as a well-developed third eye in the centre of its head). Its
conservation is therefore deemed to be of primary importance.

The tuatara’s lesson is that the extinction of a species not closely related to
other living species would cause a much greater loss in biodiversity than that of
a species with closer relatives. Although it is clear that phylogenetically distinct
taxa should be given priority for conservation, can we be more precise than that?
Can we make this statement quantitatively precise? The need for a “calculus of
biodiversity” [May90| motivated the definition of several mathematical indices in
the years that followed May’s note: the aim was to define, using phylogenetic trees,
measures which could be used for prioritising species for conservation (see |Cro97|
for an early review).

Some of these measures are simply ways of quantifying the conservation value of
a species based on its position in a phylogeny [VWHW91, AL90|, in other words
phylogenetically-based weighting schemes, a research topic which has received some
attention also for classical problems in bioinformatics (see sec. 5.8 in [DEKM98] for
a review and [ACL89| as a particular example). The advantage of these methods,
which recently have been proliferating again [HKS08, POD05, RMO06, ITC*07,
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FIGURE 2.2.1. Species conservation values are not suitable for as-
sessing the conservation value of different geographical regions.
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SMMO7], is their simplicity and appeal to the public: their immediate use is in pro-
ducing easy-to-interpret species rankings. For example EDGE, a programme of the
Zoological Society of London with strong public resonance [BBC07, Mar07], makes
public a ranking of mammalian species (on their website: www.edgeofexistence.org
~ “Top 100”) based on how evolutionarily distinct (ED-) and globally endangered
(-GE) each species is [ITC107].

A problem with these species-specific scores is that they are not suitable for
assessing the conservation value of sets of species, as opposed to single species. This
is an important point, because one of the main applications conservation biologists
are interested in is assessing the conservation value of different geographical regions.
For example, consider the theoretical scenario depicted in figure 2.2.1: we have two
regions, R; and Rg, containing the two species indicated by the dots on the first
(dashed) and second (thick) line, respectively, and we want to assess their relative
conservation values. The straightforward way to obtain such values would be to sum
together the conservation values of the species in each region — an approach which
has been applied in the past (e.g., [VWHW91]). It is intuitive that the methods
mentioned above, however they are defined, will all give the highest species-specific
values to the two species at the extreme left of the phylogenetic tree in figure 2.2.1.
(This is because, taken individually, both these species are the most phylogenetically
isolated). As a consequence, R; will necessarily have a higher summed conservation
value than Ry, and more in general than any other set of two species in this tree.
However this is contrary to the common intuition that at least one species should be
conserved from the largest clade on the right.

A related problem is that the ranking produced by the species-specific scores
should not be taken as a programimed list of conservation projects, to be undertaken

in the specified order. In the example in figure 2.2.1, the two leftmost species will
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FIGURE 2.2.2. Species richness is sensitive to the definition of

species.
Region R; contains the five species (or subspecies) indicated by the dots on the
first dashed line. Region R2 contains the three species corresponding to the dots on
the second dashed line. If each of the taxonomic units in the tree is considered as a
separate species, R; has a higher species richness than Ry (5 species vs. 3). If we
adopt a coarser definition of species, the opposite may be true, as R; may have as
little as 2 species.
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come top of the list, but once we decide to conserve one of them, conserving the
other should have a much lower priority.

The problem with using species-specific conservation values to evaluate regions
or to plan a number of conservation projects is that these values fail to take into
account the “complementarity” [VWHW91] of different species: the conservation
value of a species should depend on what has been conserved before. Some of the
indices mentioned above (e.g., [SMMO7]) have the potential of being updated every
time a new species is conserved, but this means that any produced ranking is just
provisional.

So how do we go about assessing the conservation value, in other words the
biodiversity, of a set of species? Traditionally, this has been simply done by counting
the number of species in the set. Regions with higher “species richness” are the ones
which should be given higher priority. Although this is still a very popular approach,
it has at least two disadvantages. First, it does not take into account the arguments
I discussed above about the different phylogenetic distinctiveness of different species:
do we really want to consider three closely related species as more biodiverse than
two much more distantly related species? Second, species richness is very sensitive
to the definition of species [Fai92, MGP03, IMMO4]|: depending on how “fine-
grained” our concept of species is, the numbers may change considerably and so may
our assessment of the relative conservation value of different collections of species or
geographical regions (see fig. 2.2.2).

These considerations motivated the definition of a measure of the biodiversity
of a set of species that takes into account the phylogenetic relationships among

species (tree topology) and also their evolutionary distances (branch lengths). This
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is the phylogenetic diversity [Fai92] discussed in the previous section. This measure
overcomes the problems described above. In figure 2.2.1, the PD of region R; (the
sum of the lengths of the branches with a dashed line on their side) is smaller than
the one of Ry (branches with thick light grey line), and this corresponds to the
intuitive requirement that two species from the same clade should be considered as
less biodiverse than two from different clades. In figure 2.2.2, the PD of the two
collections of species (or subspecies) is relatively independent of the definition of
species (with Ry having slightly more PD than R;— not shown).

I pause here to note that, despite the theoretical advantages of PD and the
attention that this measure subsequently received from other researchers [NM97,
Cro97, MGPO03|, species richness is still perhaps the most widespread way to mea-
sure biodiversity in conservation biology. One of the reasons for this is that it has
been argued that species richness is a good surrogate measure for PD [PCVMO1,
RABT04, BMdF106] and therefore there seems to be no need to use PD directly.
However, despite the obvious correlation between these two measures, it has recently
been shown that important exceptions may exist: in the Cape of South Africa — a
very well-known biodiversity hotspot — plant species are more numerous but phylo-
genetically more clustered in the west than in the east and this may result in rather
different conservation decisions depending on whether we use species richness or PD
to assess biodiversity: species richness gives comparatively too little importance to
the conservation of the eastern parts of this region [FGR07|. There is thus hope
that in the future PD will receive more attention from decision-makers in conserva-
tion biology.

Another reason for using PD is that, as was pointed out since its conception
[Fai92], PD can be regarded as a predictor of feature diversity, in other words of
the number of different biological features represented by the collection of conserved
species. This means that phylogenetically diverse collections of species are most
likely to have uses with economic value (for example to provide food or medicines)
and options for future evolutionary diversifications [FGR107]. Section 2.11 will
show a possible way of predicting the expected feature diversity resulting from a
given phylogeny and how this compares to PD.

Quite interestingly, at more or less the same time as Dan Faith introduced PD
[Fai92|, a much more theoretical approach brought Martin Weitzman — an econ-
omist from Harvard who set out to found a general “theory of diversity” — to give
a definition of diversity which has PD as a particular case [Wei92|. His definition
works on collections of objects for which pairwise distances are defined — if these
distances coincide with those on an ultrametric tree, then his definition of diversity
coincides with that of PD. I will come back to the work of Weitzman later in this
thesis.

This and the next three chapters will focus on selecting taxa (e.g., species, sub-

species, populations) from a given phylogeny with the aim of maximising their PD.
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As an example application, I will show which of the Madagascar lemurs should be
given priority for conservation and how this decision is influenced by the various
constraints that practitioners may be subject to. A possible criticism to the utility
of my work for conservation biology is that conservation is usually applied to sites
or regions, rather than species. However I think that the relevance of my work can
be found (a) for ex-situ conservation (seedbanks, botanical gardens, zoos), where
the targets are indeed species and not sites, and (b) for those cases where the taxa
we wish to conserve have very little overlap in their geographic range — so that
selecting taxa is the same as selecting regions. This second scenario is indeed very
common: without having to evoke Darwin’s finches, the typical examples are the dif-
ferent (geographically separated) populations within any given species. Furthermore,
in this case conserving populations with maximum PD has the added advantage of
preserving genetic variability and therefore the “evolutionary health” of the species

as a whole.

2.3. PD in comparative genomics

Comparing homologous biological sequences has enormous potential for increas-
ing our knowledge about their function, structure and evolution, an idea that has
been applied virtually everywhere in computational biology — from protein struc-
ture prediction to the identification of functional elements in genomic sequences. The
latter is one of the main purposes of sequence comparisons: looking for the distinc-
tive evolutionary signatures of protein-coding genes, non-coding RNAs, microRNAs,
cis-regulatory motifs [SLKT07| and in general all sequences which are subject to
particular selective constraints. For example, the simplest of these constraints is pu-
rifying selection, which has the effect of “slowing down” the evolution (substitutions,
insertions, deletions etc.) of all functional sequences (although in different ways).

With the advent of high-throughput DNA sequencing technologies, comparative
studies are increasingly performed on a genomic scale, requiring the sequencing of
entire genomes (e.g., [WLTBT02, GWM™'04, LTWM*05, MHE 05, Con07])
or significant parts of them [TTB*03, MCA™07|. Choosing the right species for
sequencing is therefore crucial.

This choice is constrained by two considerations. First, the biological charac-
teristics that one wishes to investigate determine a “maximum range” of species to
include in the comparative analyses [Sid02]|: for example, if we wish to find the ge-
netic elements that determine mammal-specific anatomy or physiology by assessing
their sequence conservation, obviously the comparison will be limited to mammalian
genomes. Similarly, many aspects of human biology must be determined by genomic
sequences having orthologs only in a small range of our close relatives, and it is
on these species that comparative analyses aimed at human-specific traits should
concentrate [BMOT03|. The chosen range of species has been dubbed the phy-
logenetic [CBP 03| or lineal [MJPO5| scope of the analysis. Different research
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communities are focusing on different scopes: for example yeasts [KPET 03], nema-
todes [SBBT03], fruit flies [Con07, SLK 07|, mammals [MCA107| and primates
[BMO*03].

The second constraint on the choice of species for comparative genomics is that
genome sequencing is a resource-consuming activity (although this is becoming less
and less true) and therefore only a limited number of species can be sequenced.
Once a phylogenetic scope has been established, selecting genomes for sequencing
from it should be guided by considerations regarding the effectiveness of the result-
ing comparative analyses, ideally assessed with some quantitative measure of their
performance (e.g., sensitivity and specificity in detecting features of interest).

When the problem of choosing genomes for sequence comparisons was first posed,
PD was adopted as a natural measure of the information content of a subset of the
available species, although the justifications for this were initially minimal [ BMO'03,
CBP103, KPE"03|. Also, the link with conservation biology had not been realised
— I believe this was first pointed out in [PGO05| — and PD was variously referred
to as “divergence” or “total branch length”. The idea was that the statistical power
in testing various evolutionary hypotheses (e.g., low substitution rates) and thus in
finding interesting genomic features (e.g., protein-coding genes, noncoding functional
elements) is strongly correlated with the PD of the sequences compared. Therefore,
all other things being equal, sequencing projects (both at the genome and gene level)
should ideally target taxa with a high collective PD.

Support for these claims came from computational experiments on the ability of
different collections of genomic sequences to detect conserved sequences [TTB103,
MBP 03], sequences that have evolved at a slower rate than neutral. As Thomas
et al. wrote ([TTB103], p. 791):

An important issue relevant to future genome sequencing projects
is the degree to which the detection of highly conserved sequences
depends on the particular set of species being studied. [...] For the
various subsets of mammalian species, there is strong correlation
between total divergence of the subset (as measured by the com-
bined branch length of the phylogenetic tree defined by the specific
subset of species) and the ability to detect multi-species conserved
sequences. [...] It thus seems that combined branch length will be
a useful metric for guiding the selection of additional genomes to

sequernce.

The importance of conserved genomic sequences lies in the fact that they are likely
to be functional, as the simplest explanation for their conservation is the action
of purifying selection (e.g., [WLTB"02, TTBT03, BMO'03|). In particular,
the characterisation of non-coding conserved sequences is of interest because their
function is especially intriguing (e.g., [BPM*T04, BSKHO5|). Furthermore, one
can hope that if a collection of genomes is suitable for detecting conservation, then
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that collection will also be suitable for detecting other, more complex, distinctive
evolutionary signatures.

Because of the mathematical simplicity of the methods for detecting conservation,
some theoretical studies on the relationship between these methods’ performance and
genome choice appeared in the literature in 2005. Eddy [Edd05] was interested in
the number of genomes necessary to detect conserved sequences as a function of the
length of these sequences and of the phylogenetic divergence of the genomes. He
assumed, for simplicity, a star-like phylogeny in which each genome was connected
to a common ancestor with a branch of common length D. His calculations show
that, among other things, the number of genomes necessary to attain any chosen
sensitivity and specificity is roughly inversely proportional to D, for small values of
the branch length D (note that small values of D are the most realistic, because for
higher values, say for D > 0.5, sequence alignment becomes very problematic). In
practice this means that it is roughly equivalent to use 5 genomes at a distance of
0.2 expected substitutions per site from their ancestor or 10 genomes at a distance
of 0.1 or 100 genomes at a distance of 0.01. This is perfectly consistent with the
view that the total PD of the species being compared (which is constant in these
scenarios) determines the discriminative power of a comparative study.

A very simple scenario in which the performance of sequence comparison is pre-
cisely measured by PD is when the appearance of a feature can disprove that the
sequence under consideration has a certain function. For example an insertion or
a deletion with a length which is not a multiple of three is strong evidence against
a sequence being protein-coding. Imagine we use the presence/absence of such a
“counter-feature” to find the particular type of sequences we are interested in (in
my example, coding regions) — possibly in combination with other lines of evi-
dence. In order to maximise the information coming from this test, we would like
to use genomes that maximise the probability that the counter-feature arises when
a sequence is not of the wanted type. Assuming that the appearance of the counter-
feature is irreversible or very unlikely to be reversed (which is realistic at least in the
case of indels), then it is easy to see that the probability of observing the counter-
feature must increase monotonically with PD (unless the sequence under considera-
tion is of the wanted type). Therefore choosing a set of genomes with maximum PD
also maximises the discriminative power of this test.

However, if we drop the assumption of irreversibility in my small example above,
or if we allow for different trees in Eddy’s analyses (larger trees and /or with a different
topology), it is possible to provide examples where the PD of genomes does not
coincide with their discovery power. Some examples of this were shown by McAuliffe
and colleagues [MJPO05], who insisted mostly on the fact that if the evolutionary
distance between species is too large, their genome sequences will have accumulated
so many changes that it will be impossible to recognise whether they have evolved

neutrally or under the effect of some selective constraint. In short, saturation makes
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F1GURE 2.3.1. The importance of position in choosing genomes for
comparative genomics.
Sequences A and D are already available. PD is virtually indifferent between
selecting B or C (perhaps it even prefers B, as its branch is slightly longer), but C
is a more informative choice.
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conservation and neutrality indistinguishable — more generally, it deletes whatever
evolutionary signatures selection may leave behind. For example, assuming again the
star topology scenario, it is possible to show that if we wish to detect sequences that
evolve, say, twice as slow as neutral sites, there exists an optimal branch length D,
approximately equal to 1.0 expected substitution per neutral site (fig. 2 in [MJPO5]
and fig. 3 in [Edd05]). The more our species deviate from this optimal distance, the
smaller our ability to detect conservation.

Although this shows that in general choosing genomes with a very large PD may
be a bad idea, I think these counterexamples will arise very rarely in practice as
they assume very large distances between species in the given phylogenetic scope.
However, one of the criteria when deciding about the phylogenetic scope should
be precisely the possibility of recognising orthology and of aligning the genomic
sequences: evolutionarily very wide phylogenetic scopes are unrealistic because of
the difficulty of these tasks and the pooling of species with rather different biologies.
Therefore, I believe that in most cases the choice will be among species that are
already not too evolutionarily distant, well within the optimal values of D in the
analyses of Eddy and McAuliffe and colleagues.

Another criticism which has received less attention, although it is somewhat
implicit in the analyses by McAuliffe et al. [MJPO5], is that the exact shape of
the tree connecting a set of species also plays a role in determining their information
content — not only the total length of this tree. I will illustrate this with an example.
Consider the simple tree in figure 2.3.1. Imagine that the genomes of A and D have
already been sequenced and we want to choose between B and C as the next sequence
to acquire. Even without formulating the problem mathematically, it should be
intuitive that the central sequence C is more informative than B: it gives us a very
close estimate of the unknown ancestral sequence that lies at the node close to it,
whereas the other will be very similar to A, a sequence we already know.

To see this even better, let us go back to the example where we look for “counter-
features” in order to prove that a sequence does not have a certain function. It is
easy to see that if we drop the assumption that the appearance of a counter-feature

is irreversible — for example if we are looking at the presence/absence of stop codons



2.4. OTHER APPLICATIONS? 25

in a candidate protein-coding sequence — it is more likely to observe this counter-
feature in one among A, C and D rather than in one among A, B and D, simply
because the sequences of A and B will be practically identical.

So, although from the point of view of PD we can be indifferent between choosing
B or C (or even slightly prefer B), C is clearly a better candidate for future sequencing
— actually one could even show that if we could choose any position along the lineage
connecting A to D for the next genome, the best choice would be the mid-point of
this segment (see sec. 2.11).

One last thing to note about the example in figure 2.3.1 is that this tree strongly
violates the molecular clock, that is, it implies that the rate of sequence evolution
has changed a lot on some of its branches. An interesting question is whether we
can construct examples such as this one — in which PD does not reflect comparative
power — on an ultrametric tree (of small size — to avoid saturation). Showing
that this is not possible would support the use of PD, since realistic trees are often
approximately ultrametric.

I think a lot of work remains to be done on the relationship between PD and
the information content, or “discovery power”, of genomic sequences. Along the lines
already followed by Eddy [Edd05] and McAuliffe and colleagues [MJP05], it would
be interesting to tackle questions such as: under which practical circumstances is
PD a bad measure to use? Is it possible to define an alternative measure that more
closely reflects the comparative power of a set of sequences? Are the answers to these
questions dependent on the particular evolutionary signature that we are trying to
detect? Could it be that the optimal choices for detecting, say, coding sequences are
not the same as those for detecting, say, RNA genes?

Despite all the criticisms described above and the questions left unanswered,
the view of PD as a criterion to assess the usefulness of additional genomes for
comparative genomics is still widely held [SLKT07]. Furthermore, as the age of
individual whole-genome resequencing gets closer and closer, PD may also play a role
in choosing individuals for comparative population genomics (cf. the “1000 genomes”

project, www.1000genomes.org).

2.4. Other applications?

Many things can be described as “trees”. Among physical objects, not only plants,
but also the electric lines or the hydraulic pipes in a building, or the dendrites of a
neuron are examples. Trees are also very successful as conceptual tools. Although
in this thesis I will be primarily concerned with trees showing evolutionary rela-
tionships, this is just one of their many possible applications. Trees can be found,
for example, in computer science (possibly the most ubiquitous data structure), lin-
guistics (e.g. parse trees), information theory (e.g. to represent codes) and machine

learning (decision trees).
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Since phylogenetic diversity can be defined for any set labelling a tree, PD is
likely to have other applications in addition to the ones I describe here (although I
doubt anyone will ever be interested in the PD of a set of taps in a building!), in
the same way as many formal concepts which were first intended for one application
were then also used for another one.

In particular, a very important use of trees is to represent differences and sim-
ilarities among objects (usually without the pretense of representing evolutionary
relationships): data clustering techniques often produce a “dendrogram” showing a
system of hierarchically structured clusters [ELLO1]|. For example, very well known
in computational biology are dendrograms of genes or tissue samples constructed on
the basis of the correlations in their gene expression patterns [ESBB98|. In this
context, selecting a number of genes or samples with maximum PD may be used to
choose the ones on which, say, time-consuming wet-lab experiments should be carried
out. More generally, PD-maximal subsets of observations from a dendrogram may
be considered representative of the whole collection and therefore can be selected for
further action.

For example, selecting maximally diverse observations from a dendrogram may
be useful in machine learning, when labelling the examples to input into a supervised
learning system (such as an artificial neural network or a support vector machine) is
tedious or resource-consuming. Imagine the goal is to be able to automatically assign
biological samples to a number of discrete classes (such as tumour types). Often,
obtaining these samples and expression profiles from them is quick and inexpensive,
whereas understanding which class these samples belong to requires more involved
experimentation. In these cases, although we may have a lot of expression data from
many samples, the training set for our learning system will necessarily be of limited
size and so we may want to carefully choose the samples to include in this training
set. One possible way to do this would be to use the expression profiles to construct
a dendrogram for the available samples and then look for a subset of these with
maximum PD (under some constraints on the size of this subset or on the total cost
of the experimentation required). This would ensure that the training set contains
examples representative of the many different expression profiles observed.!

Note that the use of PD on a dendrogram for a set of species (as opposed to a
phylogeny) has been already suggested by Petchey and Gaston [PG02a, PG02b|,
who aim to capture the complementarity among the species’ ecological function.

Returning to the cases where the tree does represent evolutionary relationships,
the applications of PD are probably not limited to conservation biology and com-
parative genomics: in the past couple of years I have had many varied suggestions,
from selecting representative model strains of microbial pathogens for developing new
LA similar scenario can be encountered in many other applications of machine learning, for example
when constructing automatic systems for discriminating among the different meanings of a word

based on the contexts surrounding its occurrences. In these cases, large datasets of texts in which
this word appears can be easily retrieved, but the manual annotation of these is rather tedious.
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FIGURE 2.5.1. Restriction of a tree 7 on a subset S of its nodes.
Highlighted is 7g, where S is the set of the 6 nodes indicated by a black dot. The
total length of this tree coincides with uPD(S).

drugs (B. Holland [Hol01]), to selecting individuals to genotype for SNP discovery
(Junhyong Kim, personal communication).

2.5. Formal definitions: rooted and unrooted PD

In the introduction to this chapter, I defined the PD of a set of species as “the
total length of the phylogenetic tree connecting these species”. This section will make
this statement more precise.

I will assume that we are given a tree with lengths associated with its branches.
Typically, this tree will be a phylogenetic tree, but note that the results that follow
are also valid for trees not representing evolutionary relationships (to allow applica-
tions outside phylogenetics — see sec. 2.4). Also note that I will tend to use the word
“taxa” instead of “species”, as I wish to remain as general as possible regarding the
taxonomic units represented in the tree (genes, individuals, populations, subspecies,
species, genera, etc.).

Since in the past the definition of phylogenetic diversity has been interpreted in
two different ways by different authors (see, for example, the — rather acrimonious
— discussion between [FB06| and [CADO06]), in order to avoid any ambiguity I will
adopt a formal approach. This also allows me to clearly state the difference between

the two competing definitions of PD.

DEFINITION 2.5.1. Let 7 be a tree and S a subset of the nodes in 7. The
restriction of 7 on S, denoted 7g, is the smallest subtree of 7 that connects all the

nodes in S.
Figure 2.5.1 shows an example of a restriction of a tree on a subset of its nodes.

DEFINITION 2.5.2. Let 7 be a tree with lengths associated with its branches and
S a subset of the nodes in 7. The unrooted phylogenetic diversity of S in 7, denoted
uPD7(5), is the sum of all the lengths of the branches in 7g. If 7 is rooted in a
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F1GURE 2.5.2. Difference between two definitions of PD.
Highlighted are the branches whose lengths are summed in order to give rPD(.S)
(left) and uPD(S) (right). Assuming branch lengths are proportional to those in
the figure, S is a subset of size 2 with maximum rPD but not maximum uPD, as
exchanging any of the leaves in S with the one indicated by the arrow would
increase the uPD of this set.

PD
PD u
f x
N— N—
S S

node p, the rooted phylogenetic diversity of S in 7, denoted rPD7(.5), is the sum of
all the lengths of the branches in Zg ).

Note that, for simplicity, I will sometimes drop the subscript from uPD or rPD,
when the tree can be inferred from the context. The difference between the two
definitions lies in whether or not the length of the path connecting the taxa to the
root is included in the calculation of PD. Figure 2.5.2 shows a simple case where
rPD(S) # uPD(S) and also the fact that choosing taxa with maximum PD (the
problem described in the next section) is dependent on the chosen definition of PD.
In general, the optimisation problems associated with these two versions of PD can
be of rather different difficulty, with uPD often posing more problems than rPD.
Insisting on this distinction is therefore not merely a pedantic exercise.

Also note that rooted and unrooted PD are linked by this simple equation:

(2.5.1) rPD(S) = uPD(S U {p}),

where p is the root of the underlying tree.

Historically the confusion between the two definitions of PD arises from the fact
that Faith’s paper introducing PD [Fai92]| was itself somewhat ambiguous: the defi-
nition he provides seems to be equivalent to the one of uPD, but whereas one of the
formal results ([Fai92], p. 4, last line) only holds for uPD, the only example that
allows discrimination between the two interpretations (|Fai92|, fig. 3(a), set R3) is
consistent with rPD but not uPD. In later papers (e.g. [MF98, FB06|), Faith and
colleagues clarified their preference for rPD and insisted that the original definition
was indeed rooted [FBO6|, but the alternative definition for PD has become wide-
spread (e.g. [Cro97, Bar02, Ste05, MKvHO6]|) and other authors even refer to
rPD with a different name (evolutionary history [NM97]). In a way, the ambiguity
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comes from the fact that if we naively define PD as “the total length of the phylo-
genetic tree connecting the species, this leaves open the question of how far back in
the past such phylogenetic tree should extend.

In conservation biology, rPD is generally seen as a better choice than uPD
[RGO02|. A possible way to justify this (although I believe it has never been ar-
gued in these terms) is that, if we consider that the range of the conservation actions
available locally is always limited to some limited portion 7 of the tree of life, the
PD of all the species conserved on Earth (however it is defined — rooted or unrooted)
can be expressed as

K +1rPD7(9),

where K is a constant not depending on the actions taken in 7 and S is the set
of species conserved in 7. Therefore, since what we are ultimately interested in is
conserving the tree of life, the objective at a local level should be to conserve rPD,
rather than uPD.

In comparative genomics, on the other hand, i seems more appropriate, as most
sequence comparison techniques are independent of root placement. The choice
between these two measures will therefore be determined by the intended application
and neither of the two can be considered intrinsically superior to the other.

In the following I will often simply write “PD” whenever a statement holds for
both uPD and rPD.

2.6. A simple PD-optimisation problem

Given the potential applications of selecting taxa with large PD from a phylogeny
(sec. 2.2, 2.3 and 2.4), it is natural to ask what is the best way to carry out this
selection. This leads to formulating a number of optimisation problems, which will
be the subject of this and the next three chapters. In the remainder of this chapter
I will deal with the simplest of these problems, MAXPD, consisting of selecting a
fixed number of taxa with maximum PD.

MaAxPD:

Input: A tree 7 with n leaves and with non-negative lengths associated with
its branches and an integer k such that 1 <k < n.

Output: A subset S of k leaves of 7 with maximum PDz(S) (among all
subsets of k leaves of 7).

Note that this actually defines two slightly different problems, depending on which
of the two definitions for PD (sec. 2.5) is adopted. The example in figure 2.5.2 shows
that the solutions to these two problems may be different.

An observation with practical importance is that instead of looking for an optimal
set of taxa, we may want to look for an optimal way to extend a set of taxa we already
have. In conservation biology and comparative genomics, for example, some taxa

may have already been conserved or sequenced, and so, instead of asking what the
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optimal choices would have been, we may look for the next best choices of taxa given
the choices that have already been made. These considerations lead to reformulating

MAXPD in a more general form, which I will precede with a useful definition.

DEFINITION 2.6.1. A k-extension of a set S of nodes in 7 is a set S’ of nodes in
7 such that S C 8" and |S' — S| = k.

MaxPD:

Input: A tree 7 with n leaves and with non-negative lengths associated with
its branches, a proper subset Sy of the leaves of 7 and an integer k such
that 1 <k <n—|S|.

Output: A k-extension S of Sy with maximum PD(SS) (among all k-extensions
of S())

Note that the new formulation admits the old one as a particular case: just set

So = 0.

2.7. A greedy algorithm

Greedy algorithms work by constructing solutions to a problem iteratively, mak-
ing at each step the choice that at that stage seems optimal ([CLRSO01], Ch. 16).
This is usually not guaranteed to lead to optimal solutions: for example in the travel-
ling salesman problem — where, given a number of cities and the distances between
them, we seek the shortest round-trip route that visits each city once — a greedy
algorithm may consist of constructing a route by always moving to the next closest
city. However it is easy to come up with examples where this strategy actually pro-
duces very long routes, much longer than those obtained with “smarter” approaches
(e.g., [GYZ02)).

In the case of MAXPD the obvious greedy algorithm consists of repeatedly se-
lecting a leaf that most increases the PD of the set of selected leaves, until k leaves
have been added.

In the next section I will give examples illustrating the functioning of this algo-
rithm, but before then I will clarify a couple of points. In most cases, the algorithm
simply consists of setting S := Sy and then applying k times the GREEDY STEP
below to the set of selected leaves S:

GREEDY STEP(S)
find a leaf x ¢ S that maximises PD(S U {z})
S:=SuU{z}

Note again that there is a distinction between rooted and unrooted greedy steps,
depending on the chosen definition for PD.

The reason why I wrote “in most cases” in the description above is that in the
unrooted case, if Sy = (), the greedy algorithm should be specified in a slightly

different way. In this case it is easy to see that, for example, two unrooted greedy
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steps applied to ) do not necessarily result in two leaves with maximum uPD: the
first choice will be entirely arbitrary as for any leaf x, uPD({z}) = 0. To avoid this
problem, the first step of the algorithm for the unrooted case with Sy = () should be
to look for the two leaves z and y with maximum uPD({z,y}) and set S = {z,y}.
Then the greedy algorithm will carry on as in the other cases, that is, the greedy
step is applied until k£ taxa have been selected (i.e. it is applied k — 2 times).

The interesting fact about this greedy algorithm is that, despite its simplicity
and despite its inherent “short-sightedness”, it is guaranteed to construct optimal
solutions for MAXPD: for whatever alternative algorithm we devise, for example had
we — by brute force — considered all the possible choices of k leaves, no better solution
than that provided by the greedy algorithm can be obtained. This is exemplified in
the next section and formally proven in section 2.9.

As for the exact implementation of this algorithm and computational complexity
considerations, I will not enter into these issues here, as this has been the subject of
other research [MKvHO06, SNMOS8|. In particular Andreas Spillner and colleagues
[SNMO8| present an optimal O(n) time implementation.

Ficure 2.7.1. Toy example illustrating the behaviour of the greedy

algorithm.
On the left, an instance of MAXPD. Branch lengths are indicated by the numbers
labelling the branches. On the right, a table with the leaves that are selected at the
various stages of the greedy algorithm in the rooted case (top row), in the unrooted
case (bottom row), with an empty initial set (left column), with {B,C} as initial
set. Each element of the table shows the sequence of taxa that would be selected by
the greedy steps in each of the four scenarios. Highlighted in gray is the solution
for k =3 and Sp = () (the same both in the rooted and unrooted case).

S=o | S,= {B,C}
tPD | F,C,A B,E D F,A,E,D
uPD | {AJF},C,B,E, D F,A,E,D

2.8. Examples

Figure 2.7.1 shows a simple example of the behaviour of the greedy algorithm.
In the rooted case with an empty initial set, the greedy algorithm starts by
selecting F, as this is the leaf with the largest rPD (5.5). Then C is taken, as this is
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the leaf that adds the most rPD (4.0). Then the algorithm takes A (+3.5), followed
by B (+1.0) and E (+1.0) — both orders are possible since these two taxa add the
same rPD — and finally D (+0.5). The leaf subsets thus constructed ({F}, {F,C},
{F,C,A}, ...) all have maximum rPD among the subsets of their size, a property
which not only holds in this particular example but in general, as will be formally
proven in the next section.

In the unrooted case with an empty initial set, the greedy algorithm starts by
selecting A and F, as this is the pair of leaves with the largest uPD (9.0). Then
C is selected (+4.0), followed by B (+1.0), E (+1.0) and D (+0.5), in this order.
Again, the constructed subsets ({A,F}, {AF,C}, {AF,C,B}, ...) have maximum
uPD among the leaf subsets of their size.

As an example of the case where we have a non-empty initial set Sy, if Sg =
{B,C} the algorithm — both in the rooted and unrooted case — then selects F
(+4.5), followed by A (+1.5), E (+1.0) and D (+0.5). Again, the subsets thus
constructed ({B,C,F}, {B,C,F,A}, ...) have maximum PD among the extensions of
{B,C} of their size.

For an example with some practical relevance, consider figure 2.8.1. Here the
greedy algorithm starts by taking Mra and Dma (in this order in the rooted case,
together in the unrooted case). Then it takes Led, Iin, Pfu el, Hgr gr, Cme, Ala, Vva
ru and Atr. At this point the desired number of taxa (k = 10) has been collected and
the algorithm stops. The 10 resulting taxa have maximum PD among all possible

subsets of 10 taxa.

2.9. The algorithm’s correctness

In this section, I will prove that the greedy algorithm described above is correct
for MAXPD, that is, it produces optimal solutions to this problem. This proof
appears, in a slightly different form and for the unrooted case only, in a paper I
published with Nick Goldman in 2005 [PGO05|. At more or less the same time, Mike
Steel independently proved, again in a very similar way, the correctness of the greedy
algorithm for the unrooted case with Sy = () [Ste05].

The idea of the proof is the following. T first prove (Theorem 2.9.2) that ap-
plying a greedy step to further extend an already optimally extended set of taxa
always results in another optimally extended set of taxa. Since the first step of the
greedy algorithm necessarily results in an optimally extended set, subsequent steps
will construct only other optimally extended sets (Corollary 2.9.3). The greedy al-
gorithm can therefore be used to construct optimal extensions of any desired size.
The hard part lies in Theorem 2.9.2, which first needs a graph-theoretic property of
tree restrictions (Lemma 2.9.1) in order to be proved.

In all the propositions that follow, 7 is a tree with non-negative lengths associ-
ated with its branches and V(7)) is the set of nodes of 7. Given a subtree 7’ and
a node x of 7, the path from T’ to w is the sequence with the fewest number of
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F1cURE 2.8.1. Application of the greedy algorithm to the conserva-

tion of Madagascar lemurs.
A tentative phylogenetic tree of 52 lemurs (species and subspecies) was drawn on
the basis of some recent publications (e.g.,
[Yod97, YRGT00, PME*01, PFM02, RSZ04, AFR106|). The
correspondence between taxa and abbreviations is reported in the Appendix.
Branch lengths are drawn in scale. The solution of (rooted and unrooted) MAXPD
on this tree with k = 10 consists of taking the taxa at the leaves of the subtree
highlighted in gray.
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branches in 7 such that (i) consecutive branches are adjacent, (ii) the first branch
has one of its ends in 77, (iii) one of the ends of the last branch is x. The length of
a path is the sum of the lengths of its branches.

LEMMA 2.9.1. Let S and R be subsets of V(T) and let 2 < |S| < |R|. Then there
exists * € R — S such that the path from Ts to x contains the path from Tp_r,y to

x.

PROOF. Suppose the contrary. That is, suppose that for every x € R — S the
path from 7g to x does not contain the path from 7g_(,y to z. Then, for every
r € R— S, the path from 7p_y,y to x cannot be empty — because otherwise it
would be contained in the path from 7g to x — so let us call e(x) the first branch
in this path, the one attached to Tp_y,y (see figure 2.9.1). The central observation

QJ&O

%
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F1GURE 2.9.1. Illustration of the reasoning in Lemma 2.9.1.
A relevant portion of 7g is represented in solid black, whose part in Tg_y,) is
highlighted in gray. That is, the path from 7p_¢,} to @ is composed of the
non-highlighted solid branches. The dashed branches are from 7. If all the
elements of S were on the same side of e(z) as TR—{z}, then clearly the path from
Ts to x would contain the one from Tp_(, to x. Therefore some node f(x) € S
must be on the same side as = and it is also easy to see that f(z) ¢ R.

X

/

here is that e(x) splits 7 in two parts and at least one node f(z) € S — R must lie
on the same side of e(x) as x — otherwise it is easy to see that the path from 7g to
x would contain the path from Tg_r,) to z.

Note that, since |R| > 3, all the paths from 7x_r,y to some z € R — S must be
disjoint. Therefore the f(z) nodes are all distinct. Since every x € R—S corresponds
to a different f(z) € S — R, we have |S — R| > |R — S|. But this is equivalent to

|S| > | R|, which contradicts the lemma’s assumptions. O

I now prove that the application of a greedy step to a uPD-optimal extension
(S) of an initial set (Sp) necessarily results in another uPD-optimal extension (S7).
Informally, I show that however any extension (R) with the same size as ST is
constructed, a set that has at least the same uPD as R can be obtained from S by
adding one taxon in R to S. Therefore the greedy step, which can add any taxon
to S — not only those in R — will necessarily lead to a total uPD in ST that is at
least as great as that in R. ST therefore has maximum uPD among all its equally

sized extensions of the initial set.
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THEOREM 2.9.2. Let So € S C V(7T), where S is an h-extension of Sy with
mazimum uPD and |S| > 2. Then applying an unrooted greedy step to S results in

an (h + 1)-extension of Sy with mazimum uPD.

PROOF. Let R be any (h + 1)-extension of Sy. By Lemma 2.9.1, there exists at
least one x € R — S such that the path from 7g to x contains the path from 7g_(,)
to x (see figure 2.9.2). Note that « ¢ Sy. Therefore,

(2.9.1) uPD(R — {z}) < uPD(S)

as R—{x} and S are both h-extensions of Sy and S has maximum uPD among such

sets. Also,
(2.9.2)  length of the path from Tp_y,y to x < length of the path from 75 to x
as the second path contains the first. Thus,

uPD(R) < uPD(S U {x})

by combining (2.9.1) and (2.9.2). Now denote by ST a set obtained by applying an
unrooted greedy step to S. Then,

uPD(S U {z}) < uPD(S™)

and therefore
WPD(R) < uPD(S™).
Since the last inequality holds for any (h + 1)-extension R of Sp, ST is an (h + 1)-

extension of Sy with maximum uPD. O

Note the assumption that |S| > 2 in Theorem 2.9.2. This ensures that either Sy
is nonempty or h > 1. In fact, if we have both Sy = () and h = 1, the theorem is
not true: in this case, any S containing a single leaf has maximum uPD(S) = 0, but
applying a greedy step to S does not necessarily result in two leaves with maximum
uPD.

COROLLARY 2.9.3. Let Sy be such that ) # So C V(7). Applying k unrooted
greedy steps to So results in a k-extension of Sy with mazimum uPD.

PRrROOF. By induction on k. For k = 0 or 1 the proposition is either trivial or
follows trivially from the definition of greedy step. For k& > 2, by the inductive
hypothesis, applying k — 1 unrooted greedy steps to Sg results in a set S which
is a (k — 1)-extension of Sy with maximum uPD. Note that, because Sy # ) and
|S — So| = k—12>1, we have |S| > 2. Therefore, by Theorem 2.9.2, applying one

more greedy step to S results in a k-extension of Sy with maximum uPD. 0

COROLLARY 2.9.4. Let Sy be a set of h > 2 leaves of T with maximum uPD,
Applying k unrooted greedy steps to So results in a set of h+ k leaves with mazimum
uPD.
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FIGURE 2.9.2. Illustration of the reasoning in Theorem 2.9.2.
A possible scenario for Sy = () and h = 4. Empty and filled circles represent
elements of S and R, respectively. Dashed and solid lines represent paths in 7g and
Tr, respectively. As predicted by Lemma 2.9.1, there is a € R such that the path
from 7g to x (grey) contains the one from 7x_y,) (highlighted in white on grey
background). It should be visually intuitive that uPD(R — {z}) < uPD(S) implies
that uPD(R) < uPD(S U {z}).
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PRrROOF. By induction on k. For k = 0, the resulting set is Sy itself which has
maximum uPD among the sets of h leaves. For £ > 1, by the inductive hypothesis
applying k£ — 1 unrooted greedy steps to Sp results in a set S of h+ k — 1 leaves with
maximum uPD. In other words, S is a (h + k — 1)-extension of () with maximum
uPD. Note that |S| = h + k — 1 > 2. Therefore, by Theorem 2.9.2, applying one
more greedy step to S results in an (h + k)-extension of () with maximum uPD, that

is, a set of h + k leaves with maximum uPD. O

The propositions above are concerned uniquely with the unrooted case. The
following results, in which T assume that 7 is a tree rooted in a node p, apply to the

rooted case.

LEMMA 2.9.5. Let Sy € S C V(7). S is an h-extension of So with maximum
rPD if and only if S U {p} is an h-extension of Sy U {p} with mazimum uPD.

PROOF. By equation (2.5.1), the following two propositions are equivalent:
(i) S is an h-extension of Sy and for every h-extension S’ of Sy, rPD(S’) <
rPD(S);



2.10. THE MORAL OF THE STORY: BEING GREEDY WORKS 37

(ii) S U {p} is a h-extension of Sy U {p} and for every h-extension S’ U {p} of
So U{p}, uPD(S"U{p}) < uPD(S U {p}). O

COROLLARY 2.9.6. Let Sy be a set of leaves of T (possibly empty). Applying k

rooted greedy steps to Spy results in a k-extension of Sy with mazimum rPD.

PROOF. A simple consequence of Lemma 2.9.5 (for h = 1) is that applying one
rooted greedy step to a set of leaves Sy results in selecting the same leaf (or leaves in
case of ties) as applying one unrooted greedy step to SoU{p}. Therefore, if applying
k rooted greedy steps to Sp results in a set S, then applying k unrooted greedy
steps to Sop U {p} can result in S U {p}. Therefore, by Corollary 2.9.3, S U {p} is a
k-extension of Sy U {p} with maximum uPD. But by Lemma 2.9.5 this is the same
as saying that S is a k-extension of Sy with maximum rPD, which is what we set

out to prove. O

The three corollaries above prove the correctness of the greedy algorithm for
MAXPD in these three scenarios: for the unrooted case with Sy # () (Corollary
2.9.3), for the unrooted case with Sy = @) (Corollary 2.9.4), and for the rooted case
with any Sp (Corollary 2.9.6).

2.10. The moral of the story: being greedy works

Proving that a greedy algorithm is sufficient for some task is always an interesting
result. In fact, because these algorithms are usually efficient and easy to implement,
general theories on their applicability have been developed [KLS91].

In the case of our optimisation problem, the result I have proven is not only of al-
gorithmic interest but potentially has consequences for real-life strategies for genome
sequencing and biodiversity conservation. Imagine, for example, that given our cur-
rent progress in the sequencing of mammalian genomes, a number of sequencing
centres, each having the resources to sequence one more mammal, are in the process
of deciding about the next genome they are going to take on. How should they
behave in order to ensure that the resulting sequenced species have a large collective
PD? Is some sort of cooperation necessary?

Clearly, openness regarding each group’s decision is necessary, since if one decides
to sequence, say, the cat, the others must avoid sequencing this or any other closely
related feline. Note that, had PD been a main guiding criterion, the choice to
sequence the rat [GWM™04]| soon after the mouse [WLTB102| would not have
been made. But apart from communicating their intentions, is real cooperation
among the groups necessary? Applying the result described above, it is apparent
that the answer is no. If every group selfishly (“greedily”) decides to sequence the
genome that at the moment of choice is the most “appealing” — i.e., adds the most
PD to the set of species already sequenced or previously chosen by the other groups
— then the best possible outcome is guaranteed. Another practical consequence
of the optimality of the greedy algorithm is that no planning is needed, either.
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Specifically, no consideration of next (or any future) year’s resources is necessary
when determining priorities for this year’s expenditure.

Although in this discussion I have focused on genomics, exactly the same con-
siderations are valid for conservation biology, where often geographically separated
conservation groups have to make decisions regarding taxa from the same phyloge-
netic scope.

A possible criticism of these considerations is that PD is rarely the only guiding
criterion in choosing species — both for sequencing and conservation. A way to deal
with this criticism [Ste05] is to imagine that the real objective function for these
choices is some linear combination of PD and other taxon-specific scores — quanti-
fying for example medical relevance, amenability to laboratory experimentation or
any other application-specific factor (see [PGO5] for a list of important factors in
genomics). It is easy to see that such an objective function is equivalent to PD
on a transformed version of the original phylogenetic tree, one where the terminal
branches’ lengths are extended to reflect the taxon-specific scores. Therefore, if the
different groups choose taxa greedily with respect to this objective function — i.e.,
always selecting the taxon that increases it the most — it is still guaranteed that the
resulting set is optimal with respect to it.

In our 2005 paper (|[PGO5| p. 674), Nick Goldman and I concluded:

If genome or conservation scientists follow a seemingly short-term
strategy — involving neither planning nor cooperation in the choice
of future genomes for sequencing or species for conservation —
then, provided they are open about their choices, they are guaran-
teed the best long-term strategy.

This was a deliberately provocative statement, and our conclusion is subject to as-
sumptions that are often violated in practice: as I will show in the next three chap-
ters, adding other factors, such as the different costs of selecting different taxa, makes
the greedy algorithm non-optimal for the resulting problem. However, subsequent
research (see sec. 2.12) showed that greedy algorithms applied to PD maximisation
problems are still surprisingly successful: even when they are not guaranteed opti-
mality, sometimes they can be shown to return approximate solutions [BS08].

The interest in greedy strategies is also due to their usefulness in those scenarios
where planning is difficult or impossible. Available resources may fluctuate, funding
may be interrupted or extended, so even though at a first stage it may seem that
the selection of k taxa is feasible, it may turn out later that k&’ # k taxa can actually
be taken. If a greedy strategy is indeed effective for the problem at hand, one can
compile a ranked list of taxa and select them in the specified order. Independently
from the amount of resources that turn out to be available, wherever one stops

selecting in this list, the resulting subset of &’ taxa will be a good one.
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FIGURE 2.11.1. 3-taxon tree with X moving arbitrarily along AB.
Branch lengths are ¢, T — ¢ and €. The behaviour of GD({A, B,X}) as a function of
t is studied in the main text (7" and € are assumed to be constants).
t T-t
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2.11. Beyond PD: Genetic Diversity and Feature Diversity

As I mentioned before, especially in section 2.3, I believe that improvements
over PD are possible. This is a direction of research which has not been explored
very much. In this section, I wish to provide a glimpse of some possible future
developments.

One measure of diversity on a phylogeny alternative to PD is genetic diversity
(GD) |Cro92, Cro97|, defined as “the probability of there being two or more char-
acter states” in the set of taxa under consideration [Cro92]. Clearly some model
of character evolution on the given phylogenetic tree must be assumed to make this
definition precise. Originally, it was implicitly assumed that no reversal to a previ-
ously held state was possible: calling p. the probability of a character change along

a branch e, genetic diversity was simply given by

(2.11.1) GD(S)=1- [ (1 =pe).
ecTg
This version of GD turns out to be strictly related to uPD: assuming an infinite-
states Markov model of character evolution (with characters changing at rate k), pe
and the corresponding branch length ¢, are simply related through p, = 1 — e~ ",
and so
GD(S)=1- H exp(—kte) =

ecTs
=1—exp(—k Z te) =1 —exp(—k - uPD(95)).
ecTs
Therefore, GD grows monotonically with uPD and maximising GD is equivalent to
maximising uPD. This result was suggested without proof by Crozier ([Cro97| p.
252) and the simple derivation above appears elsewhere [PGO7].

It is important, however, to realise that the equivalence above does not hold for
other models of character evolution. For example, if we assume the Jukes-Cantor
model (JC) [JC69|, equation (2.11.1) is not true anymore, as the probability that
no change is observed in S must also account for the possibility that some change
occurs in the interior of the tree, but is subsequently reversed. I will not attempt to
deal with a general expression for GD under JC, but instead will show its particular

behaviour on a simple 3-taxon tree, as this is particularly instructive.
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Consider the tree in figure 2.11.1, where taxon X is attached with a branch of
constant length € onto the lineage (of constant length T') between A and B. It is
interesting to consider the behaviour of GD as we move X along this lineage, i.e.,
as a function of branch length ¢ in figure 2.11.1. Let 1, 2 and 3 correspond to the
three branches in this tree and let p; = %(1 — e %) be the associated probabilities
of change under the JC model. Then the probability of observing more than one
character state is one minus the probability of having no changes at all or of having
three identical changes on each of the three branches:

GD({A,B,X}) =1-(1=p1)(1 = p2)(1 —p3) — P1p2p3

9 Y
where the 1/9 factor is because we need to ensure that the three changes all end up
giving the same nucleotide. Some more algebra shows that

GD=1-— i (1 + 3(6—n(t1+t2) + e—n(t1+t3) + e—n(t2+t3)> + 6e—m(t1+t2+t3)) _
16

-1— 1176 (1 + 3(6—HT + e—H(t+8) + e—ﬁ:(T—t-l—E)) 4 66—H(T+€)> —

(2.11.2) =1- 1% (1 + 37T 4 3 (e 4 7RI 4 66_“(T+€))
It is easy to see that this quantity is maximised for the values of ¢ that minimise
e~ 4 e T je fort=T/2.

This is an interesting result, first of all because it shows that, under JC, max-
imising GD is not the same as maximising PD: as we move X along AB, the PD is
constant but GD has a maximum as X reaches the mid-point of this lineage. Second,
having an optimum for t = T'/2 precisely corresponds to our intuition of how an ideal
measure of diversity should behave (see figure 2.3.1 and the discussion at page 24).

Although GD has been proposed in the conservation biology literature [Cro92],
it also has some relevance for choosing sequences for comparative analyses: recall
the discussion on using counter-features to disprove that a sequence belongs to a
certain functional class (page 23). An extreme example of this is when looking for
invariant sequences (or even sites), sequences that do not change, most arguably
because of selective — thus functional — constraints. In this case, any variation
of the sequence acts as a counter-feature. The discriminative power of a set of
genomes, i.e., the probability of observing a useful counter-feature, coincides here
with the probability of observing different versions of a variable sequence, in other

words with the genomes’ GD.

Back with conservation biology, one of the aims of PD is to predict the feature
diversity of the species being conserved [Fai92|, that is, the number of different
(morphological, physiological, behavioural) characteristics appearing in this set. But
in this case, why not calculate the feature diversity itself? We may define feature
diversity (FD) as the expected number of character states that will be observed in
the set of taxa under consideration. Contrast this with GD, which was defined as the
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probability that this number be greater than one. Like GD, FD depends on a model,
but perhaps in this case the natural choice is an infinite-states model, as the features
we are interested in (such as morphological ones) are better thought as coming from
an infinite, continuous set.

It is again instructive to consider the 3-taxon tree. In this case, the expected

number of character states is given by
FD =1-(1-p1)(1—p2)(1—ps)+

+2-[p1(1 —p2)(1 —p3) + (1 —p1)p2(1 — p3) + (1 — p1)(1 — p2)ps]
+3 - [pip2(1 — p3) + p1(1 — p2)p3 + (1 — p1)paps + pipeps] =
=1+ p1 +p2 + p3 — P1P2P3.

—kKt

Then, assuming p; =1 — e " we get

FD =3+ e—ﬁ(t1+t2+t3) _ e—ﬂ(t1+t2) _ e—ﬁ(t1+t3) _ e—f@(t2+t3)

For the case t| =t, to =T —t, t3 = ¢, where T and ¢ are constant (figure 2.11.1), it
is easy to see that this function has a very similar behaviour to that for GD derived
in (2.11.2). In particular, the optimal value for ¢ is again T/2.

Because of their definitions — more directly linked to their intended applications
— and because of their behaviour — more consistent with our intuitive expectations
— GD and FD may turn out to be better than PD as measures of diversity on
a phylogeny. They probably constitute the first step in this interesting avenue of
research.

2.12. Related work

An alternative measure of the informativeness for comparative analyses of a set
of sequences related by a tree has been provided by Lee Newberg and colleagues
[NLO4, New07]. Their aim is to measure the expected utility of the sequences
for constructing a nucleotide equilibrium probability distribution for each multiply
aligned DNA sequence position, in other words for constructing accurate sequence
profiles. A similar approach has been developed by Goldman, Massingham and
collaborators [Gol98, MGO00, Geu07|, whose focus, however, is on phylogenetic
inference rather than comparative genomics.

A more general analysis of diversity, not only limited to elements of a tree, was
prompted by Weitzman’s early work [Wei92| and is receiving increasing attention
in economics [NP02, NP03, NP04]|.

The correctness proofs for the greedy algorithm for MAXPD [Ste05, PGO05]
have spurred further research on this algorithm. Efficient implementations were
devised first by Minh et al. [MKvHO6|, who describe an O(nlog k) time algorithm
and provide a computer program implementing it (PDA, available online), and then
by Spillner et al. [SNMO8], who reduce this to O(n) (and it is easy to see that

this is the best possible asymptotic worst-case complexity). In the rooted case, the



2.12. RELATED WORK 42

crucial step in the latter algorithm is to determine the increase in rPD that each leaf
would contribute if the greedy algorithm were run until all leaves are taken. These
quantities can be calculated with two traversals (first bottom-up and then top-down)
in O(n) time. Then the k leaves with the k largest increases are selected in O(n)
time ([CLRSO01], sec. 9.3).

The performance of greedy algorithms on other problems related to MAaxPD
has also been investigated: Hartmann and Steel [HS06] have shown their correct-
ness for a few special cases of the Noah’s Ark problem [Wei98| (a generalisation
of MaxPD, focused on conservation biology, taking into account the different ex-
tinction risks of different taxa — I will deal with this problem in Chapters 4 and
5). In a similar vein, Moulton et al. [MISS07| defined a number of generalisations
of MAXPD with relevance to conservation (e.g., taking into account ecological de-
pendencies between species) and showed (rather restrictive) sufficient conditions for
the correctness of greedy algorithms. More recently, Bordewich and Semple [BS08]
showed that a polynomial-time greedy-like algorithm applied to the “nature reserve
selection” problem — where one would like to select geographical regions so as to
maximise the PD of the species appearing in them — is a (1 — 1/e)-approximation
algorithm for this problem, i.e., it is guaranteed to produce a solution with at least
1 —1/e ~ 63% the PD of the optimal solution. (They also proved that getting a
better approximation algorithm for this problem is impossible, unless P=NP.)

Another related direction of research has been to apply MAXPD to split net-
works, a generalisation of phylogenetic trees allowing simultaneous representation of
several alternative phylogenetic histories (which is useful both when we are uncertain
about the true tree and when evolution is inherently non-treelike — see [HB06| for
a review). Minh et al. [MKvHO8| described a dynamic programming algorithm for
MAXPD on circular split systems, a particular type of split network. This result
has been recently extended by Spillner et al. [SNMO8|, who show a more efficient
algorithm for this problem and propose other algorithms for other special classes of
split networks, while also proving the NP-hardness of the general problem. A reason
to be interested in MAXPD on split networks is that this is equivalent to the problem
of maximising the average PD across a collection of alternative trees. The hardness
result therefore extends to this problem when the number of trees is unbounded.
Interestingly, if the collection is limited to three trees, the problem is still NP-hard
[SNMO8|, but not if the collection has just two trees [BSS07].



CHAPTER 3

Including costs: the budgeted MAXPD problem and

dynamic programming solutions

3.1. “All animals are equal, but some animals are more equal than
others”

— George Orwell [Orw45].

In the previous chapter, I have shown how the selection of taxa should take into
account their different degree of phylogenetic distinctness, when this is the guiding
criterion for the selection. In this and the next chapter, I will deal with additional
factors that discriminate among taxa: their different costs (this chapter) and their
different extinction risks (which is something obviously relevant to conservation only
— next chapter).

For all the applications I discussed in the previous chapter, the selection of taxa
is somehow constrained by the limited availability of some underlying resource, often
(but not always) money. This is why MAXPD includes the specification of a param-
eter k indicating the number of taxa that it is feasible to take. However it should be
noted that this parameter can only be determined if the taxa require (roughly) the
same amount of resources. In reality this is usually not true: in bioconservation, for
example, where we may be designing a nature reserve of fixed area, different species
will typically require different amounts of land. Similarly, in the case of sequencing,
different genomes have different sizes and so will have different costs, not only in
terms of money, but also in terms of time and instruments required for sequencing.
Potentially, a choice will have to be made between selecting few “expensive” taxa or
many “cheap” ones.

Formalising this scenario is easy: we just need to quantify the “cost” of each
taxon (whatever the limited resource, e.g., money, time, labour, machinery, land,
etc.) and the total amount of available resources, which we may call the “budget”.
We then aim to find the subset of taxa with maximum PD among all those with
total cost at most equal to the budget (see sec. 3.2).

After showing that this is a computationally hard problem (sec. 3.3), this chapter
will provide dynamic programming algorithms solving this problem in the rooted
case (sec. 3.4 and 3.5) and in the unrooted case (sec. 3.6). Again, examples of their
application will be presented (sec. 3.7) and the related literature discussed (sec. 3.8).

43
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3.2. The budgeted MAXPD problem

Along the lines described at page 38, a possible approach to limit the amount of
resources consumed when picking taxa on the basis of their PD would be to modify
the input tree by shortening each terminal branch by an amount related to the cost
of its taxon, so that the selection of costly taxa would be discouraged. This is not
very satisfying: for example it does not seem possible to guarantee that the selected
taxa will have maximum PD among all the other choices of taxa with the same total

cost. The natural way to deal with costs is a different one:

BMAxPD:

Input: A tree 7 with non-negative lengths ¢, associated with each branch
e, and non-negative costs ¢ associated with each leaf s. A non-negative
budget B.

Output: A subset S of the leaves of 7 that

maximises PD(.5),

subject to ch < B.
seS
Note, once again, that the two different definitions of PD correspond to two different

versions, rooted and unrooted, of this problem. Unlike in the previous chapter, my
approaches to solve these two cases are not straightforward variations of one another.
Therefore I will first deal with the rooted case (sec. 3.4 and 3.5) and then show how
the resulting algorithms can be adapted to the unrooted case (sec. 3.6).

The following terminology will be used throughout this chapter:

DEFINITION 3.2.1. A candidate solution for a tree 7 (with branch lengths and
leaf costs) is simply a subset of its leaves. A feasible solution for 7 and budget B
is a candidate solution S for 7 with total cost not exceeding the budget, i.e. such
that > cgcs < B. An optimal solution, or more simply a solution, for 7 and B is

a feasible solution with maximum PD.

In the rest of this chapter, I will assume that all costs and the budget are in-
tegers. This is a necessary assumption for the algorithms I will present in the next
sections, and it is not unrealistic, since real-life resources are inherently discrete (e.g.
currencies) and costs and budgets will often be known not with great precision, but
only approximately.

Finally note that the formulation of BMAXPD can also be used to express the
scenario whereby a number of taxa have already been taken: a maximally diverse
extension of an initial set of leaves Sy can be obtained by solving BMAXPD with all

the costs for the leaves in Sy set to 0.
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3.3. Computational complexity

BMAXPD is a NP-hard problem, as the knapsack problem, another well-known
NP-hard problem [CLRSO01], is simply its special case for star-shaped trees [HS06].
In order to make this more explicit, I restate the knapsack problem and show its
connection to BMAXPD.

KNAPSACK:

Input: A set of n objects with values vy, vs, ..., v, and costs ¢y, ¢a, . .., ¢, and
a budget B.

Output: A subset S C {1,2,...,n} of the given objects with maximum total
value ) ;¢ v; among those subject to > ;g ¢; < B.

The input for KNAPSACK can be easily transformed into an input for BMAXPD: just
construct a star tree with the given objects as its leaves and where each branch has
a length equal to the value of the object it leads to (and leave the costs of the leaves
and the budget unaltered). Then it is easy to see that solving BMAXPD on this
input would provide a subset of leaves which is also a solution for KNAPSACK. This
shows the polynomial-time reducibility of KNAPSACK to BMAXPD and therefore
BMAXxPD is NP-hard.

In the following three sections, I will show a number of algorithms for BMAXPD
that run in polynomial time in the size of the tree and in the budget B. Technically,
these algorithms are examples of pseudo-polynomial time algorithms, as one of the
factors determining their running time, B, may itself grow exponentially in the size
of the input (see [GJ79] for further discussion on pseudo-polynomial algorithms).

In practice, the fact that the computational complexity depends on B may indeed
seem problematic — especially for the algorithm in the next section whose time
complexity is quadratic in B. For example, if the underlying resource is money,
the budget may be a very large number (of the order of the millions, if measured
in common currencies), which would make the proposed algorithms inefficient. To
avoid this, all costs should be preprocessed and expressed as multiples of a large unit
(such as their greatest common divisor — efficiently found with a generalisation of
Euclid’s algorithm (JCLRSO01|, sec. 31.2) — or any large unit which leaves the costs
expressed to an acceptable degree of accuracy). For example, in the case of budgets
of the order of millions of euros, we may be content to express everything in multiples
of €10,000 or €100,000. This is probably precise enough to satisfy the accountants,
makes B of the order of the hundreds or even less and permits the algorithms to run

very quickly.

3.4. An O(B?n)-time dynamic programming algorithm

It is not difficult to see that rPD has a recursive structure. As a consequence,

it is possible to devise dynamic programming algorithms that solve BMAXPD in
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the rooted case. This section and the next one describe two such algorithms. The
contents of this section are largely based on a paper published on Systematic Biology
in 2007 [PGOT].

The key observation that allows the use of a dynamic programming algorithm is
that optimal solutions to BMAXPD can be simply decomposed into optimal solutions
to its subproblems — technically, BMAXPD is said to have optimal substructure
(JCLRSO01], sec. 15.3). As a consequence, optimal solutions to BMAXPD can be
constructed by first tackling and solving its subproblems and then combining the
optimal solutions thus found.

In order to see what this means in practice, I introduce some concepts that allow
us to apply BMAXPD to smaller portions of the input tree. I define a clade of a tree
7T as any subtree of 7 consisting of a branch e and everything else below e in 7 (note
that I imagine 7 with its root at the top); a clade should be thought of as rooted at
the top of its top branch e. In a bifurcating tree, every clade is composed of a root
branch and, possibly, by two other clades, which I call its subclades. (For example,
in figure 3.4.1, left, 7 is a clade of the input tree; 7 has itself two subclades, £ and
R, whereas L is composed of one terminal branch and no subclades.)

In the rest of this section, I will denote the input tree by 7y, so as to distinguish
it from 7, which will be used to denote a generic clade of 7y. 1 will assume that 7y
is rooted at the top of a root branch (possibly of zero length), so that 7y is one of its
own clades. Also, I will assume that 7 is a bifurcating tree. This is not a limitation,
as any multifurcating tree 77 can be transformed into an equivalent bifurcating tree
7o — i.e., one such that PDz (S) = PDg (S) for every subset of leaves S — by
substituting each multifurcation with a number of bifurcations separated by new
internal branches with length 0.

A way to decompose BMAXPD into smaller subproblems is to ask what is the
best way to invest any given part of the budget into each clade of 7y. By assuming
that costs are integer, we can also assume that the part of the budget used to take
any subset of taxa will also be integer. Therefore, we seek optimal solutions to
BMAXPD for every combination of (i) a clade 7 of the input tree 75 and (ii) an
integer “sub-budget” b € {0,1,..., B}. It turns out that we can do this incrementally,
starting from the clades consisting of only a terminal branch and then using the
solutions already found to construct solutions for larger clades. Note that one of
these subproblems (the one with 7 = 75 and b = B) coincides with the global
problem we set out to solve.

For ease of description, I will imagine that optimal solutions to these subproblems
(or more precisely some sufficient information about them, as I will show later) are
stored in a table (the solutions table) whose rows correspond to all the different
clades and whose columns correspond to all the sub-budgets 0,1,..., B (see figure

3.4.1). Clearly, position (7,b) will contain (information about) an optimal solution
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for 7 and b. I will show that this table can be completed one row at a time, starting
from the bottom and going up.

First, the solutions for the clades consisting of only a terminal branch (leading
to, say, leaf s) are simply either the empty set () or {s}, depending on whether the
corresponding taxon is too expensive to be taken with the available sub-budget (i.e.
¢s > b), or not (cs < b), respectively. Therefore the rows of the solutions table
corresponding to terminal branches (in figure 3.4.1, the 3rd, 4th, 6th and the last
two) can be filled without looking at the content of any other row.

Second, when instead a clade 7 contains two subclades (£ and R), an optimal
solution S for 7 and sub-budget b will simply amount to the union S = S, U Sg
of two optimal solutions for two other subproblems: S, will be optimal for £ and
some integer sub-budget ¢ < b, whereas Sk will be optimal for R and b — i. For
example, in figure 3.4.1, an optimal solution for 7 and b = 4 is {C, E}, where {C} is
optimal for £ and sub-budget 2, and {E} is optimal for R and 2. This is the optimal
substructure property mentioned above and its proof is rather trivial.!

As a consequence of this property, if we have already calculated and stored
optimal solutions for £ and R and for all sub-budgets, it becomes possible to find

a solution for 7 and any given b: denoting by Sg) the solution stored for £ and ¢

(and similarly for S%)), just compare all the subsets Séo) U S(b), Sg) U 57(571), ce

Séb) U 57(3) and take the one with the largest rPD. This is guaranteed to find an
optimal solution for 7 and b, because the possibility of decomposing an optimal
solution S into Sy U Sg — where S¢ is optimal for £ and some i € {0,1,...,b},
and Sg is optimal for R and b — i — implies that TPD(S) = rPD(S,; U Sg) =2
rPD(Sg) U Sg_i)) and therefore S(Ei) U Sg_i) — which is one of the sets considered
above — is also optimal.

Consequently, we can fill the entire solutions table one row at a time: because
the content of the row for a clade 7 can be completely derived from the content of
the rows for its subclades £ and R, we just need to make sure that, whenever we fill
the row for a clade, the rows for its subclades have already been filled. This can be
achieved by dealing with the clades in a bottom-up order: let the clades be ordered
according to, say, a preorder traversal of all the branches in 7o [CLRSO01]| and let

LThe reason for this is simple: S is naturally partitioned into Sz and Sr, containing the taxa in
L and R, respectively. Calling i the total cost of Sg, if either S, were not optimal for £ and ¢ or
Swr were not optimal for R and b — ¢, then we could replace this suboptimal choice of taxa with a
better one and therefore improve also S, but this would contradict the fact that S is optimal.
2There is a special case in which this equality is not true: imagine that there are multiple optimal
solutions for £ and ¢ (the same argument would hold for R and b— i), some of which are empty and
some of which are not — which is possible if there are paths of zero length from the root of £ to
some of its taxa. Now suppose Sz # 0 and Sr = 0, whereas S') = S;zb*” = (). In this case we may
have rPD(Sz U Sz) > 0, whereas rPD(S(Ei) U Sg_i)) =1PD(@ U ®) = 0. Therefore S(ﬁi) U S%"“ =0
will not be not optimal.

To avoid this we must ensure that, whenever we can derive multiple optimal solutions for a clade 7°
and a budget b, and some of these are empty while some others are not, a nonempty solution will

be stored in ng’).
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FIGURE 3.4.1. An instance of BMAXPD (rooted case) and its solu-

tion.
On the left, an input tree for BMAXPD. Branch lengths are indicated by the
numbers to the side of the branches. Taxon costs are in the boxes next to the
leaves (green) and the budget is B = 8. The following clades of the input tree are
highlighted: 7 (broad grey branches), £ (red branches), R (blue branches). On the
right, the corresponding solutions table (the content of some rows is omitted for
clarity). The correspondence between clades and rows is indicated by dotted lines
(coloured in the cases of 7, £ and R). Rows are ordered according to a top-down
visit of all clades: 1: ((A,B),(C,(D,E))); 2: (A,B); 3: A;4: B; 5: (C,(D,E)); 6: C; T:
(D,E); 8: D; 9: E. Columns correspond to sub-budgets b = 0,...,8. Each cell
indicates the corresponding value of A7 (b) (top), of t7(b) (bottom left) and of
b — v7(b) (bottom right). To the right of the table are the ¢z values. See text for
details about these values. The arrows on the right indicate the dependencies
amongst the rows. The top-right cell (shaded orange) indicates the optimal rPD
(11, achieved by selecting taxa {A, C, D, E}).
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the rows in the table reflect this ordering (as illustrated in figure 3.4.1); then, fill
the rows from the last to the first. Once the entire table has been filled, the optimal
solution we sought (the one for 7y and B) is available from its top-right corner.

3.4.1. Actual implementation of the algorithm. Although explicitly stor-
ing entire subproblem solutions in the solutions table is feasible, this is certainly not
efficient. As I will show, instead of storing solutions, it is sufficient to retain their
rPD and the way the sub-budget should be partitioned between the two subclades
(if there are any). More precisely, let Séé) be the solution found for clade 7" and sub-
budget b; instead of storing ng), we will store two quantities: (a) the maximum rPD
achievable in 7" with sub-budget b, which I call A7 (b) and is equal to rPDT(Sgé)); and
(b) (only when 7 has two subclades) the sub-budget that solution Sg)) allocates to
7T’s left subclade, which T call v7(b) — obviously this determines also the sub-budget

to allocate to the right subclade, b — t7(b). Note that this does not mean that the

\‘Q(
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actual expenditures in the subclades need equal ¢7(b) and b — v7(b), but rather that
the left part of Sg)) is optimal for ¢7(b), and its right part for b — ¢7(b). In figure
3.4.1, each cell in the solutions table shows A7 (b) at the top and, when appropriate,
in the two bottom corners, ¢7(b) on the left and (for illustrative purposes) b — t7(b)
on the right, which indicates the way the sub-budget should be partitioned between
the two subclades.

Note that it is precisely thanks to storing ¢7(b) that solutions need not be mem-
orised; this information (once available) allows us to reconstruct the optimal solution
found for any given 7 and b: just visit all the clades in 7 in a top-down fashion
always using the ¢7 values to find out what part of b should be devoted to each clade;
in the end, b will have been broken down into all the expenditures to allocate to each
taxon in 7; a taxon s should be included in the solution only if the expenditure
for s is greater or equal to its cost cs (see below, algorithm 3, RECONSTRUCT(7, b),
for a formalisation of this procedure). For example, imagine that we wish to recon-
struct the solution for clade 7 and sub-budget 4 in figure 3.4.1; the two values at
the bottom corners of the table entry for 7 and 4 (shaded gray) indicate that we
should allocate 2 to £ and 2 to R. L only contains taxon C, whose cost is exactly
2 and therefore should be selected. R has two subclades, one containing D and the
other E; the table entry for R and 2 indicates that nothing should be spent in the
left subclade (so D should not be selected, as its cost is greater than 0) and that 2
should be assigned to the right subclade (so we do select E, as its cost is exactly 2);
therefore the solution for 7 and 4 is {C, E}.

The solutions table is filled with Ay (b) and ¢7(b) values in a way analogous to
the one we described above in terms of whole solutions. The clades are visited in a
bottom-up order. For the clades only consisting of a terminal branch (leading to, say,
taxon ), the A7 (b) values are set to 0 for entries with b up to (but not including) cs
and to the length of the terminal branch for the remaining entries; the ¢7(b) are left
undefined, as they have no meaning for these clades. For example, see the solutions
table row for £ (shaded red) in figure 3.4.1.

When instead we visit a clade 7 composed of a branch (e) and two subclades
(L and R), we need to consider two cases. First, for all the entries with b smaller
than the minimum cost among the taxa in 7 (which I denote by ¢7), A7 (b) is set to
0, as clearly the sub-budget b is not enough to cover the cost of any of the taxa in
7; note also that for these entries t7(b) can be set to any ¢ = 0,1,...,b, as any of
these values will lead to reconstructing the empty solution (for example, see the first
two entries in the table row for 7 in figure 3.4.1). Second, for the remaining entries
(those with b > ¢7) A7 (b) is set to the maximum value among ¢, + Az (0) + Ag(b),
te +Ac(1) + Ar(b—1),..., te + Az(b) + Ar(0) (where ¢, represents the length of e),
as this is the rPD of the best possible combination of complementary solutions for £
and R; the corresponding ¢7(b) is set to a value of 7 € {0,1,...,b} that maximises
Az (1) + Ar(b—1). For example, suppose we aim to fill the entry for 7 and 4 in figure
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3.4.1. Since we are proceeding in a bottom-up fashion, the rows corresponding to £
and R have already been filled, and the Az and A, values are all available. Therefore,
Ar(4) = max{1.0+ Az (0) + Ag(4), 1.0+ Az(1) + Ar(3),..., 1.0+ Ac(4) + Ar(0)} =
max{5.0,5.0,5.0,2.0,2.0} = 5.0. This corresponds to consideration of combining the
first entry shaded in red with the fifth in blue, the second in red with the fourth in
blue, and so on; in the end we check which of these combinations has given the largest
rPD. The value of t7(4) is set accordingly: in this case there are three equivalent
combinations and ¢7(4) could be set to 0, 1 or 2 (leading to two different but equally
good solutions).

In summary, the A and ¢ values are calculated with the following recursions
(which assume that 7 is composed of branch e and, possibly, subclades £ and R):

0 if b < ér,
A7 (b) = te if e is terminal and b > é7,
te Ar(i) + Ar(b—1i therwise.
—i—ie{rg’llfi’.).(.’b}{ (i) + Ar(b—1)} otherwise
undefined if 7 has no subclades,
t7(b) = 4 argmax {Az(i) + Ar(b—1i)} otherwise.
i€{0,1,...,b}

The above argmax term indicates the value of ¢ that maximises the expression on its
right; when there are several such values, it indicates any one of them (e.g. chosen
randomly) or, in the special case where b > ¢z and Az (i) + Ag(b—4) = 0 for all 4,
any value of 7 such that the resulting ¢7(b) will cause reconstruction of a non-empty
solution (this can be achieved by taking either i = ¢, if ¢, < b, or i = b — ¢g if
¢r < b). Implicitly storing the empty solution would either be wrong (if t. > 0, any
optimal solution is certainly non-empty) or (if ¢, = 0) might lead to constructing a
non-optimal solution further up in the tree (see discussion in footnote 2).

The various minimum costs ¢z for all clades should also be derived and stored, as
they are used in the recursion for A7 (b) above. For a given 7, this can be done when
we set about filling its row, by taking either ¢, (if 7 is a terminal branch leading to
s) or the minimum between ¢, and ég (if 7 contains subclades £ and R). In figure
3.4.1, the ¢7 values are reported on the right of the solutions table.

Once all the A and ¢ values have been derived in the solutions table, the solution
implicitly found for the top-right entry of the table is a solution to the global problem
and it can be reconstructed using the ¢z values in the way described above. How-
ever, there may be more than one optimal solution to BMAXPD, all equally good
with respect to rPD, but possibly involving different overall expenditures. It is not
guaranteed that the solution reconstructed is the cheapest among them. Although
this was not required by the original problem formulation, this is clearly a desirable
property and easy to achieve: by looking at the solutions found for smaller budgets,
we can check if the budget can be reduced without affecting the optimal rPD. This

corresponds to scanning the solutions table from its top-right entry towards the left,
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Algorithm 1 BOTTOM-UP(T)

if 7 contains subclades £ and R then
BOTTOM-UP(L)
BOTTOM-UP(R)

end if

CALCULATE(T)

Algorithm 2 CALCULATE(T)

if 7 only consists of a terminal branch e ending in leaf s then
CT = Cq
for b=0,...,¢r—1 do Ar(b) =0
forb=2¢r,....B do \r(b) =t.
end if
if 7 consists of an internal branch e and subclades £ and R then
¢ér = min{ér,ér}
for b=0,....,¢7—1 do Ar(b)=0, v7(b)=0
for b=¢r,...,B do
t7(b) = argmax {Az(i) + Ar(b—1)}
i€{0,1,...,b}
)\’T(b) =t + )\g(LT(b)) + /\R(b — LT(b))
if \c(e7 (D)) + Ar(b—17(b)) =0 then
if ¢ < b then v (b) = ¢, else v7(b) =b—cr
end if
end for
end if

until a reduction in Az, (b) is observed. The solution for the last (i.e. least) b with
A1, (b) = Az (B) is a minimal-cost rPD-optimal solution, and can be reconstructed
in the usual way. In some cases it may even be of interest to derive all (minimal-cost)
optimal solutions, which could be achieved by storing multiple ¢7(b) values and using
all of them in the reconstruction at the end. However, I note that the number of
solutions to reconstruct may grow exponentially in the size of the problem.

This concludes the description of this dynamic programming algorithm for max-
imising rPD subject to costs constraints. Another description, less verbose and
directly convertible into computer code, is given by the pseudocode in algorithms 1,
2 and 3. BMAXPD applied to 7y and B is simply solved by a call to BOTTOM-UP(7p)
(which fills up the solutions table) followed by a call to RECONSTRUCT(7Zp, B), which
returns an optimal solution. The procedure described in the previous paragraph for
finding the cheapest optimal solution is also easily formalised. Additionally, this dy-
namic programming algorithm could be modified to solve BMAXPD for trees with
branches of any length (i.e., where negative lengths are allowed). Since the algorithm
I will present in the next section can be more easily modified to deal with negative
branch lengths, I do not describe this here.

Regarding the computational complexity of this algorithm, the calculation of a

single entry in the solutions table requires O(b) = O(B) time, as all possible ways
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Algorithm 3 RECONSTRUCT(T,b)

if 7 only consists of a terminal branch ending in leaf s then
if b > ¢s return {s}
if b < ¢, return 0
end if
if 7 contains subclades £ and R then
return RECONSTRUCT(L, t7(b)) U RECONSTRUCT(R,b — t7(b))
end if

to split sub-budget b need to be examined. This must be repeated for each of the
(2n — 1)(B + 1) = O(Bn) subproblems (where n is the number of leaves), giving a
total of O(B?n) operations for filling the solutions table. The reconstruction of an
optimal solution from the top-right entry only takes O(n) time, as it consists of a
top-down traversal of all the 2n — 1 = O(n) clades of 7y, in which each clade can
be dealt with in constant time. Therefore the entire algorithm has time complexity
O(B?n). Memory complexity is dominated by the size of the solutions table, and so
is O(Bn).

Finally, I note that BMAXPD could also be formulated as an integer linear
programming (ILP) problem (in a way analogous to that of [RG02]) and solved
with standard off-the-shelf techniques. However, there are no guarantees that the

running time of these algorithms would be better than exponential in n.

3.5. A O(Bnlogn)-time dynamic programming algorithm

This section® presents an alternative dynamic programming algorithm for BMAXPD,
whose running time grows linearly with B, instead of quadratically. Its description
is somewhat more complicated, and requires the introduction of new formalisms. I
denote by 74, where A is a subset of the nodes in 7, the tree obtained from 7 by
setting to 0 all the lengths of the branches on the paths from the root to the nodes
in A. Assuming that the leaves in 7 are numbered 1,2,...,4,...,n, for simplicity I
will write 7; instead of Ty1 5 3, i.e., 7; denotes the restriction of 7 on {1,2,...,i}
(see definition 2.5.1). Also, I will write 7;4 instead of (74); and 7¢ instead of 71},
See figure 3.5.2 for an example of such tree.

I assume that the leaves of the input tree 7 are contiguously numbered, i.e., we
can imagine drawing the tree and then assigning 1 to the leftmost leaf, 2 to the
second leaf on the left, and so on until assigning n to the rightmost leaf. To ease the
description of the algorithm, T also assume that another leaf, n + 1, is added to 7
— directly attached to its root with a branch of length 0.

The rationale behind these definitions is that 7,7, where J C {i + 1,...,n + 1},
contains all the phylogenetic diversity that remains to be gained in 7; if the taxa

in J are selected. It turns out (Proposition 3.5.1 below) that the notation TZ-J is

3The contents of this section also largely appear in a paper written in collaboration with Arndt von
Haeseler’s group [MPKvHO09], but they are the result of my own work.
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somewhat superfluous as this tree does not depend on the whole collection of taxa
in J, but only on the taxon j with minimum index in this set, i.e. 7,7 = Y;j (with
j=n+1if J =0). In brief, the algorithm T will describe consists of incrementally
solving the problem for all trees of the form ’];j, with 1 <¢ < j <n+1, and for
all the budgets b € {0,1,...,B} (i and j will be implicitly assumed to be integers
throughout). This can be done recursively, by using solutions derived for previously
encountered trees and budgets. The exact recursions will be described in the next
subsection: we will see that, when ¢ > 1, the solution for ’Z;j and budget b will either
be obtained from the solution for 7;' ; and b — ¢;, or from the one for 7;‘7_ , and b.
Note that the solution to BMAXPD applied to the input tree 7 and budget B is the
one obtained for 7,”*! =7 and b = B.

Leaving the description of how and why this procedure works to the next section,
I now show that the number of ’];j trees that need to be taken into account can be
reduced from O(n?) — seemingly implied by the ’sz notation — to O(nlogn), if an
appropriate preprocessing of the input tree is applied. The following proposition is

rather intuitive, and including a proof would be tedious:

PROPOSITION 3.5.1. Let T be contiguously numbered, i € {1,2,...,n} one of its
leaves, and J a subset of its leaves such that ) # J C {i+1,....,n+ 1} and such that
j =minJ. Then

T — Tj _ Tmrca(i,j)

() (3 (3 ?

where mrca(i, j) denotes the most recent common ancestor node of i and j.

The collection of trees we are interested in can therefore be re-expressed in this
way:
{T7 :1<i<j<n+1}=

{7, : 1 < i < n, a=mrca(i,j) for some j > i} =

n
U 0,
i=1
where ©; = {7, : @ = mrca(i, j) for some j > i} = {’Z;j i <j<n+1}.

It is important to realise that the size of these sets depends on the chosen num-
bering of the leaves in 7. In fact, I will show below (Prop. 3.5.2) that if we number
the leaves so that large clades come towards the end, then we can guarantee that
|9;| does not exceed 1 + logyn . Therefore, we have that at most

e

=1

< n(l+logyn)=0O(nlogn)

trees need to be dealt with by the algorithm.

The numbering that ensures this result can be obtained in the following way:
imagine that the input tree is drawn with its root at the top; for each internal node
compare the clades rooted in that node (“clades” in the sense of the previous section)

and then swap these clades so that the largest one (i.e., the one with most leaves)
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F1GUrE 3.5.1. Hlustration of the proof of Proposition 3.5.2.

becomes the rightmost one. At the end of this procedure, label the leaves of the tree
with 1 to n, from the leftmost to the rightmost, and then attach the additional leaf
n + 1 to the root.

PROPOSITION 3.5.2. Let 7 be contiguously numbered with the procedure described
above. Then, for any i € {1,2,...,n}, |©;] <1+ logyn.

PROOF. Let ay,as,...,a; be the ancestor nodes of ¢ such that a = mrca(i, j) for
some j > i. Let them be ordered from the closest to ¢ to the furthest (see fig. 3.5.1),
with ay therefore coinciding with the root of 7. Clearly k = |0;|. Let ni,na,...,ng
denote the number of descendant leaves of each of these ancestors. Clearly ny > 2,
as a; = mrca(i, j) for two distinct leaves i and j.

Now consider the rightmost clade rooted in as. Because of the way the taxon
numbering was defined, the number of leaves in this clade, m, must be at least the
same as that in any other clade rooted in as. In particular we will have m > n;.
Therefore ny > ny +m > 2n; > 22 Similarly we can prove that ng > 2ng > 23,
that ny > 2%, ..., and that ny_; > 2¥~1. Taking logarithms in the last inequality,
we obtain k — 1 <logyni_1 < logyn and therefore |©;] = k < 1+ logy n. O

3.5.1. The recursion and its correctness. I now show how to derive optimal
solutions for BMAXPD applied to any tree in © := J, ©; = {’Z;J 1<i<j<n+1}
and any budget in {0,1,...,B}. I denote by S(’Z;j,b) an optimal solution for ’Z;j
and b. Recall that the notations ’Z;j ' and ’];jQ with same subscript ¢ but different

superscripts j1 # jo need not correspond to different trees.
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It easy to see that for any 7, S(’Z'lj,b) should be set to () or {1} depending on
whether taxon 1 (the only taxon in le ) is too expensive to be taken with the available
budget (i.e., ¢; > b), or not (i.e., ¢ < b), respectively.

As concerns S ('Z;] ,b) for i > 1, we need to consider two cases: either S (’];] ,b) will
include taxon 4 or not. If not, then we can just ignore i: S (’Z;] ,b) must be optimal
for ’];J_l and b, and will therefore be equal to S('];j_l, b).

If S(’Z;j, b) will include 7, then the remaining part of the solution, S(’Z;j, b) —{i},
should take into account the fact that the path from the root to ¢ will be covered by
i. That means that S(’];j, b) — {i} must be optimal with respect to the remaining
budget b—c; and with respect to ’Z;{_i’lj }, the tree that is obtained from ’];J_ 1 by setting
to 0 the lengths of all the branches that are in the path from the root to ¢. As a
consequence of proposition 3.5.1, we have that ’Z;{_i’lj} =T |, and therefore S(’Z;j, b)
can be obtained as {i} U S(7;",,b— ¢;).

The two cases above show that S (’];J ,b) must be one of two candidate solutions.
In order to find which one, we just need to evaluate both and take the best. These
informal considerations are summarised by the following recursion:

(3.5.1)

0 ifi=1andb<c,
; {1} ifi=1and b>cy,
S(,]; 7b) = S(,sz_l’b) 1f1,> 1 andb<ci,

best (S(Tg_l,b), (i} US(Ti,,b— ci)> ifi>1andb> ¢,

where best7(S1,52) denotes the set, among S; and So, that has maximum rPDs
(and can be either one when these have the same rPD7).

This recursion is used to first obtain all the S (le,b) solutions; then these so-
lutions are used to derive all the S (’TQJ ,b), which in turn are used to obtain all the
S (’Z}f ,b), and so on. The procedure ends when all the S(Z,"*!,b) solutions have been
derived and returns S(7,*"!, B) as an optimal solution to the global problem.

Figure 3.5.2 illustrates the behaviour of this algorithm on the same instance we
saw in figure 3.4.1. The rows in the solutions table correspond to different ’];j trees
and are filled starting from the top (ignore for the moment their contents, as these
will be explained later below): the two top rows, corresponding to the le trees, are
filled by using the first two cases in recursion (3.5.1). Then, the third row, which
corresponds to the Tg trees — actually all the same tree — gets filled by using the
other two cases in (3.5.1). Next, the fourth and fifth rows, corresponding to the two
trees in ©3 = {’Zg :3 < j < n+1}, are filled by using again the third and fourth case
in (3.5.1) and only using information already stored in the third row. In general,
note that the rows corresponding to trees in ©; are filled by using only solutions
derived for trees in ©,_1. This goes on until all the table has been filled and the
solution to the global problem is available at the bottom-right corner of the table. A
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more detailed description of the algorithm’s behaviour on this example is provided
in section 3.7.1.

Interestingly, ©1,02,...,0, can be thought of as “generations” of trees: the
solutions for any tree ’Tij € O, are derived from the solutions for two other trees
from the previous generation, Tf_l and TZ]_ 1> which I will call the father and mother
of ’Z;j , respectively. (Funnily enough, all the trees in the same generation have the
same father).

Because of the relative complexity of this algorithm, compared to the one in the
previous section, this time I will include a proof of its correctness.

PROPOSITION 3.5.3. For any W € © and b € {0,1,..., B}, the solution S(W,b)
calculated with the algorithm described above is optimal for W and b.

FIGURE 3.5.2. An instance of BMAXPD (rooted case) and its solu-

tion.
On the left, an instance of the problem. Branch lengths are indicated to the side of
the branches. Taxon costs are in the boxes next to the leaves (green) and the
budget is B = 8. Tree 7y’ = T,V = 73! = 7 is highlighted in grey; one of its
branches has a thinner highlight, to indicate that its length in 73" is zero. On the
right, a table containing the data derived to solve this instance. Rows correspond
to the trees in © while column headings 0-8 indicate budgets b. Each cell thus
corresponds to a tree 7 € © and a budget b and displays: (1) at the bottom, the
value of A,;(b) and (2) at the top, an arrow specifying whether this value was

obtained as Aaq(b) (blue vertical arrow, M = 7;]_1) or as rPDTij({i}) + Ar(b—¢)

(red oblique arrow, F = 7' ;). (The presence of both arrows indicates that this

value can obtained in both ways and the absence of arrows indicates that one of the

first two cases from recursion (3.5.1) was used.) Note that a red oblique arrow

implies that taxon 4 should be included in the solution for 7/ and b. On the right

of the table are arrows specifying the mother of each tree. The father tree in each
generation is indicated in red. The cells in orange and yellow are the ones that are
examined when reconstructing the optimal solution for this instance (see main

text).

0 1 2 3 4 5 6 7 8§ rPD(i})

Ty 0.0 140 4.0 4.0 |4.0 |4.0 |4.0 |4.0 |4.0 4.0
u

Ty 0.0 2.0 2.0 J2.0 |2.0 |2.0 |2.0 J2.0 |2.0 20
. viv|[Vv|[Vv|]V 35
2 10.0 |4.0 J4.0 |4.0 |5.5 |55 |5.5 |55 |55 '
- v|v|v|[Vv|[Vv|]¥ 20
310.0 |40 |40 ]6.0 J6.0 16.0 7.5 |75 |75 '

~ |A|A[A AlA 10
3 10.0 |4.0 |4.0 |]5.0 |55 |55 6.5 |6.5 6.5 :
- A vV(v]|Vv|Vv|Ww 5.0
4 10.0 ]4.0 |4.0 |6.0 |9.0 |9.0 ]10.0 ]10.5]10.5 '
w

74 0.0 140 4.0 |5.0 |6.0 |6.0 |7.0 |75 |7.5 20

v v
Ts 0.0 140 4.0 }8.0 }9.0 }9.0 J10.0 |10.5 J11.0 4.0
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PROOF. By induction on the number i of leaves in W. If i = 1, SOWV,b) is
obtained with one of the first two cases in recursion (3.5.1) and the thesis is trivially
true. If ¢ > 1, S(W, b) must have been obtained either as

S(M,b),
(third case in recursion (3.5.1)) or as

(fourth case in recursion (3.5.1)), where M and F are the mother and father tree
of W respectively. Since both these trees have i — 1 leaves, 1 apply the inductive
hypothesis and assume that S(M,b) and S(F,b—¢;) (if b > ¢;) are optimal for their
trees and budgets. Whichever of the two cases above was used to derive S(W, b), it
is easy to see that, since S(M,b) and S(F,b— ¢;) (assuming b > ¢;) are feasible for
their budgets, S(W, b) must be feasible for b.

Let S’ be any other feasible solution for W and b. I will show that rPDy,(S") <
rPDyy(S(W, b)), which implies the optimality of S(W,b). Throughout this proof,
the rPDyy of an optimal solution for W and b is denoted by Aw(b).

If the third case in recursion (3.5.1) was used, then we have rPDy,(S(W,b)) =
rPDyy(S(M, b)) = rPDa(S(M, b)) = Apq(b). If instead the fourth case in recursion

(3.5.1) was used, then we have

rPDyy (SO, b)) = max {rPDyy (S(M, b)), rtPDw ({i} US(F,b—¢))} =
max {rPD g (S(M, b)), tPDw({i}) + rPD£ (S(F,b—¢))} =
max { A (b), ’TPDw({i}) + Ar(b—ci)}.
In both cases we have that rPDy,(S(W, b)
rPDyw({i}) + Ar(b— ), if b > ¢;.
Regarding S’, there are two cases, depending on whether it contains i or not.
If it does not contain 4, then rPDyy(S") = rPDp(S") < Apm(b) < rPDwy(S(W, b)),
where the first inequality comes from the fact that S’ is a feasible solution for M

and b. If S’ does contain 4, then

) is greater or equal to Aa(b) and also to

rPDyy (') = rPDyy({i}) + rPD (S’ — {i}) < tPDw({i}) + Ar(b — i) < rPDyy(S(W, b)),

where the first inequality comes from the fact that, as the total cost of S’ is at
most b, S" — {i} must be feasible for F and b — ¢;. In both cases, rPDy(S’) <
rPDw/(S(7,b)). O

COROLLARY 3.5.4. S(Z,”*1, B) is optimal for the input tree and budget.

3.5.2. Actual implementation of the algorithm. For simplicity, the algo-
rithm above has been described in terms of optimal sets of taxa to store for each
subproblem. As for the previous algorithm, however, it is sufficient to store their

rPD and some information that allows their reconstruction. Let 7 now denote a
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generic tree in ©; and F and M its father and mother tree, if any. As in the previ-
ous section, A7 (b) denotes the rPD of an optimal solution for 7" and b. The following
recursion (a simple translation of (3.5.1)) allows us to calculate A7 (b) for all 7 € ©
and b € {0,1,...,B}:

0 ifi=1and b < ¢y,

PDr({1 ifi=1 b>
(352) Ar(p) =4 TPOTUL) o=landb= e,

Am(b) if i >1and b < ¢,

max { Ay (b), rtPD7r({i}) + Ar(b—¢;)} ifi>1andb>g¢.

Once the PD of an optimal solution to the global problem has been derived, one (or
even all) optimal solution(s) can be generated by tracing back the choices that have
led to this value. In practice one can store a flag specifying whether a solution was
derived from the one for the mother tree M or from the one for the father tree F
(see fig. 3.5.2).

Also, it is important to note that the dynamic programming algorithm described
above needs to be preceded by a preprocessing phase that determines: (1) the con-
tiguous numbering of the taxa, (2) a memory location where to store the necessary
information for each tree in ©, (3) for each tree in © — ©1, pointers to the mem-
ory locations for its mother and father tree, (4) for each tree 7 € ©;, the value of
rPD7({:}). T will not describe how these can be done here, but it suffices to know
that computationally the time needed for the preprocessing will be dominated by
the remaining operations.

Such operations basically consist in deriving all the A7 (b) values (and associated
flags), and then reconstructing an optimal set of leaves. There are O(Bnlogn)
values for A7 (b) and each value can be computed in constant time (see recursion
(3.5.2)). The reconstruction of an optimal solution takes O(n) time. Therefore the
time complexity of the whole procedure is O(Bnlogn).

Finally, note that in order to deal with negative branch lengths as well, the
algorithm described above can be simply modified by altering the way the solutions
for trees in © are derived: the only change we need to make to recursion (3.5.1) is to
set the optimal solution to best.; (0, {1}) in the second case (i.e., fori = 1 and b > ¢;).
For recursion (3.5.2), just chanée that same case into A7 (b) = max{0, rPD7({1})}.

3.6. The unrooted case

I now turn to solving the unrooted version of BMAXPD, i.e., the one with PD
defined as uPD*. An example is given in figure 3.6.1. At first glance, an obstacle
to its solution seems to be that there is no evident way to break it into smaller
problems: even if we solve the unrooted problem on portions of the input tree —
which I will denote once again by 7y — this does not tell us much about the solution

for the whole tree.

4 Again, the contents of this section are based on the Systematic Biology 2007 paper [PGOT].
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The key observation here is that a solution to the unrooted problem, if not the
empty set, is equal to {s} U R, where R is a solution to the rooted problem with
budget B — c¢s applied to 73, which in this section will denote the version of 7y
rooted in leaf s. (For example in figure 3.6.1, {A,C,D,E}, the optimal solution to the
unrooted problem, can be written as {A}U{C,D,E}, where {C,D,E} is a solution to
the rooted problem on 77 with budget B —ca =8 — 1 =17.)

This allows us to reduce the unrooted problem to a number of related rooted
problems: we could iteratively root 7y in each of its leaves s and calculate a solution
R; to the rooted problem with budget B — ¢, (or skip s if ¢; > B); any of the subsets
{s} U Rs with the largest uPD (or, equivalently, any of the ones with the largest
rPD(R;)) is a solution to the unrooted problem. This procedure involves repeating
any of the rooted algorithms described in the previous two sections once for every
leaf, thus requiring O(B?n?) or O(Bn?logn) time, depending on whether we use the
algorithm of section 3.4 or that of section 3.5, respectively.

However there is a better way to adapt the algorithm of section 3.4, one that
ends up requiring only O(B?n) time. The rest of this section is devoted to describing
this approach. In brief, it consists of extending the definition of a clade so that it
includes all the different leaf-rooted trees 7j’; then, as before, we solve the rooted
subproblems for all the clades in 7y and all possible sub-budgets. Since this now
includes additional clades not present before, we devise a new ordering of the clades
so that we can derive new solutions from the previously calculated ones. In the end,
we compare the rooted solutions found for the various 7’; any of the best ones will
provide us with an optimal solution to the unrooted problem.

In this section I define a clade of 7Ty as any rooted subtree 7 of 7y consisting
of (a) a branch e, with one of its ends being the root of 7, and (b) everything else
in 7y that lies on the other (i.e. non-root) side of e. This definition includes all the
clades in the sense of section 3.4, but whereas before each branch identified one single
clade, now for each branch there are two clades, each rooted by one of its ends. For
example the branch of length 3.0 in figure 3.6.1 is at the ‘top’ of both clades (A,B)
and (C,(D,E)). Assuming that 7j is originally unrooted (the position of any root has
no relevance for uPD) and bifurcating (as in sec. 3.4), there are exactly 2(2n — 3)
clades in 7. In particular, note that the 75, the versions of 7y rooted in each leaf
s, are now clades.

Although the collection of clades of 7y is now non-hierarchical, the fundamental
properties of a single clade have not changed from section 3.4: a clade is still a
rooted tree with branch lengths and leaf costs. Therefore we can apply the rooted
version of BMAXPD to all the clades 7 of 7y and sub-budgets b € {0,1,..., B}. We
are particularly interested in the solutions R for the leaf-rooted clades 77 and sub-
budgets B — cg, because, as observed above, some of them provide us with solutions
{s} U Rs to the unrooted problem.
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FIGURE 3.6.1. An instance of BMAXPD (unrooted case) and its

solution.
On the left, an instance of the problem. Branch lengths are indicated by the
numbers to the side of the branches. Taxon costs are in the boxes next to the
leaves (green) and the budget is B = 8. On the right, the corresponding solutions
table (partially filled, for clarity). Rows correspond to the clades specified to the
left, while column headings 0-8 indicate sub-budgets b. Arrows to the right of the
table indicate the dependencies amongst the rows; see the main text for an
explanation of the row ordering. Orange cells correspond to solutions to the rooted
subproblem for clades 73 and sub-budgets B — cs. Dotted arrows and yellow cells
show the reconstruction of the solution {A, C, D, E} to the unrooted problem
(visited taxa are marked with a green tick or a red cross, depending on whether
they are selected of not).
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All these subproblems will again be implicitly solved by incrementally deriving
Ar(b) and ¢7(b) for all 7 and b. As we showed before, the calculation of these values
is either straightforward or directly obtainable from the corresponding values for 7’s
subclades. It is therefore necessary to tackle the clades in an order that guarantees
that subclades are met before their “superclades”. Whereas before this was trivially
satisfied by a bottom-up traversal of all clades, now a slightly more complex approach
is needed. First, 7y is rooted in an arbitrarily chosen node (different choices lead
to different orderings of the clades, but all produce the same final results). This
determines a way to picture the tree (imagine it redrawn with the root at the top and
all branches descending from there) and we can then classify clades into downward
clades — those consisting of a branch and everything below it — and and upward
clades — the remaining ones. For example, in figure 3.6.1 the root is set to the
position highlighted in pink; as a result, (A,B) is a downward clade and (C,(D,E))
an upward clade.

The X\ and ¢ values are calculated for downward clades first, going in the same

bottom-up order as in section 3.4. In figure 3.6.1, where again we imagine that all
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the results are stored in a solutions table, this corresponds to filling the bottom half
of the table, starting from the bottom row and going upwards. The results for the
upward clades are then derived in a top-down fashion: we can imagine that a preorder
traversal of all the branches in 7j is carried out [CLRSO01]| and each time a branch
is visited, the A and ¢ values for the corresponding upward clade are computed.
In figure 3.6.1, upward clades are visited in the following order: 1: (C,(D,E)), 2:
(B.(C,(D.E)), 3: (A(C,(D.E)), 4 (AB),(D.E)), 5: ((AB).C), 6 (((A,B).C),E),
7: (((A,B),C),D), which corresponds to filling the top half of the solutions table
from bottom to top. This ordering of the clades guarantees that whenever we derive
solutions for a clade 7 containing subclades £ and R, the solutions for £ and R
have already been calculated.

Once all the A and ¢ values have been calculated, we turn our attention to the
values A7s (B — ¢5) for all leaves s. By definition, these are equal to rPD(R;), where
R, is a solution to the rooted problem with budget B—c, applied to 7, and therefore
also equal to the uPD of the candidate solutions {s} U R, to the unrooted problem.
Clearly, the leaves s that maximise Az (B — ¢5) are those contained in an optimal
solution to the unrooted problem (in figure 3.6.1, all of them except B). If we pick
any one of these leaves s and reconstruct R by using the ¢7 values starting from
t73(B — ¢s) — as described in the previous section or, equivalently, with a call to
RECONSTRUCT(Z, B — ¢5) — we therefore also obtain an optimal solution {s} U R
to the unrooted problem. For example, if in figure 3.6.1 we pick taxon C, following
the ¢ values (indicated in the figure by dotted arrows) leads to rooted solution
{A,D,E} and therefore {A,C,D,E} is a solution to the unrooted problem.

Note that whereas in this example {A,C,D,E} coincides with the set of leaves
that maximise Azs (B — cs), in general the latter will not necessarily coincide with an
optimal solution but rather with the union of all optimal solutions to the unrooted
problem.

A more concise description of this algorithm for the unrooted version of BMAXPD
is given by the pseudocode in algorithms 1-5. An optimal solution is simply obtained
by a call to DOUBLE TRAVERSAL(7y) (where rev(7) denotes the clade rooted in the
same branch as 7', but oriented towards the opposite side). The cheapest optimal
solution can be obtained in a similar way to that described in section 3.4: just try
to reduce the budget below B — ¢, for all leaves s that maximise Az (B — ¢s); one
of the leaves that lead to the largest reduction should be used as starting point for
the reconstruction of the minimal-cost uPD-optimal set of leaves. This is achieved
by straightforward modification of the code in DOUBLE TRAVERSAL(7).

The algorithm just described for the unrooted problem is practically equivalent in
computational complexity to the one in the last section. The solutions table has now
2(2n — 3) rows, but this is still O(n). Reconstructing an optimal solution, including

searching for the leaf to start the reconstruction from, still takes just O(n) time.
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Algorithm 4 DOUBLE TRAVERSAL(T)

do root 7 in any one of its leaves
BOTTOM-UP(T)

TOP-DOWN (rev (7))

let s be a leaf of 7 that maximises Azs (B — ¢s)
return {s} U RECONSTRUCT(7®, B — ¢s)

Algorithm 5 TOP-DOWN(T)

CALCULATE(T)

if 7 is a subclade of two other clades F and M then
TOP-DOWN(F)
TOP-DOWN (M)

end if

Therefore this algorithm also has time complexity O(B?n) and memory complexity
O(Bn).

A simple improvement to this algorithm — and also to those in sections 3.4 and
3.5 — can be obtained by noting that the rows of the solutions table do not always
need to be filled up until their last column. If a subtree 7 (a clade or a ’Z;j subtree
in the case of the algorithm in sec. 3.5) is such that the total sum of the costs of its
leaves, which we may denote by C'r, is smaller than B, then the solutions for 7 and
b need only be derived for b < C7: the solutions for b > C'7 simply consist of all
leaves in 7. Procedures CALCULATE(7 ) and RECONSTRUCT(7,b) can be modified
accordingly. This results in some saving of running time, although it does not affect

the time complexity of the algorithms presented.

3.7. Examples

Sections 3.4 and 3.6 already provide toy examples of the behaviour of the al-
gorithms I presented there. For the algorithm in section 3.5, a detailed example is
provided in the next subsection.

These examples are also designed to show the limitations of greedy algorithms
on BMAXPD. There are several possible greedy algorithms for this problem, but the
most naive among them consists of always selecting the leaf that most increases PD
among those that can be selected with the remaining budget. It is easy to see that
this greedy algorithm would not work on these examples: for instance, in the case
pictured in figure 3.4.1, D would be selected first, followed by A and then, considering
the remaining budget (B —c¢p —ca = 8 —3 — 1 = 4), B would be selected next,
leading to a suboptimal total rPD of 10.5. Another greedy algorithm — consisting
of always selecting the leaf with the highest ratio between increase in PD and cost
cs [HS06] — would actually produce an optimal solution for the instance in figure
3.4.1. It would however fail if we set the budget to B = 4: whereas the optimal
solution for this budget is {A, D}, with an rPD of 9 (yellow cell in fig. 3.4.1), this
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FIGURE 3.7.1. An instance of BMAXPD relevant to the conservation

of Madagascar lemurs.
The phylogenetic tree is the same as in fig. 2.8.1. Taxon conservation costs (in the
boxes next to the leaves) were estimated from information available from the IUCN
Red List [IUCO06|, and can be considered as expressed in terms of the underlying
resource of limited availability, e.g., as millions of euros. The solution of this
instance of BMAXPD for a budget B = 20 consists of taking the taxa at the leaves
of the subtree highlighted in gray.
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greedy algorithm would initially select A and then E, thus leading to a suboptimal
solution.

For a more realistic example, consider figure 3.7.1. The solution to this instance
of BMAXPD for B = 20, both in the rooted and unrooted case, consists of the taxa
in {Hgr gr, Ala, lin, Lmi, Pfu el, Cme, Atr, Mmu, Dma}. It should be noted that
this solution cannot be obtained from the one for B = 19 ({Hgr gr, Ala, lin, Lmi,
Pfu el, Cme, Cma, Mmu, Dma}) through a greedy step (i.e., a simple addition), but
needs exchange of one taxon (Cma) for another (Atr).

This and other examples were solved with a program I wrote that implements
the algorithms published in 2007 [PGO7| (C++ code and executables available via
http://www.ebi.ac.uk/goldman/rats). Note that a brute-force approach to solve
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BMAXPD is not possible even on a moderate-size phylogenetic tree such as the one
I have just shown, where the number of possible subsets of taxa is 2°2 > 105, My
program can comfortably solve even much larger instances than this one. I have
experimented with instances with B of the order of the thousands and the program
implementing the algorithm of section 3.4 only takes a few seconds per clade (1.7 GHz
Pentium processor with 512 MB of RAM). Note that these are the times needed to
process one clade and that they do not depend on the size of the clades (because each
nontrivial clade will require the same O(B?) operations to be processed). The total
running time is then obtained by multiplying these times by the number of clades in
the input tree and therefore depends on the number of taxa but is independent of
the tree shape.

3.7.1. A toy example for the algorithm in section 3.5. I will now illustrate
the behaviour of the algorithm described in section 3.5 on the example in figure 3.5.2.

The preprocessing phase results in the following: (1) it makes sure that for each
internal node the rightmost clade rooted in that node has maximum size among the
clades rooted in that node (see Appendix): for nodes u and w, both clades have the
same size; for node v the right clade has two taxa whereas the left one only has one
taxon, so this requirement is satisfied. The numbering (1,2, 3,4,5) ensues. (2) Each
tree in © gets allocated a row in the table on the right; the tree corresponding to
each row is indicated on its left (in red the fathers in each generation). (3) For each
T € O, a pointer to its mother tree is derived and indicated to the right of the table.
The pointer to the father tree is not explicitly indicated, as the father tree is the first
one whose identifier is in red as we go up from 7’s row. (4) The rPDz({i}) values
are derived and indicated on the right of the table.

The contents of the table are explained in the legend of figure 3.5.2. The algo-
rithm works by deriving the Az(b) values one row at a time, from the top to the
bottom row. For the first two rows, this is obtained by applying the first two cases
of recursion (3.5.2): in both cases A7 (0) is set to 0, as 0 < 1 = ¢;. For the remaining
entries of these rows, A7 (b) is set to rPD7({1}), which is 4.0 for 7 = 77 and 2.0 for
T=1T1"

For the other rows, the third and fourth case of (3.5.2) are used. I will show how
this is done for the row relative to tree 7; (the third from the bottom): first of all
note that the mother of 7y (which can be looked up by following the arrow on the
right of the table) is M = 73, whereas its father (which can be found by looking
for the first tree indicated in red above 73) is F = 73". Because ¢4 = 3, A7, (0),
A1, (1), Az;(2) are all obtained with the third case of (3.5.2), i.e., they are set to
A7 (0) = 0.0, Az(1) = 4.0, A1z (2) = 4.0, respectively. The remaining entries in this
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row are obtained with the fourth case of (3.5.2):

A7, (3) = max { Az;(3), rPDz, ({4}) + A7y (0) } = max {6.0, 5.0+ 0.0 } = 6.0,
Mz,(4) = max { A5, (4), rPD, ({4}) + Ay (1) } = max { 6.0, 5.0+ 4.0} = 9.0,
A7, (5) = max { Az;(5), rPDz, ({4}) + A7y (2) } = max {6.0, 5.0 + 4.0 } = 9.0,
) = max { A5, (6), rPD7, ({4}) + A7y (3) } = max { 7.5, 5.0+ 5.0} = 10.0,
A7, (7) = max { A3 (7), tPD7, ({4}) + A7y (4) } = max { 7.5, 5.0 + 5.5} = 10.5,
A7, (8) = max { Az;(8), rPDz, ({4}) + A7y (5) } = max {7.5, 5.0+ 5.5} = 10.5.

Once all the A7 (b) values have been derived, the value of Az (8) = 11.0 (orange
cell) indicates the rPD of an optimal subset for the global problem. In order to
reconstruct such an optimal subset S, we need to backtrack the sequence of choices
that led to this value. Because Az (8) was obtained as rPDz; ({5}) + A7y (6) =
4.0+ 7.0 = 11.0, then 5 € S. Then we look at A7y (6) (yellow): because it was
obtained as rPDzy ({4}) + A7y (3) = 2.0 + 5.0 = 7.0, then also 4 € S. Next we look
at A7y (3) (yellow): because it was obtained as rPDzy ({3})+A7;(1) = 1.0+4.0 = 5.0,
then also 3 € S. Az, (1) was instead obtained from 73’s mother as Az (1) = 4.0, so
2 ¢ S. Finally, since the remaining budget (1) is enough to cover the cost of taxon
1, then also 1 € S. Therefore we have that the optimal subset is {1, 3,4, 5}.

3.8. Related work

Another algorithm solving BMAXPD can be obtained by adapting the algorithm
of Minh et al. [MKvHOS8]. (This is the other main result in the paper written in
collaboration with von Haeseler’s group [MPKvHO09|.) Although the computational
complexity of the resulting algorithm — O(Bn?) and O(Bn?) time in the rooted and
unrooted case, respectively — is not better than that of the algorithms I presented
(see in particular sec. 3.5), this approach has the benefit of being applicable not only
to phylogenetic trees, but also, more generally, to circular split systems (as already
discussed in sec. 2.12).

BMAXPD can also be seen as a particular case of the Noah’s Ark problem
[Wei98|, which will not be discussed here, but extensively dealt with in the next
two chapters. A different generalisation of BMAXPD was considered by Bordewich
and Semple [BS08]. This is the “budgeted nature reserve selection problem”, where
the selection is applied to groups of species, instead of single species, and where the
objective is to maximise the PD of the union of the selected groups. In the context
of conservation biology, each group typically represents the subset of species living
in a candidate geographical site for a nature reserve. A budget and costs for the
various groups are also given. For this problem (and therefore also for BMAXPD,
which is its particular case for groups containing only one taxon each), Bordewich
and Semple show a polynomial-time approximation algorithm [BS08]. The version
of this problem with constant costs was also considered by Rodrigues and Gaston
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[RGO02|, who formulated it as an integer linear program, and by Moulton et al.
[MSS07]|, who showed its NP-hardness.

Optimisation problems aiming to maximise the diversity of conserved species
subject to budgetary constraints have also been the subject of a lot of research in con-
servation biology (e.g., [CPSC96, PCST00, CM01, RG02, Ona04, ACH'04]),
although the focus there has been almost exclusively on selecting geographical sites
for conservation (rather than species) and often diversity is simply measured in terms
of species richness (but see discussion at page 19). The techniques proposed to solve
these problems are rarely sophisticated: often they involve the application of some
greedy strategy (not guaranteeing optimality) or of standard techniques if the prob-
lem can be formulated as an (integer) linear program (therefore not guaranteeing a

polynomial-time resolution).



CHAPTER 4

Including survival probabilities: future PD and the
Noah’s Ark problem

4.1. The missing ingredient in conservation biology: extinction risks

In this chapter — and the next one — the focus will shift to the topic phyloge-
netic diversity was originally intended for: conservation biology. In this context, an
important factor that should be taken into account is that not all taxa are equally
likely to become extinct. Clearly, if a species is not endangered, then expending
resources to conserve this species (or a very closely related one, with very little ad-
ditional diversity) is not a good choice. Conservation efforts should concentrate on
the most endangered taxa.

Usually extinctions cannot be predicted with certainty, but often the probability
of their happening can be estimated. Assuming that a probabilistic model for the
survival of the taxa until some future time is given (usually in the form of taxon-
specific probabilities), the PD of the taxa that will survive — which I call the future
PD — is a random variable, with a well-defined distribution. The future PD should
be thought of as a measure of the future remaining biodiversity. Its distribution and
dependence on human actions are the subject of this chapter.

The distribution of the future PD is important as it gives us an understanding
of the range of possible consequences of extinctions on biodiversity. Section 4.2 will
provide a mathematical result showing that if the tree has enough taxa and its branch
lengths and taxon-associated probabilities satisfy mild regularity conditions, then it
is reasonable to expect that the future PD has an approximately normal distribution,
with an easy-to-compute mean and variance. Furthermore, section 4.3 will describe
an efficient algorithm to derive the exact distribution of the future PD on any given
tree, which can be useful when the number of taxa is moderate or the mild conditions
of section 4.2 are not satisfied.

A different problem from deriving its distribution is that of deciding the ap-
propriate actions to ensure that the future PD is large. Here the problem can be
formalised in several different ways. First, we need to decide how to model the effect
of human actions. Can conservation guarantee a taxon’s survival? (Cf. secs. 4.4
and 4.6.) What is the relationship between conservation expenditure and survival
probabilities? (Cf. next chapter.) Do conservation actions only increase the survival
probability of a single taxon at a time? (Cf. sec. 4.7.)

67
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Second, we need to decide what the objective of conservation actions should be, as
the future PD is unpredictable and therefore the aim cannot simply be to maximise
it. One possibility, perhaps the simplest, is to aim to maximise the mean of this
random variable. This gives rise to different variants of what is known as the Noah’s
Ark problem [Wei98, HS06]| and will be dealt with extensively in this chapter from
section 4.4 onwards and in the next chapter. A different possibility, which has not
been well explored, is that of minimising the probability that the future PD will fall
below some given critical value. I will discuss this possible direction for related work
in section 4.8, together with the literature relevant to the topics introduced in this
chapter.

4.2. A simple extinction model and asymptotic distribution of PD

In a paper that appeared in Science in 1997 ([NM97], fig. 3), Sean Nee and
Robert May showed that the distribution of the PD of 12 taxa sampled randomly
from a tree with 64 taxa is strongly dependent on the shape of the tree: as is intuitive,
for balanced trees we can expect that a larger portion of the total PD is preserved
in this sample than for unbalanced ones (which means that unbalanced phylogenies
are more prone to biodiversity losses). However one thing that these distributions
had in common was their shape: in both cases presented, they looked remarkably
normal.

Motivated by these observations, Beata Faller and Mike Steel were interested in
understanding their generality. On this project I collaborated with them, working
mostly on the algorithm I will describe in the next section. Both this algorithm and
the theoretical result I will state and discuss in this section appear in a paper we
recently published on the Journal of Theoretical Biology |[FPS08|.

Nee and May’s experiment simulates the effect of a large extinction event in
which each taxon’s extinction is equally probable and independent of the others.
This simple “field of bullets” model [Rau92, NM97, VG98|, however, fails to take
into account the different extinction risks of different taxa (see sec. 4.1). In the
model I will consider, which we called the generalised field of bullets model [FPS08],
each taxon s survives until some future time ¢ with a given probability ps, and again
the survivals (and therefore extinctions) of different taxa are treated as independent
events (an assumption I will discuss in sec. 4.7). Note that ¢ is a fixed time — for
example 5 years or 100 years from now — rather than a continuous variable. The
taxa correspond to the leaves in a tree 7 with branch lengths. The ones that survive
form a random set of leaves whose PD7 is what I call the future PD and denote by ¢
(or o7 if the tree needs to be explicitly indicated). In order to distinguish whether
[ am referring to the rooted or unrooted definition of this variable, I will use the
variants ¢" and ¢“, respectively.

The key observation to study the distribution of the future PD is that this random
variable should be seen as the sum of many (non-independent) random variables, one
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for each branch of 7. The random variable associated with a branch e contributes
to this sum either with its length ¢, or with 0, depending on whether or not this
branch is part of the restriction of 7 on the surviving taxa (plus the root, in the
rooted case). Using the fact that the expectation of the sum of random variables is

equal to the sum of their expectations, it is not hard to see that [FPS08|

(4.2.1) Zt SC(e)

Z le SC e) [SD(e)]v

where the sums are over all branches of T and the following formalisms have been
used: if 7 is rooted, C'(e) denotes the set of taxa that are separated from the root
of 7 by e; if 7 is unrooted, the two sets of taxa on the two sides of e are denoted
by C(e) and D(e) (it does not matter which is which). Finally Sy, where Y is a
subset of taxa, denotes the event that at least one taxon in this subset survives. Its

probability is easily calculated:

(4.2.2) PSy] =1— J](1 - p).
s€Y
As for the variance of ¢, we have that [FPSO08|
Var[e ZtQ (1=PScD+2 D te-ty-PSor)- (1-PlSe(p)),
e,f:C(e)CC(f)
and that

Var[p¥] = 3, 12 - P[Sce)] - P[Sp(e)] - (1 = P[Sc(e)] - PlSpe)])+
+ 2 erpte bty PlSxep)  PlSx(re) - (1 = PlSx—x(e.n)]  PISx—x(f.0)]);
where X denotes the set of all the taxa in 7 and X (e, f) is the set of taxa in 7 that

are separated from f by e.

(4.2.3)

Since the expression for Var[¢"] has not been described anywhere else in the
literature, I will now include its proof.

Proof of Equation (4.2.3). Let I[[Sy] denote the random variable indicating
whether or not event Sy happens, i.e., let I[Sy] = 0 if no taxon in Y survives
and [[Sy| = 1, otherwise. Then ¢" =} t.-1[Sc(e)] - [[Sp(e)]- The following deriva-
tion uses the fact that if e # f then the simultaneous occurrence of the events S,

Spie)» Sc(p) and Sp(y) is equivalent to the occurrence of events Sy (e s and Sy (f.)-
Var[p¥] = E[(¢")*] — E[¢"]* =
B[S, ste -ty TScio) - TSpo)] - USap] - TSpep]] -
doeptetr PlSow) PlSpe) PlScn]  PlSpp) =
Zf (PISc(e) Sp(e)s Sei)» Spip] = PlSc(e)] - PlSp(e)] - PlSc(s)) - PlSp(s)) =
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Ze tg (P[SC(G)asD(e)] - P[SC(G)]z : ]P)[SD(e)]z) +
Seste -ty (PSx(e,r) Sx(re) = PlSx(e,n) - PlSx(se)] - PISx—x(e.)] - PlSx—x(s0)]) =

> t2 - PlScie)] - PISp(e)] - (1 = P[Sce)] - PISpie)])+
Yerple tf PlSxienl PlSx(re)) (1 = PlSx_x(e.nl PlSx—x(r.0))-

Now that we have formulas for the mean and variance of the future PD, it is
natural to wonder about the full distribution of this variable. Faller and Steel were
aiming to understand whether this distribution can be approximated with a Gaussian
and the conditions under which this is justifiable. They did this by proving an
asymptotic result on the normality of the future PD, i.e., in loose terms, by showing
that if we imagine a sequence of increasingly large trees with associated branch
lengths and taxon survival probabilities satisfying some regularity conditions, then
the sequence of distributions corresponding to these trees must become more and
more normal-like. As a consequence, for large trees (say, with more than 50 taxa)
we expect the future PD to be approximately normally distributed with the mean

and variance given above. The precise statement is given by the following theorem.

THEOREM 4.2.1. Consider an infinite sequence of trees Ty, T, ..., Ty, ... where,
for eachmn > 1, T, has n leaves. The branches of these trees have non-negative lengths
satisfying condition (L) below and the leaves have probabilities satisfying (P). These
probabilities are to be interpreted as tazxon-specific survival probabilities, defining a
generalised field of bullets model for each tree. If we denote by , the future PD of
T,, then the sequence of random variables

on — E[pn]
Var([p,]
converges in distribution to N(0,1) as n — oo, where N(0,1) denotes a standard

normally distributed random variable.

The conditions mentioned in this theorem are:

(P): let p™ denote the probability associated with taxon s in tree 7,. For
some € > 0 and for each n, we have

e<p<l-—e

for all taxa s in 7, except for at most An® of them, where A and « are
constants, with 0 < a < 1/2.

(L): let ¢ denote the length of branch e in tree 7, and T'(n) the length of
the longest branch in 7,. Furthermore, let Te, denote the set of terminal

branches in 7,. Then, for each n we have

(n) \ 2 ;
¢ >
2 \7ay) 2P
ec€Te,

for some constants B > 0, 8 > 2a.
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Despite their descriptions being somewhat technical, the ideas behind these condi-
tions are simple. (P) requires that most taxa survive with probabilities away from
0 and 1 (with the exception of a number of them that grows not too rapidly in n).
The reason why we need this requirement is intuitive: taxa that are certainly going
to become extinct or certainly survive contribute to the future PD with a constant
term. Constant terms, however, do not contribute towards producing a normal dis-
tribution, which is usually obtained as a sum of a large number of random terms. As
for (L), loosely speaking this condition constrains the terminal branches to be, on
average, not too short compared to the longest branch in the tree. The reason why
we need to impose this is less intuitive, but still understandable: if a small number
of branches are much longer than the rest, the future PD will be largely determined
by which of these branches will still be present in the tree connecting the surviving
taxa, and this will produce a multimodal distribution: for example it is intuitive that
if most of the tree length is concentrated in one branch e, the distribution of future
PD will have two peaks corresponding to whether or not event S¢ () occurs. It can
be shown that condition (L) is expected to hold for many realistic trees, for example
those produced by a Yule model [FPSO08].

As for the proof of Theorem 4.2.1, we have described it in detail elsewhere
|[FPS08|. Because of its length and because I did not give a significant contri-
bution towards it, I will not report it here. The main idea is to partition 7, into a
number of subtrees. One of them comprises all the branches e with a large C'(e) —
large enough to be practically certain that at least one taxon from C(e) will survive.
The contribution to the future PD coming from this part of the tree converges to
a non-random function of n. The remaining subtrees contribute to the future PD
each with an independent random component and although these are not identically
distributed, it is possible to a apply a standard central limit theorem that shows that

their sum converges in distribution to a normal.

4.3. An algorithm to derive the distribution of PD

Theorem 4.2.1 reduces the problem of computing the distribution of the future
PD to that of determining just two parameters — its mean and variance — which
can be easily computed with the formulae shown in the last section. However this
theorem is an asymptotic result and so normality can only be expected for large
trees. Given the increasing trend in biology towards constructing and analysing phy-
logenetic trees that contain large numbers of taxa, this is not particularly restrictive.
Another limitation of this theorem is its requirement that conditions (P) and (L) be
satisfied. Although, again, there are no strong reasons to expect these conditions to
be violated in practice, it may be useful to have an efficient algorithm for calculating
the distribution of ¢ on any given tree. Of course, an approximation to this distribu-

tion can also be obtained by simulation — by repeatedly sampling random subsets
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of taxa, according to the given generalised field of bullets model, and recording their
PD.

This section provides an exact algorithm for the distribution of the future PD. I
make the simplifying assumption that the branch lengths are non-negative integer-
valued, which implies that ¢ can only have values in the set {0,1,..., L}, where L =
> . te is the total branch length of the input tree. This assumption is not problematic
in practice, as we can rescale all the branch lengths so that they are arbitrarily close
to integer multiples of some small value (in doing so we can approximate the correct
distribution within any desired precision, as detailed at the end of this section).

As in section 3.4, I assume that the input tree is rooted with exactly one branch
adjacent to its root and that the tree is bifurcating. These assumptions do not
affect the generality of the algorithm, as any tree (including unrooted trees) can be
modified to satisfy them without changing the distribution for ¢: one can resolve
multifurcations arbitrarily and possibly move the root at the top of a new branch,
always assigning length 0 to the newly introduced branches.

Let e be an arbitrary branch of the input tree. In the following ¢! denotes the
contribution to ¢" that comes from e and the branches separated from the root by
e (i.e., the contribution from the clade rooted in e). Similarly, ¢¥ denotes the uPD

of the taxa surviving in C(e). Then, for any integer k, define

fe(k) = Plpg =k, Sc(e)),

fé(k) = P[SOZ =k, SC(e)]v

e = IP)[EC(e)] = H (1 _p8)7
seCle)
where C(e) and Sg() are defined as before and 30(6) denotes the complement of
Sc(e), i-e., the event that none of the taxa in C'(e) survives.
The objective of the algorithm is to derive these quantities for the root branch p

(and the necessary values of k; see below), as they are all that is needed to describe

the distribution of ¢, both in the rooted and unrooted case. In fact, simply observe

that the distributions of ¢" and ¢" are given by:

Ple" = k] = Plp}, = k, Sc(p)] + Ple), = k. So(p)] = Fo(k) + 4 - Ii=o,
and

Ple" = k] = Plps = k, Sc(p)] + Plot = k, Sc(p)] = (k) + a5 - Ty—o,

where I;—¢ equals 0 or 1 depending on the proposition displayed as subscript, in this
case k = 0, being false or true, respectively.

The algorithm consists of doing a bottom-up traversal of all the branches, so
that each time an branch e is visited, one calculates the values of g, of fc(k) in the
range k € {te,te +1,...,L}, and, if we are also interested in the distribution of ¢,
of fI(k) in the range k € {0,1,..., L}. Note that outside the specified ranges fe(k)
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and f!(k) are equal to 0. The calculation of these values is performed in a recursive
way, by using the values that have been calculated for previously visited branches.
For ¢, this is trivial, and for f.(k) and f/(k) the recursions described in the next two
subsections must be used. Once these values are derived for the root branch, the

distributions of ¢©" and ¢ can be calculated in the way described above.

4.3.1. Recursion for f(k).

e If e leads into leaf s, then
fe(k) = ]P)[QOZ =k, S{s}] Ap=t, = ps Igp=t,-

e If the non-root side of e is an internal node, let ¢ and d be the other two
branches adjacent to it. Then

k—te—tg

(4'3'1) fe(k): Z fc(i)'fd(k_te_i)+Qd'fc(k_te)+QC'fd(k_te)'

i=t,
Note that if ¢, < k < t. + t¢, the term f.(k — t.) used in (4.3.1) has not been
calculated before; the same applies to fy(k — t.), if te < k <ty + te. In these cases,
the algorithm assumes that these values are 0, which ensures that there is no need
to calculate and store f.(k) for k outside the range {te¢,t. + 1,...,L}. In fact this
range can be restricted further, as described in subsection 4.3.3.

Equation (4.3.1) is easily proved: we have

fe(k) = Ploy =k, Sc(e), So(a)]
+Plor =k, Sce) Sca)
+ Py =k, Sce), Sca)
= Plp; + vy =k —te, Sc(e), Sca)
+Ple; =k —te, Sc(e), Sca)
+ Pl =k — te, Sce)> Scay)-

Thus, using the independence between the survival events in C(c) and C(d),

k—te
fok) = > Plel=1i,Sc) P ley=k—te—i, Sew) +
=0

+ Pl = k — te, Sce)] - PlSca)]

+ Pl =k — te, Sc(a) - PlSc(o))
k—te—tq

= Y (i) falk —te—i) + qa- felk —te) + qc - falk —te).

i=t,
Note that the range of the sum is reduced from i € {0,1,...,k —t.} to i €
{tete +1,...,k —tc — tg} as for the remaining values of i, either f.(i) = 0 or
fd(x - te — 7,) = 0.
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4.3.2. Recursion for f.(k).

e If e leads into leaf s, then

fé(k) = Ds- Ik:O-

e If the non-root side of e is an internal node, let ¢ and d be the other two
branches adjacent to it. Then

k—tq

(4.3.2) FLR) = fel@) - fak = i) + qa - Fo(R) + qe - Fi(R),

i=tc

which is proved in a way similar to (4.3.1):

fe(k) = Plog =k, Sc(e), Soa)
+ Pl =k, Soe)s Scqa)
+ Pl =k, Sc(e)s Sca)]
= Plpt + g =k, Sc(): Sc(a)]
+Ploy =k, Sc(e)» Sca)]
+ Pl =k, Sc(e) Sca))

k—ty
= > feli) falk = i) + qa- Fo(k) + qe - Falk).
i=te

4.3.3. Efficiency considerations. Let L. be the sum of the lengths of all
the branches separated from the root by branch e, including e itself. Clearly the
maximum values that ¢! and ¢ can attain are L. and L. — ., respectively. A
more efficient version of the algorithm than that outlined above can be obtained by
restricting the calculation of fe(k) to the values of k € {t¢,te+1,..., L.}, and those
of f/(k) to the values of k € {0,1,...,L. — t.}. Note that the sum in (4.3.1) can
then be further restricted to the values of ¢ such that ¢ < L. and k —t. —¢ < L4 and
the sum in (4.3.2) to the values of i such that i < L. and k —i < Lg.

In order to analyse the computational complexity of this improved algorithm, it
helps to think of the f.(k) and f.(k) values as organised in branch-associated vectors,
which T denote by f. and f/. If e is a terminal branch, these vectors have length 1
and their calculation can be done in constant time. Otherwise, if we call ¢ and d the
branches attached to the non-root extreme of e, then f. and f. are obtained from
the corresponding vectors for ¢ and d in the way described by equations (4.3.1) and
(4.3.2). It is not hard to see that the summations in (4.3.1) and (4.3.2) mean that each
pair of elements from f, and f; are multiplied together to contribute towards some
elements of f. and f. — which amounts to O(L.Ly) multiplications. The remaining
operations to calculate f. and f/ — the ones involving the terms containing g. and
¢4 in (4.3.1) and (4.3.2) — can be done in a time proportional to the length of these
vectors — that is in O(Le —t.) = O(L¢+ Lg) time. Therefore, for any internal branch
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e, the calculation of f. and f/ can be done in O(L.Ly) time. Proposition 4.3.1 below
shows that the sum of all the L.L; terms, for all sister branches ¢ and d, is bounded
above by L?. This quantity, combined with the constant times needed to process
each branch, gives a total running time for the entire procedure of O(n + L?). Since
typically every pair of taxa in the tree is separated by at least one branch of positive
length, we have that n = O(L) and therefore the running time above is equivalent
to O(L?).

PROPOSITION 4.3.1. Adopting the notations and assumptions of the rest of this
section, and indicating by c(e) and d(e) the two branches that are adjacent to the

non-root side of e,
Z Le(e)Lagey < L,

where the sum is over all internal branches of the input tree (including p, the branch

adjacent to its root).

ProOF. By induction on n, the number of leaves in the input tree.
If n = 2, then, trivially, >_, Le(e)Lae) = Le(p)Lagp) < L*.
If n > 2, then

> Le) Lage) < Le(oyLagp) + L) + Liipy < (Legp) + Lagp))® < L7,

where the first inequality is obtained by applying the inductive hypothesis to the
subtrees rooted in ¢(p) and in d(p). O

Regarding memory requirements, note that each time we calculate the informa-
tion relative to e (namely g., f. and f!), the information relative to the branches on
its non-root side (if any) can be deleted, as it will never be used again. So, at any
given moment the information of at most n “active” branches needs to be stored. (In
practice the maximum number of active branches could be brought down to O(logn)
by organising the bottom-up traversal so that for each branch its larger subtree is
always traversed first, but I do not describe this here.) If we use the range restriction
just described, the sizes of the f, and f. vectors for all the active branches sum to a
number bounded above by 2(n + L), and therefore the algorithm requires O(n + L)
space, equivalent to O(L) in practice.

Regarding the assumption that the branch lengths be expressed as integer mul-
tiples of some fixed unit, note that in some cases this unit may need to be very
small, thus potentially causing L to be very large and the algorithm very inefficient.
In these cases it is possible to produce instead an arbitrarily precise approximation
of the distribution of the future PD: if we round each branch length to the nearest

integral multiple of z/n, then

/ / x
oo Y-t < Y g < n
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where ¢, is the rounded length of branch e and ¢’ is the rounded future PD. In other
words, we can achieve any desired precision x by re-expressing each branch length as
a multiple of z/n. Since L grows linearly with n/x, the algorithm is still polynomial,
both in n and 1/x.

4.4. A simple problem where conservation ensures survival and its

solution

A different problem from deriving the distribution of the future phylogenetic
diversity is that of deciding appropriate actions to preserve it. As I will show in
the rest of this chapter and in the next one, there are several ways to formalise this
problem. Roughly speaking, I will assume a generalised field of bullets model (see
sec. 4.2) in which the probabilities of survival ps associated with each taxon s can
be raised at some cost. The simplest scenario is that each taxon s can be conserved
at a given cost cg, and this ensures the survival of s. If a taxon is not conserved, its
probability of survival remains at a specified as. In other words, the probability of
survival of each taxon s can be raised from an initial as to 1 at a cost of ¢;. This
scenario is relatively realistic, describing for example the situation that taxa can be
saved by simply conserving a few of their individuals, e.g., in a seed bank or zoo.

The effect on the future PD caused by raising the probabilities of survival of
some taxa can be summarised by looking at the increase in the expected value of the
future PD. In the rest of this section, E[p|S] denotes the expectation of the future
PD under the assumption that S is the set of conserved taxa, in other words under

the generalised field of bullets model where the probabilities of survival are given by

as if s ¢S,
4.4.1 s =
( ) P { 1 ifseldS.

In the following problem — and most of the ones that will be discussed later — the
aim is to make the choices that maximise E[p|S]. In summary (the rationale behind
the problem’s name will become clear later in the thesis):

as <51 NAP:

Input: A tree 7 with non-negative lengths ¢, associated with each branch e.
Integer costs ¢s and probabilities as associated with each leaf s (¢ > 0 and
0<as<1). Abudget B>0.

Output: A subset S of the leaves of 7 that

maximises E[p]5],

subject to ch < B.
seS

An example of the rooted as =5 1 NAP will be discussed in section 4.5.

The key observation to solve the rooted version of this problem is given by Propo-

sition 4.4.1: for any instance of the as > 1 NAP, it is possible to transform the input
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tree 7 into a new tree 7’ so that the gain in E[¢"] obtained by conserving the taxa
in S coincides with the rPD of S in 77, for any subset S of taxa. As a consequence,
any as — 1 NAP is equivalent to a BMAXPD applied to the transformed tree 7.

We can solve the latter with any of the algorithms described in the previous chapter.

PROPOSITION 4.4.1. Given a tree T with branch-associated lengths t. and leaf-
associated probabilities as defining the generalised field of bullets model specified in

4.4.1, we have, for any subset S of leaves
E[¢"|S] — E[¢"|0] = rPD(S),

where T' is a tree with the same topology as T and branch lengths t. such that
t, =t HsEC’(e)(]‘ — ag).

PRroOOF. Using (4.2.1) and (4.2.2), it is easy to see that
Ele"|S] — E[¢"[0] =

St J]a-a) |+ Y e ~Dtf1- J[ G-ay | =

e:C(e)NS=0 seC(e) e:C(e)NS#D seC(e)
Yoot J] @-a) = PDp(9).
e:C(e)NS#£D  seC(e)
U

For example, figure 4.4.1 shows the tree 7’ that is obtained from the tree 7 in
figure 3.7.1 by taking into account the survival probabilities indicated in the circles
in figure 4.4.1 (see legend).

The transformation result therefore proves that any subset of taxa S that max-
imises E[¢"|S] on the input tree 7 subject to any given constraint also maximises
rPD on 7’ subject to the same constraint, and vice versa. Therefore, if the definition
of PD is rooted, any a, =% 1 NAP can be solved by first multiplying each branch
length ¢, by a factor equal to Hsec(e) (1—as) and then applying one of the algorithms
described in the previous chapter to the BMAXPD with the same costs and budget.

If instead the definition of PD is unrooted, the a, <> 1 NAP can be solved using
the same idea as in section 3.6: its solution is either empty or equal to {r} U R,
where 7 is a particular taxon and R is a solution to the rooted as > 1 NAP on
the input tree rooted in 7 and with budget B — ¢,. Therefore, the problem can
be solved by rooting the tree in each taxon in turn; for each rooting, transform
the tree in the way described in Proposition 4.4.1 (this transformation is dependent
on the position of the root, so we will get a different tree each time) and solve the
resulting rooted BMAXPD with budget B —c,. Denoting by R; the solution obtained
when rooting in taxon 7;, then a solution to the unrooted as <5 1 NAP is among
{ri1} URy,{r2} U Ry,...,{rn} U R, and can be found by simply comparing their
E[¢%]. Note that the time complexity of this algorithm will now be O(n?B?), as
BMAXPD will have to be solved on n different trees.
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FI1GURE 4.4.1. Phylogenetic tree obtained from the one in fig. 3.7.1

by applying the transformation described in Proposition 4.4.1.
For each taxon s, its cost ¢ is indicated by the adjacent box and its probability of
survival as; by the white area in the adjacent circle. The probabilities of survival
were derived from the IUCN Red List classifications [TUCO06|: taxa classified in
risk categories CR, EN, VU, NT, LC were given probabilities 5%, 25%, 50%, 75%,
and 95%, respectively. The tree in fig. 3.7.1 and the probabilities indicated here
define a a; <5 1 NAP (the budget is assumed to be B = 20). Highlighted is the
tree that spans the taxa in its solution.
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4.5. Examples

Figure 4.4.1 shows the tree 7’ that is obtained from the tree 7 in figure 3.7.1,
by applying the transformation described in the previous section. It is interesting to
reflect on the intuitive meaning of this transformation. The new tree is obtained by
multiplying each branch length ¢. by HsGC(e)(l — ag), which is the probability that,
as a result of extinctions, that branch will disappear from the tree connecting the
surviving taxa, if no conservation action is taken. Therefore, we can think of this as
a form of weighting that gives more importance to those parts in the tree that are
more likely to get lost. For example, in the tree in figure 4.4.1, most of the internal
branches have a length that is very close to 0. This is because these branches have
many taxa below them and are therefore unlikely to be lost. Contrast this with the
internal branch leading to the two Vva subspecies: this branch is relatively long, as
both Vva ru and Vva va are likely to become extinct.

The relevance of the tree in figure 4.4.1 lies in the fact that — assuming that the
given probabilities of survival are realistic — if the aim is to preserve the future PD
then Madagascar lemurs should be chosen for conservation on the basis of their PD
in this tree, rather than in their real phylogenetic tree (without branch rescaling).

If we seek a solution with maximum expected future PD, the a, <> 1 NAP on the
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tree of figure 3.7.1 is equivalent to BMAXPD on the tree in figure 4.4.1. Solving this
problem (with budget B = 20) with one of the algorithms of the last chapter leads
to taking the taxa in the set {Hsi, Hau, Vva ru, Aoc, Iin, Atr, Mmy, Dma}. Again,
this solution cannot be obtained through a greedy step from the one for B = 19, but
needs exchange of one taxon (Mra) for two other taxa (Aoc and Mmy).

4.6. The Noah’s Ark problem

When I first proposed the optimisation problems discussed so far (and devised
algorithms for them), I was unaware that a more general problem formalising the
issues of choice in biodiversity conservation had already been introduced in the eco-
nomics literature by Martin Weitzman [Wei98|. This problem, which he suggestively
dubbed the “Noah’s Ark problem” (NAP), is receiving increasing attention especially
in environmental and ecological economics [SMGT03, RMSG 03, vd HvdBvI05].

The NAP is more general than the problems above in two respects. The first of
these is the definition of biodiversity that it uses. In the original formulation of the
NAP [Wei98|, each species identifies a collection of biological characteristics that
that species exhibits; the diversity of a set of species is defined as the total number of
characteristics that are represented in that set. (Weitzman likes to compare species
to libraries; the diversity of a set of libraries is the total number of different books
present in at least one of those libraries.) If we assume that the characteristics
are acquired (at most once and never lost) via an evolutionary process following a
phylogenetic tree 7, the diversity thus defined is equal to the rPD on 7, where each
branch length is set to the number of characteristics acquired along that branch.
Incidentally, if instead we do not make these assumptions, it is still possible to see
Weitzman’s diversity as coinciding with the rPD on a suitably defined phylogenetic
network (see [MKvHO08, SNMOS8| for a definition of PD on networks). In the
following, however, because differences and similarities among species are naturally
represented by a tree, I do assume that the Weitzman diversity of a set of species
is equal to its rooted PD on a given tree. As a consequence, the objective function
of the NAP — originally the expected diversity of the surviving species — coincides
here with the expected future rooted PD as defined in section 4.2. In the following
I will drop the superscript r from ¢" and assume, unless otherwise stated, a rooted
definition for ¢.

The second, more important, aspect that makes the NAP more general than
the approaches I have presented is that conservation does not ensure survival. In
Weitzman’s original formulation the probability of survival can be raised from ag
to bs (0 < as < bs < 1) at a specified cost ¢;. More precisely, for each species
s, the probability of survival ps increases as a linear function of the conservation

expenditure x5 on s from a minimum of ag (for zs = 0) to a maximum of by (for
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xs > ¢s). That is, for 0 < x4 < ¢s, the following holds:
x
(4.6.1) ps = as + = (bs — ay).
Cs
In this formulation, the problem is to determine the optimal expenditures {x}
for all species s, not a subset of species to conserve. However, it turns out that
optimal solutions to the NAP are “extreme”, i.e., for every species s (with the possible
exception of one species), either nothing or the whole ¢; is spent on it [Wei98|. In
order to see this, I express the expected future PD as a function of the expenditures

on two species s and r. The result can be shown to have a very simple form:
(4.6.2) Elplzs, 2] = Ko + K1z + Koy — K3zsz),

where the K; are non-negative constants.

If the optimal solution to the NAP involved two species s and r having zs ¢
{0,¢s} and =, ¢ {0,¢,}, it is easy to see from (4.6.2) that expenditure could be
moved from one species to the other until either z, € {0,¢s} or x, € {0, ¢, }, so that
the new value for E[p|zs, z,] would be greater or equal to the old one. This shows
that at least one optimal solution to the NAP must be extreme.

As a consequence, it becomes reasonable to cast the NAP as a subset selection
problem, an approach which also has the advantage of making the problems discussed
so far — MAXPD, BMAXPD and the a; <> 1 NAP — particular cases of the problem
I will formulate. It has to be noted, however, that the formulation I will give here —
also given previously in the literature [HS06, PGO7| — is not entirely equivalent
to that of Weitzman, an issue that will be discussed in more detail at the end of
this section. In practice, however, it is reasonable to expect the solutions to the two
problems to be rather similar in most realistic instances.

The formulation is very similar to that given for the a, < 1 NAP: again E[¢|S)]
denotes the expected future PD under the assumption that .S is the set of conserved
taxa, but now a “conserved” taxon survives with a given probability bs. In other words
I assume a generalised field of bullets model where the probabilities of survival are

) oas ifs¢S,
Ps=3 b, ifses.

given by

as <> bs NAP:

Input: A tree 7 with non-negative lengths ¢, associated with each branch e.
Integer costs ¢s and probabilities as, bs associated with each leaf s (¢s > 0
and 0 < as < bs <1). A budget B > 0.

Output: A subset S of the leaves of 7 that

maximises E[p|S],

subject to ch < B.
SES
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It should now be clear why I named the a; <5 1 NAP (sec. 4.4) in that way: it
is simply the special case of the ag % by NAP where b, = 1 for every taxon s.
Similarly, BMAXPD is the special case of the as s by NAP where a; = 0 and
bs = 1 for every s. This is because if we set ps to 1 or 0 depending on whether
s € S or not, respectively, then we have ¢ = PD(S) and therefore also the objective
function E[p|S] = PD(S). BMAXPD therefore coincides with the 0 <5 1 NAP.
Finally, it is easy to see that MAXPD (chapter 2) coincides with the 0 L 1 NAP.
More generally, the 0 > 1 NAP — where all costs are equal to a constant ¢ — is
equivalent to MAXPD once we set the parameter k to the integer part of B/c.

The problems I have dealt with so far can then be seen as belonging to a hierarchy
of subproblems of the as <> by NAP. Chapter 2 showed that the 0 5 1 NAP can
be solved with a greedy algorithm; Chapter 3 presented a dynamic programming
algorithm for the 0 % 1 NAP; and this chapter (sec. 4.4) showed that the a; =3 1
NAP can also be solved with dynamic programming techniques via transformation
into the 0 £ 1 NAP. The transformation idea in section 4.4 also means that the
as — 1 NAP can be solved with greedy techniques: an instance of this problem on
a tree 7 is equivalent to an instance of the 0 — 1 NAP on the transformed tree 7’
of Proposition 4.4.1, which is solvable with the greedy algorithm of chapter 2.

And what about the as <% by NAP itself?

The next chapter will show an approach that can be used to solve a further
generalisation of this problem. For the moment I would like to note that the trans-
formation idea of section 4.4 can be adapted to reduce the as S b, NAPtoa 0= v,
NAP. Constructing 7" as before, a similar proof (omitted) to that of Proposition
4.4.1 shows that solving any as <> by NAP on 7 is equivalent to solving the cor-
responding 0 <% (bs — as)/(1 — as) NAP on T’. Therefore, all the difficulty of the
Qs L bs NAP is somehow already present in the 0 L bs NAP.

It is also worth noting that it does not seem straightforward to apply a dynamic
programming approach to the as <5 by NAP (or the 0 <5 b, NAP), as the optimal
substructure property described for BMAXPD in section 3.4 does not hold for this
problem. As an example of this, consider the instance in figure 4.6.1. It is easy to
check (see figure legend) that the solution here is {A,D}. If the optimal substructure
property were valid, the part of this solution relative to any clade, for example the
T highlighted in gray, should also be optimal with respect to that clade and the
expenditure in that clade. That is, {A} should be optimal for 7 and the budget
b = 1. However this subproblem has {B} as its solution instead: in 7, E[p[{A}] = 2
whereas E[p|{B}] = 2.5. This shows that global solutions to the as; < b, NAP
may be composed of solutions that are suboptimal for their clades (in this case 7).
Intuitively, this happens here because, rather than having a large future PD in 7, it
is more important that at least one taxon in 7 will survive, as this means that the
length of the branch from the root of the input tree to the root of 7 (length 2.0) will
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FIGURE 4.6.1. The as =5 by NAP does not have optimal substruc-

ture.
An instance of the problem. The budget is B = 2. Branch lengths are indicated by
the numbers to the side of the branches. The box near each taxon s indicates its
associated cost and probabilities in the format as <> bs. Clade 7 is highlighted in
gray. The optimal solution is {A,D}, as E[p[{A,D}] =9, and the other feasible
solutions have a smaller value of the objective function: E[p|{A,B}] =6,
E[o[{A,C}] = 5.5, E[p|{B,C}] = 5.5, E[p|{B,D}] = 8.5, E[p|{C,D}] = 7.5.

- - C
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count towards the global future PD. Had this branch been shorter (with a length
smaller than 1), the solution to this instance would have been {B,D}.

The tradeoff between ensuring a large contribution to ¢ coming from a clade and
ensuring a high probability of survival of some taxon in that clade will be a central
concept of the next chapter.

Finally I note that one of the aspects under which the formulation of the ays = b
NAP differs from that of Weitzman is that the objective function I adopted does not
include a species’ utility term quantifying “how much we like or value the existence
of a species” [Wei98|. However the generality of the problem is not affected by
this omission, as species’ utilities can be taken into account in the ay =5 by NAP
by increasing the length of each terminal branch by a quantity equal to the utility
of the species it leads to (as already discussed in section 2.10). The real difference

between my formulation and the original one is the subject of the next subsection.

4.6.1. Relation between the a; <> b, NAP and Weitzman’s NAP. The
difference between the formulation given here for the NAP — the ag % by NAP
above — and the original formulation given by Weitzman [Wei98| is essentially that
the ag s bs NAP does not allow the spending of intermediate amounts of resources
between 0 and ¢s on a taxon s. On the other hand, Weitzman’s NAP defines taxon-
specific expenditures x that translate into survival probabilities in the way described
by (4.6.1). In this section, Weitzman’s NAP will be called the fractional NAP, as it
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FIGURE 4.6.2. The fractional and non-fractional solutions to the

NAP are not simply related.
An instance of the problem. The budget is B = 4. Branch lengths are indicated by
the numbers to the side of the branches. The box near each taxon s indicates its
associated cost and probabilities in the format as > b,. Highlighted in gray is a
representation of the optimal solution for the fractional problem: since C survives
with probability 1/3, only a third of the branch leading to C is highlighted.

A B C
01 o>1 lo>1

allows a taxon to be conserved “fractionally” by neither spending the minimum nor
the maximum allowed; conversely the as <> by NAP will be called the non-fractional
NAP.

An apparent link between the two versions of the NAP is that, as I have already
shown, optimal solutions to the fractional NAP must have all expenditures x, except
(possibly) one, at the extremes of the allowed interval [0, cs]. In other words they
are inherently non-fractional, with the exception of one taxon which is conserved
fractionally. Because of this, one may be tempted to think that the solutions to
the fractional and non-fractional problem will simply differ by the taxon conserved
fractionally. However, this is not the case. Consider the instance in figure 4.6.2,
where the budget is B = 4. The solution to the fractional problem consists of
spending 1 on A, 2 on B and 1 on C; the resulting probabilities of survival are 1,
1 and 1/3, respectively, resulting in an expected future PD of 8%. On the other
hand the solution to the non-fractional problem consists of taking A and C, which
has E[p|{A,C}] = 8. This example shows that the non-fractional solution cannot
be simply obtained by eliminating the taxon fractionally conserved in the fractional
solution, and, equivalently, that the fractional solution cannot be obtained in general
by extending the non-fractional solution.

Not only can the fractional and non-fractional NAP have different solutions not
necessarily related to each other in a straightforward way, but they have different
algorithmic properties. As a start, whereas it is easy to see that the non-fractional
problem is NP-hard (as it is a generalisation of BMAXPD, which I showed to be
NP-hard in sec. 3.3), the computational complexity of the fractional NAP has not
been established yet, to my knowledge. Also, algorithms may be effective for one

problem but not for the other.
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For an example of this, consider the fractional NAP with a; = 0 and b5 = 1 for
all taxa s, applied to an ultrametric tree (see ch. 1). Hartmann and Steel [HS06]
show that a greedy algorithm can solve the fractional NAP in this scenario. This

algorithm consists of repeatedly taking the taxon s that maximises

(4.6.3) Elp|S U {s}] - E[<p|5]’

Cs

where S is the set of taxa previously taken. In words, this is the taxon that gives
the best increase in expected future PD per spending unit. This goes on until the
total cost of S exceeds the budget. The last taxon added is then only fractionally
conserved to bring the total cost to the budget.

A simple greedy algorithm for the non-fractional version of this problem — i.e.
BMAXPD applied to an ultrametric tree — can be adapted from the one above: re-
peatedly take the taxon s that maximises (4.6.3), among those that, given the current
unused budget, it is still feasible to take. The algorithm stops as soon as the unused
budget is insufficient to select any remaining taxon. Whereas the greedy algorithm
for the fractional problem is guaranteed to produce optimal solutions, this adaptation
for the non-fractional case is not. Consider again figure 4.6.2. The greedy algorithm
for the fractional problem selects here A, then B and finally selects fractionally C,
leading to the optimal solution for the fractional NAP, as expected since the tree
is ultrametric and as = 0 and bs = 1 for all s [HS06|. The greedy algorithm for
the non-fractional case selects A, then B and then stops, as the remaining budget
is insufficient to select C. Since the optimal solution here is to select A and C, this

shows that the greedy algorithm does not guarantee optimality in this case.

4.7. Extinction interdependencies and the nature reserve problem

An important shortcoming of the generalised field of bullets model and the Noah’s
Ark problems above is that the taxa are assumed to survive or become extinct in-
dependently of one another, whereas in reality strong interdependencies may exist:
for example, between predators and prey [WL95, WTL00, vdHvdBvIO05]. These
dependencies can in principle be formalised, but this would make the dynamic pro-
gramming algorithms presented here inapplicable, both the one for calculating the
distribution of the future PD and the ones for the NAP. This is because, in order
for a problem to have optimal substructure, a degree of independence between its
parts is needed. Non-exact approaches such as simulations for the distribution of ¢
and hill-climbing or evolutionary algorithms for improved NAP-type problems may
be preferable.

Perhaps, for the NAP, the most problematic aspect of taking into account eco-
logical interdependencies is not the probabilistic dependency between the survivals/
extinctions of different species — after all, the form of E[p] in (4.2.1) remains cor-
rect, as the expectation of a sum of random variables is equal to the sum of their

expectations, regardless of any dependence between them — but the fact that in
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practice it is very rare that we can raise the probability of survival of one species
without affecting that of other species. This may be justified for ez-situ conservation
— removal and protection of a small number of individuals from their environment
does not affect the survival of other taxa — but clearly not for in-situ conservation
[vdHvdBvIO05|. In particular, when protection is applied to a geographical area
rather than to a species or population, survival probabilities are usually raised si-
multaneously for the entire group of taxa that lives in that area. Interestingly, this
leads quite naturally to a generalization of the NAP in which conservation is applied
to a number of potential nature reserves, each defining a set of changes in survival
probabilities. I call this the nature reserve problem (NRP). In the rest of this section
I propose a formulation for this problem and point out its connections with other
optimisation problems previously proposed.

In the NRP the objective is to select a subset of a collection of candidate reserve
sites, where for each site r the cost of conserving it is ¢,, and a budget B is given.
For each reserve site r and species s, the probability that s is present in r (at some
future time) is given by b,s or a,s depending on whether site r is conserved or
not, respectively. (This can model both the survival of s in 7 and our uncertainty
regarding the actual occurrence of s in 7 [PCST00]|.) These probabilities define a
generalised field of bullets model, where, assuming that R is the subset of conserved

sites, the species’ probabilities of survival are given by

ps=1— [ =) [T = are).

reER r¢R
In words, a species survives if and only if it will be present in at least one site. Note
that I am here assuming independence between events in different sites. E[p|R] will

now denote the expected future PD resulting from conserving the reserve sites in R.

ars 5 brs NRP:

Input: A tree 7 with non-negative lengths t. associated with each branch
e. A set R of candidate reserve sites. For each site r and leaf s of 7, two
probabilities a,s and b,s. Integer costs ¢, associated with each site r € R
and a budget B > 0.

Output: A subset R C R of reserve sites that

maximises E[p|R],

subject to ZCT < B.
reR
Note that I do not require that a,s < b,s, as conserving a site may, in some cases,

actually reduce the probability of survival of a species in that site (think, for example,
of species benefiting from human exploitation of the territory or of species which are
preyed upon by other species benefiting from conservation).

It is easy to see that when each reserve has at most one species with non-zero
probabilities, the NRP reduces to the a, <% by NAP.
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Designing nature reserves, including prioritizing geographical sites, with the aim
of preserving as much biodiversity as possible, is a common theme in conservation
biology (e.g. [Dia75, HU80, PHM 93, DRRW97, ACPS98, HVD 198, MP00,
RAB™04]), and recently there has been a lot of interest in defining and solving (often
heuristically) optimisation problems for reserve selection (e.g. [MNP88, CB89,
Und94, CPSC96, CSD96, CPW 197, PCS*T00, CM01, RG02, OB03|). Many
(if not most) of the problems proposed in the past — not least the NAP — are special
cases of the NRP. The PD-maximization problem of Rodrigues and Gaston [RGO02]
can be seen as the 0 — 0/1 NRP — where by writing 0/1 on the right of the arrow
I mean that survival probabilities b,s are constrained to equal 0 or 1. Similarly, the
budgeted nature reserve problem of Bordewich and Semple |[BS08| coincides with the
0 %5 0/1 NRP and the expected species richness maximisation problem of Polasky
et al. [PCST00| coincides with the 0 4 brs NRP applied to an ultrametric star
tree. Therefore the NRP unifies many approaches from economics and biology to
the problem of biodiversity conservation, and has the potential to become a fertile
meeting ground for the exchange of new ideas between these two disciplines.

Finally, other special cases of the NRP have been the subject of research even
outside conservation biology: for example, the Budgeted Maximum Coverage prob-
lem [KMN99] coincides with the 0 5 0/1 NRP applied to a star tree.

4.8. Related and future work

This chapter dealt essentially with taking into account the survival probabilities
of species in conservation issues. There are a number of questions regarding these
probabilities, however, that also deserve some attention.

First, how should these probabilities be evaluated? A quantitative assessment of
the extinction risks of a species is precisely the aim of Population Viability Analysis
(PVA) [BMO02|. Another possible approach is to use existing classifications of the
degree of threat faced by the species: for example, Redding and Mooers [RMO6]
and Pardi and Goldman [PGO7| associated probabilities to each of the five major
threat categories (CR, EN, VU, LR, LC) in the IUCN Red List [IUCO06] (see also
the legend of fig. 4.4.1).

Second, an important decision regarding the survival probabilities is about the
time scale of conservation management. Recall that p,; represents the probability that
taxon s is not extinct at a fixed future time ¢ — for example 5 years or 100 years from
now. Some of the results I have presented are sensitive to the choice of a particular ¢.
Hartmann and Steel [HS07] show that the solution to the a; <5 1 NAP can change
quite radically as we increase as, corresponding to consideration of a nearer future
t: as we increase the various as, the total branch length in the transformed tree 7’
(see sec. 4.4) becomes more and more concentrated in the terminal branches and
therefore it is the relative length of these branches that will determine the optimal
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taxa to conserve (i.e., the importance of the internal branches becomes negligible).
Because of this sensitivity to ¢, it is important to choose an appropriate time scale.

Finally, another topic being investigated is the robustness of the results to un-
certainties in the estimation of survival probabilities (Hartmann; personal commu-
nication).

Whereas [ am not aware of any previous work on the distribution of the future
PD, the optimisation problems discussed here have been investigated before. When
Weitzman introduced the NAP [Wei98|, his main objective was to create a frame-
work in which to address a number of questions in conservation biology, for instance
establishing that extreme conservation policies — involving for each species full con-
servation or no conservation at all — are the most advisable (unless the assumptions
of the NAP are violated). In particular, Weitzman did not provide an exact al-
gorithm to solve the NAP, as instead he was interested in a criterion to prioritize

species for conservation. In his own suggestive words ([Wei98], p. 1294):

He [Noah| does not want, however, to mess around with a com-
plicated algorithm. Noah is a practical outdoors man. He needs
robustness and rugged performance “in the field”. As he stands at
the door of the ark, Noah desires to use a simple priority ranking
list from which he can check off one species at a time for boarding.

In fact, Weitzman used the NAP to provide a theoretical justification for a criterion
for species prioritization. This criterion actually coincides with the one in (4.6.3)
and leads to a rough approximation to an optimal solution [Wei98|. However, as
I noted in section 2.2, the corresponding species ranking should not be used in the
way suggested by the metaphor above: as illustrated in figure 2.2.1, there may be
two (or more) species that come high in the ranking, but such that conserving one of
them makes conserving the other(s) unnecessary. Ideally, measures of conservation
value such as (4.6.3) should be updated each time a new species is conserved.

The algorithmic aspects of the NAP have been investigated by Hartmann and
Steel [HS06], who showed that some of its special cases can actually be solved with
a greedy algorithm: first, as illustrated in the example of figure 4.6.2, the fractional
(i.e., admitting partial conservation) NAP with a; = 0 and bs = 1 for all taxa s,
applied to an ultrametric tree, and second, the 1 — ¢, — 1 — kgs NAP, where for
every taxon s the initial probability of extinction g5 can be reduced by a constant
factor k (0 < k < 1) by paying a constant price ¢. The same authors [HS07]
also independently showed the transformation idea of Proposition 4.4.1, but used
it to prove the greedy tractability of the as — 1 NAP. Note that this result also
derives from the fact that the as — 1 NAP is a subproblem of the greedy tractable
1 —qs > 1—kgs NAP.

As I mentioned in section 4.1, maximising the expected future PD is just one of
the possible objectives for an optimisation problem aimed at preserving future PD.
An interesting subject for future research would be a problem where — unlike the
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NAP — the aim is to minimise the probability that the future PD ¢ will fall below
some given fixed critical value Ly. This is a philosophically different approach: rather
than maximising the future PD in the average-case scenario, we wish to minimise
the the risk of a worst-case scenario.

Since we can now approximate or even calculate exactly the distribution of ¢, the
objective function Py < L] is readily obtainable. In particular, if the distribution
of ¢ is approximately normal (see Theorem 4.2.1), this coincides with

> (Lo - E[@]) 7
Var[y]

where ® denotes the cumulative distribution function of a standard normal variable
N(0,1). The main difference with the NAP seems to be that, not only must we try to
maximise E[p], but (assuming that we manage to ensure E[p] > Lg) we should also
try to minimise Var[p]. Optimal solutions to the NAP may therefore be suboptimal
with respect to Pl < Ly].



CHAPTER 5

The generalised Noah’s Ark problem and its solution

5.1. The beauty of curves: general effects of conservation on survival

A limitation of the optimisation problems discussed in Chapter 4 is that they
model conservation policies as binary decisions: a taxon is either subject to conser-
vation or it is not. In reality, however, a conservation policy is better described as a
way to distribute the available resources among all the possible taxa.

Weitzman’s NAP [Wei98|, described in section 4.6, is a step in that direction:
for each taxon ¢, a variable z; is used to represent the amount of resources allocated
towards the conservation of ¢ — I will call this the conservation expenditure of i —
and the aim is to find the best way to partition the budget B among all the different
expenditures x;. However, Weitzman also assumed that the probabilities of survival
of taxa grow as linear (or, more precisely, affine) functions of their expenditures, and
this has been shown in turn to imply that optimal conservation policies again consist
of binary decisions, in other words about which taxa to conserve [Wei98] (see sec.
4.6 for more detail).

In this chapter, I propose an optimisation problem that relaxes the assumption of
linearity in Weitzman’s NAP, allowing arbitrarily general relationships between ex-
penditures and survival probabilities: practically any function p;(x;) can be adopted
to describe how the probability of survival of ¢ grows with the conservation expen-
diture x;. In contrast with what happens for the NAP, for some taxa it will then
become optimal to have expenditures that are neither zero nor equal to the maxi-
mum value allowed: although some spending on those taxa is desirable, any further
investment is better spent into other taxa, in accordance with a law of diminish-
ing returns. I call this problem the generalised Noah’s Ark problem (GNAP) and
describe it formally in section 5.2.

The main novel result of this chapter, described in section 5.3, is an algorithm
that solves the GNAP. It is partly based on the dynamic programming algorithm for
BMAXPD in the rooted case (sec. 3.4; [PGOT7]), with some new “geometrical” ideas
inspired by a new kind of optimal substructure property. As usual, I accompany the
description of this algorithm with an example of its functioning (sec. 5.4).

Because of the lack of worst-case polynomial complexity guarantees (discussed
later), section 5.5 presents an empirical investigation of the computational efficiency
of the algorithm for the GNAP, which shows that its running time and memory

89
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requirements are practical on many realistic instances. As usual, the chapter closes
with a discussion regarding related (and future) work (sec. 5.6).

5.2. The generalised Noah’s Ark problem

Like the optimisation problems of Chapter 4, the GNAP assumes a generalised
field of bullets model (sec. 4.2), where the probabilities of survival depend on the
proposed solution to the problem. However, whereas before a solution consisted
of a subset of taxa S (and the probability of survival p; could assume one of two
values depending on whether or not ¢ € S), now a solution is described by a vector
of non-negative integer numbers x = (x1,x2,...,x,) representing the conservation
expenditures assigned to each taxon. The assumption that the expenditures be
integer numbers is again due to the fact that it allows us to subdivide the problem
into a finite number of subproblems with integer budgets. Also note that throughout
this chapter, for simplicity, taxa will be identified by integer numbers 1,2,..., n.

The probability of survival of each taxon i is defined by a function p;(x;) of the
conservation expenditure z;. In practice this function is given in input as a sequence
of probabilities p;(0), pi(1),p:i(2),... corresponding to each possible expenditure for
taxon ¢; note that each taxon is associated with a different sequence. Given an
integer budget B, I will assume that each of these sequences has length B + 1, i.e.,
that it goes up to define p;(B). Note that the continuous version of the GNAP —
where the expenditures are not required to be integer — can be approximated within
any desired precision by making the expenditure units sufficiently small.

The taxon expenditures x therefore fully determine a generalised field of bullets
model. Assuming that the taxa correspond to the leaves of a phylogenetic tree 7 with
branch lengths, the random variable ¢ quantifying the future PD is also determined.
As in sections 4.4 and 4.6, let E[p|x] denote the expectation of this variable under
the assumption that the taxon expenditures are given by x = (1, x2,...,Tp).

Finally note that throughout this chapter, for consistency with the literature on
the NAP, I assume a rooted definition for the future PD ¢. I am now ready to

introduce the central problem of this chapter.

GNAP:

Input: A rooted tree 7p with leaves {1,2,...,n} and with non-negative lengths
te associated with each branch e. An integer budget B > 0. For each leaf
i, a sequence of probabilities p;(0),p;(1),...,pi(B).

Output: Non-negative integer expenditures x = (z1,z2,...,2T,) associated
with each taxon that

maximise E[p|x],

n
subject to ZZ‘Z <B.
i=1
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5.3. An algorithm for the GNAP

An algorithm to find optimal solutions to the GNAP can be obtained by using the
main ideas of the dynamic programming algorithm for BMAXPD in the rooted case
(sec. 3.4; |[PGOT]|). Again, we subdivide the problem into a number of subproblems
corresponding to every possible combination of a clade 7 of the input tree 7y and
a budget b € {0,1,..., B}; we deal with these subproblems in the same bottom-up
order as described in section 3.4. I will again assume, without loss of generality,
that 7y is bifurcating and rooted at the top of a root branch. In addition to that,
I will make the realistic assumption that the survival probability functions are non-
decreasing, i.e., that p;(0) < p;(1) < ... < p;i(B). Note that it is straightforward
to modify the input sequences (without changing the desired output) so that this
assumption is met: just set p;(b) = max.cq1,.. 5} pi(c) for every b € {0,1,..., B}.

The most important difference with the previous algorithm is that whereas before
a single optimal solution was (implicitly) stored for each of the subproblems, now this
is not sufficient. As explained in section 4.6, unfortunately the optimal substructure
property is valid neither for the as %4 by NAP nor for the more general GNAP (it is
easy to convert the instance in fig. 4.6.1 into an instance of the GNAP). Intuitively,
for some clades such as 7 in fig. 4.6.1, a solution that ensures a high probability of
survival for at least one taxon in 7 — a quantity which I denote with P[S7|x] (see
Def. 5.3.2 below) — may be preferable to a solution that maximises the expected
future PD in 7 — which I denote with E[e7|x]. This is true especially when 7°
lies below a long branch or path which has a high risk of being lost as a result of
extinctions. This shows that optimal solutions to the GNAP may be composed of
suboptimal solutions to its subproblems. So how can we solve the GNAP?

It turns out that if we judge candidate solutions in relation to the two criteria
mentioned above — E[¢7|x] and P[S7|x] — a proposition that is reminiscent of the
optimal substructure property holds: solutions that have a “non-dominated” combi-
nation of these two scores can be derived from other solutions with “non-dominated”
combinations (this is formalised in Proposition 5.3.8 below). Loosely speaking, a
“non-dominated” combination of scores is one such that there is no feasible solu-
tion that has better scores under both criteria (but in reality this is not all that is
required, as it will become clear in the definitions below).

The main difference between the algorithm that I present here and the one for
BMAXPD is that now, for each subproblem, not just one solution needs to be stored,
but several — as many as there are “non-dominated” score combinations. For each
subproblem (associated with a clade 7 and a sub-budget b), these solutions will
be stored in a set L7(b) and each of these sets will be constructed from the sets
already constructed, in a manner similar to the derivation of optimal solutions to
the subproblems of BMAXPD from the optimal solutions to their own subproblems.
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At the end of the algorithm, a number of solutions with “non-dominated” com-
binations of scores will have been derived for the global problem (the one relative to
7o and B). The optimal solution to the GNAP will be found among these.

In order to formalise these ideas, the following definitions introduce the necessary
notation. They all assume that 7 is a clade of the input tree 7y and b is a budget in
{0,1,..., B}.

DEFINITION 5.3.1. A solution for 7T is a vector of expenditures x = (21, Z9,...,Zy)
such that, for every leaf i not in 7, z; = 0. A (feasible) solution for 7 and b is a
solution for 7 such that >, z; <b.

For example, in Figure 5.3.1, x; = (1,1,0,...,0) is a feasible solution for clade
L and budget 2. Note that x; is also a feasible solution for 7 and 2.

DEFINITION 5.3.2. Let x be a solution for 7. Let S7 denote the event that at
least one taxon in 7 survives. Therefore, P[S7|x| denotes the probability of S,

resulting from spending x.

In Figure 5.3.1, for example, P[Sz|x1] = 1—(1—p1(1))(1—p2(1)) = 1-0.5%0.7 =
0.65. In general, it is easy to check that
PSrlx] =1 — [ (1 — pilx2)),
€T
where I use the informal notation 7 € 7 to express that 4 is a taxon in 7.

DEFINITION 5.3.3. Let x be a solution for 7. @7 denotes the future PD in 7

and E[p7|x] denotes its expectation, assuming the expenditures in x.

For example, in Figure 5.3.1, E[pz|x1] = 1.0xp1(1)+4.0xp2(1)+1.0xP[Sz|x1] =
0.5+ 1.2+ 0.65 = 2.35. Note that in general the value of E[¢o7|x] can be calculated
following (4.2.1).

DEFINITION 5.3.4. Let x be a solution for 7; x is said to lie in the point
(E[er|x], P[St|x]). When T can be inferred from the context, I will write this

point as (ex, px). Conversely, (ex, px) is said to correspond to x.

This definition introduces a very useful way to view solutions: they should be
imagined as points on the plane whose coordinates correspond to the two main
criteria to evaluate them. In fact this is precisely the way the algorithm actually
stores the solutions, a fact that will be explained further in section 5.3.1. Figure 5.3.1
shows several examples of this: the plane at the bottom of the figure shows the points
corresponding to all feasible solutions for £ and 2; in particular x; = (1,1,0,...0)
lies in (ex,,px,) = (2.35,0.65), the point labelled with “x;” in the bottom graph in
figure 5.3.1.

DEFINITION 5.3.5. Let S = {(e1,p1),(e2,p2),---,(€m,pm)} be all the points
corresponding to the solutions for 7 and b. The conver hull for 7 and b, de-
noted CH7(b), is the smallest convex polygon containing all the points in S U
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F1GURE 5.3.1. A part of an instance of the GNAP and its solution.
At the centre, clade 7, assumed to be a clade of a larger input tree 7y. Branch
lengths are indicated by the numbers to the side of the branches. The boxes below
each taxon i specify the survival probabilities p;(0), p;(1) and p;(2) resulting from
spending 0, 1 and 2 on 4, respectively, and the budget is B = 2. Clade 7 has two
subclades: £ (highlighted in gray) and R (consisting uniquely of a branch
attaching to taxon 3). For each of these three clades, a graph shows the points
corresponding to the feasible solutions that the algorithm derives (see Def. 5.3.4).
The convex hulls for each of these clades and b = 1,2 (Def. 5.3.5) are also shown
(shaded polygons) and their proper vertices are indicated by circled points.
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{(0,0), (max; €;,0), (0,max; p;) }. The proper vertices of CH7(b) are all the ver-
tices of this polygon lying on its top-right boundary and that are also in .S, i.e., such
that there is a solution for 7 and b lying in them.

Figure 5.3.1 shows the convex hulls for several clades and budgets. For exam-
ple, it is easy to see that the solutions for clade £ and budget 2 are (0,0,0,...0),
(1,0,0,...0), (0,1,0,...0), (2,0,0,...0), (1,1,0,...0), (0,2,0,...0) and that they
correspond to the points (0,0), (1,0.5), (1.5,0.3), (1.4,0.7), (2.35,0.65), (2.5,0.5),
which are all the points indicated in the graph at the bottom. Out of these, only the
last three are proper vertices of C'H ,(2), which is indicated by the circles around
these three points; (0,0), (1,0.5) and (1.5,0.3) are also circled, as they are proper
vertices of C'H £(0) (the first) and of CH (1) (the second and the third).

A detailed account of convex hulls and their computational geometry is given in
section 33.3 in [CLRSO01]. Their usefulness in the context of the GNAP comes from
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the fact that solutions lying in proper vertices of C H7(b) are precisely what I meant
before as solutions with a “non-dominated” combination of their scores ex and px.
It is clear that, for these solutions, there is no other feasible solution that has better
scores under both criteria ex and px; however the requirement of lying in a proper
vertex of CH(b) is even stronger than this: for example xo = (1,0,1,0...,0), a
solution for 7 and 2, lies in point (2.25,0.75), for which there is no other point
corresponding to a feasible solution with better scores under both criteria (these
points are all shown in the graph at the top of fig. 5.3.1). However, since it does not
lie in a vertex of CH7(2), this solution is not considered to have “non-dominated”
scores. It is interesting to note that the notion of “non-domination” developed here is
related (but not equivalent) to the notion of Pareto-efficient solutions in Economics
[Wik08].

The importance of solutions lying in the proper vertices comes from the fact that
(at least) a solution to the GNAP must itself lie in a proper vertex: in fact, any
solution for 7y and B lying in the rightmost proper vertex of CHyz, (B) (i.e., the
one with the largest ex coordinate) must be a solution to the GNAP (since it has
maximum E[¢7|x] among all solutions for 7y and B). For example, in figure 5.3.1,
if we imagine that 7 coincides with the global tree, solution x; = (1,1, 0) lies in the
rightmost vertex of C H7(2) and is an optimal solution for the GNAP applied to T
and budget 2.

If we make sure that we derive, for each combination of a clade 7 and budget
b < B, at least one solution per proper vertex of CH(b), then in the end we will
have also derived an optimal solution to the GNAP. I will now show how this can
be achieved.

DEFINITION 5.3.6. Let 7 be a clade with subclades £ and R. Let x be a solution
for 7. The restriction of x on L (respectively, R), denoted by x|L (respectively, x|R),
is the vector of expenditures obtained from x by setting to 0 all expenditures x; for
taxa i not in £ (respectively, R). Clearly x|L is a solution for £ (and similarly x|R
is a solution for R). Now let y be a solution for £, and z a solution for R. The
combination of y and z is simply the sum y + z of these two vectors, and clearly is
a solution for 7. Note that x = x|L + x|R.

For example, if we consider again xo = (1,0,1,0...,0), we have that this so-
lution for 7 can be obtained by combining x3|£ = (1,0,0,0,...,0) and x2|R =
(0,0,1,0,...,0). The points these solutions lie in are labelled in figure 5.3.1.

REMARK 5.3.7. Let 7 be a clade with subclades £ and R and with a root branch
a. Let x be a solution for 7. The points corresponding to x, x|£ and x|R satisfy
the following relationships:
(5.3.1) px = 1—(1=pxc)(1 = pxr)s
(5.3.2) ex = exctexr ttaPx-



5.3. AN ALGORITHM FOR THE GNAP 95

For example, in Figure 5.3.1, since x2|L lies in (1,0.5) and x2|R lies in (0.5,0.5),
then xo lies in (2.25,0.75), as px, = 1 — 0.5 x 0.5 = 0.75 and ex, = 1.0+ 0.5+ 1.0 x
0.75 = 2.25.

It turns out that the solutions lying in the proper vertices of a convex hull C H7(b)
can be obtained by combining (in the sense of Def. 5.3.6) the solutions lying in the
proper vertices of the convex hulls for the subclades of 7 and budgets less or equal

than b. This is made more precise by the following proposition.

PROPOSITION 5.3.8. Let T be a clade with subclades £ and R, and b € {0,1,..., B}.
Every proper vertex of CHr(b) corresponds to at least one solution x for T and b,
such that x|L and x|R lie in proper vertices of CH (i) and CHg(b—1), respectively,
for some i € {0,1,...,b}.

In other words, at least one of the solutions lying in a proper vertex of C'Hz(b)
can be obtained by combining solutions lying in proper vertices from C'H (i) and
CHpg(b— 1), for some i € {0,1,...,b}. The proof of this result can be found in
section 5.3.2. As an example of this, consider again the rightmost proper vertex of
CH7(2) in figure 5.3.1. Solution x; = (1,1,0,...0) lies here and its restrictions,
x1|£ = (1,1,0,...,0) = x; and x1|R = (0,0,...,0) lie in a vertex of CHz(2) and
in a vertex of CHx(0), respectively; the proposition is verified for ¢ = 2.

The central idea of the algorithm is to store, for each clade 7 and budget b €
{0,1,..., B}, a set of solutions L7 (b) containing one solution per vertex of C Hr(b)
(and lying in that vertex). The proposition above implies that this can be achieved
by filling the various L7 (b) first for small clades and then for the larger clades they
compose, in a bottom-up fashion: when 7 is composed of subclades £ and R, L7 (b)
can be obtained by combining together (in the sense of Def. 5.3.6) all pairs of solutions
from L;(0) and Ly (b), all pairs from Lz (1) and Lg(b—1), and so on up to all pairs
from L. (b) and L (0). This generates a set of solutions, which, by Proposition 5.3.8,
must contain at least one solution per vertex of C H7(b) (see Proposition 5.3.10 and
Corollary 5.3.11 for the correctness of this algorithm).

Back to the example in figure 5.3.1, when the time to fill L7 (2) comes, sets
Lz(0), Lr(1), Lr(2) and L,(0), Lg(1), Lr(2) will have already been filled with one
solution per proper vertex of their respective convex hulls. A quick look at figure
5.3.1, reveals that L (0), Lz (1) and Lg(2) must contain one solution each (because
CHR(0), CHgr(1) and CHg(2) have one proper vertex each), whereas L. (0), L. (1)
and L, (2) must contain 1, 2 and 3 solutions, respectively (because CHx(0), CHR (1)
and CH®(2) have 1, 2 and 3 proper vertices, respectively). Therefore combining
solutions in the way described above must lead to adding 1 x34+1x2+1x1=6
solutions to L7(2). These solutions lie in the six points shown in the top-right
portion of CH7(2); two of them lie in the proper vertices of this convex hull (circled
in fig. 5.3.1).
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Algorithm 6 GNAPsSOWER(7y,B, p1,-..,Pn)

for every clade 7 of 7j (in a bottom-up order) do
if 7 only consists of a terminal branch ending in taxon ¢ then
for b=0,...,B set Ly (b) ={(0,...0,b,0,...,0)},
where the only non-zero component of (0,...0,b,0,...,0) is the i-th
end if
if 7 consists of an internal branch e and subclades £ and R then
for b=0,...,B

Lr(b) =10
for i =0,...,b set L7(b) = Ly (b) U (L (i) ® Lr(b—1))
CLEAN(L7 (b))
end for
end if
end for

return an x € Ly (B) with maximum ex

Algorithm 7 CLEAN(S), where S is a set of solutions

Sort S by ex, i.e., let S = (x1,X2,...,Xm) With ex, <ex, <...<ex,,-
Let t be such that x; has maximum px among all x € S.
Let R be an empty queue.
fori=t,...,m do
while |R| > 2 and not RIGHT-TURN (NEXT-TO-LAST(R), LAST(R), x;)
POP LAST(R) from the back of R.
PUSH X; at the back of R.
end for
Reset S = R.

Since we are only interested in the solutions lying in the proper vertices of
CH7(b), many of the solutions that are added to Lz (b) in the way described above
can be discarded. We wish to keep only one solution per proper vertex of CHr(b).
To this end, it is easy to devise a procedure that discards from Lz (b) all solutions
that are somehow “dominated” by other solutions in L7 (b), and therefore do not lie
on a proper vertex of CH7(b). This procedure consists of an easy modification of
Graham'’s scan [Gra72, CLRSO01], an algorithm to find the vertices of any convex
hull in the plane. The exact way this is done is described by the pseudocode in
Algorithm 7; since its details are not important for the understanding of the algo-
rithm presented here, I will not discuss this procedure further (except for defining
the subroutines it uses; see next section). In the example just discussed, four of the
six points added to L7(2) do not lie in a proper vertex of C H7(2) and are therefore
deleted from L7(2).

At the end of the algorithm’s execution, each L7 (b) set will contain one solution
per proper vertex of CH7(b). In particular, the solution x in Lz, (B) with maximum
ex lies in the rightmost proper vertex of C Hz,(B) and is therefore a solution to the
GNAP.
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5.3.1. Pseudocode and actual implementation of the algorithm. For-
mally, the algorithm can be described by the pseudocode in Algorithm 6, where
X @Y denotes the set of solutions obtained by combining every pair of solutions
from X and YV, ie, X®Y = {x+y|x € X,y € Y}, and cLEAN(L7(b)) is the
procedure that eliminates from Ly (b) all solutions that are not deemed useful for the
construction of an optimal solution to the global problem. In the definition of CLEAN
given by Algorithm 7, this procedure only consists of the Graham’s scan mentioned
before; however I will show later (sec. 5.3.3) that a further simple cleaning step can
be added, thus further reducing the final size of L7 (b).

Note the pseudocode in Algorithm 7 makes use of a number of elementary pro-
cedures that need some explanation: POP and PUSH simply consist of the addition
and removal of one element at the end of the queue; LAST(R) and NEXT-TO-LAST(R)
respectively return the element at the end of queue R and the one immediately pre-
ceding it; finally, RIGHT-TURN (X,y,Z) is a boolean function returning TRUE if and
only if the segment from the point corresponding to y to the point corresponding to
z represents a right-turn with respect to the segment from the point corresponding
to x to the point corresponding to y (see [CLRSO01], sec. 33.1 for details).

It is important to note that the algorithm does not need to store the solutions
in L7(b) as vectors of expenditures x. A much better approach is to store their
corresponding points (ex, px) and pointers that permit reconstruction of the corre-
sponding solutions. When two solutions represented as points are combined, the
resulting point (ex,px) can be calculated using equations (5.3.1) and (5.3.2) above;
we also store pointers indicating the points from which (ex,px) was obtained. As
for the solutions for “trivial” clades 7 composed of only a terminal branch a lead-
ing to taxon i, in these cases L7 (b) only needs to store the point (p;(b) - ta, pi(b))
corresponding to the optimal solution for 7 and b.

It is clear that only storing (ex,px) and the described pointers for each solution
is entirely sufficient for the algorithm presented: the CLEAN procedure only needs
the (ex, px) coordinates in order to decide whether or not a solution lies in a proper
vertex, and in the end the solution lying in the point with maximum ex coordinate
is reconstructed in a straightforward way using the stored pointers.

As an example of how this works in practice consider again figure 5.3.1. Clade

‘R only consists of one branch leading to taxon 3, and therefore we set:
Lr(0) = {(ps(0) - 1.0, p3(0))} = {(0,0)},
Lr(1) = {(05,0.5)},
Lr(2) ={(1,1)}.
As an example of how the sets relative to nontrivial clades are obtained, consider

the derivation of L7 (2). Because £ and R are subclades of 7, when the time to
derive L7(2) comes, the sets Lz(0), Lgr(1), Lr(2) and L,(0), Le(1), Le(2) will
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have already been derived, the former in the way shown above and the latter so that:

Lg(0) = {(0,0)},
Lz(1) = {(1,0.5), (1.5,0.3)},
Lr(2) = {(1.4,0.7), (2.35,0.65), (2.5,0.5)},

(note that T am here ignoring the pointers for the backtracking). Note that the points
in the three sets above coincide with the proper vertices of CH£(0), CH (1) and
CH(2), shown in the graph at the bottom of figure 5.3.1.

Now apply the procedure described above in order to fill in L7(2): combine the
solution in Lz (0) = {(0,0)} with every solution in L, (2), which gives the following
set of points (by equations (5.3.1) and (5.3.2) above):

{(2.1,0.7),(3,0.65), (3,0.5)};

then combine the solution in Lz (1) = {(0.5,0.5)} with every solution in L(1), which
gives:
{(2.25,0.75), (2.65,0.65) };
finally combine the solution in Lz (2) = {(1, 1)} with the solution in L, (0) = {(0,0)},
giving:
{21}

Note that the six points just derived are precisely the six points shown in the top-
right portion of the graph at the top of figure 5.3.1. We then apply procedure CLEAN

on these six points, which discards the four points internal to CH7(2) and sets

5.3.2. Correctness of the algorithm. Proof of Proposition 5.3.8. First of
all, note that a point (e,p) € CH7(b) is not a proper vertex of CH7(b) if and only
if there are two solutions for 7 and b, y and z, not lying in (e,p) and there is an
h € [0,1] such that (e,p) < h- (ey,py) + (1 — h) - (€4, pz). Note that when we write
(e,p) < (¢/,p'), we mean the usual component-wise inequalities e < €’ and p < p'.

Now let (e,p) be a proper vertex of CHr(b) and x be any solution for 7 and b
lying in (e,p). Consider x|£ and x|R, the restrictions of x on 7’s two subclades £
and R. It is clear that x|L is a solution for £ and i, and x|R is a solution for R and
b — i, for some i € {0,1,...,b}.

Let us initially assume that pyr # 1. We show now that this implies that
x|L lies in a proper vertex of CH,(i7). Suppose the contrary. Then let y and z
be solutions for £ and 7 that do not lie in (ex|z,px|z) and let h € [0,1] be such
that (ex|z,Pxjc) < h- (ey,py) + (1 — h) - (€z,pz). Then define y’ =y + x|R and
z' = z + x|R and note that these are solutions for 7 and b. It is easy to prove
that the assumption pyr # 1 implies that y’ and z’ do not lie in (e,p) and that
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(e,p) < h-(eyr,py') + (1 — h) - (em, py).! But this would contradict the assumption
that (e,p) is a proper vertex of CH7(b) and therefore x|L lies in a proper vertex of
CH_(7).

If instead pyr = 1, then x|£, among all possible solutions for £ and 7, must
be optimal with respect to e: if there was a solution y for £ and @ with ey > ey
then, if we define y’ = y + x|R, we have that x and y’ lie on (ex,1) and (ey, 1),
respectively, with ey = ey + exr + o > exjc + exr + ta = ex. But this would
contradict the assumption that x lies on a proper vertex of CH7(b) and therefore
x|L£ must be optimal with respect to e, in other words lie on the “rightmost” face of
CH(i). Now let x* be a solution lying in the rightmost proper vertex of CH (7).
It is easy to verify that, if we replace x|£ with x* in x, thus obtaining x* +x|R, this
solution must still lie in (e, p).

So we have proved that one can always construct a solution x’ for 7 and b from
X (x' = x in the case pyr # 1 and X' = x* +x|R in the case pyr = 1), still lying
in (e,p), whose left restriction lies in a proper vertex of C'H (i) and whose right
restriction is the same as the one in x. The arguments above can be equally applied
to x' (by swapping every mention of £ with R and vice versa), leading to an x”
with both its restrictions x”|£ (= x’|£) and x”|R lying in vertices of CH (i) and
CHgR(b— 1), respectively.

REMARK 5.3.9. The solutions stored in each set L7 (b) are necessarily feasible
solutions for 7" and b.

PROOF. By induction on the number of taxa in 7. g

PROPOSITION 5.3.10. The execution of the algorithm described above results in
each proper vertex of CHz(b) having at least one solution in Lz (b) lying in it (for
any clade T and b € {0,1,...,B}).

PrROOF. By induction on the number of taxa in 7. When 7 only contains one
taxon, this is trivially true. When 7 is composed of two subclades £ and R, then,
since £ and R contain fewer taxa than 7, we can assume (inductive hypothesis) that
the thesis holds for £ and R. Consider one proper vertex (e, p) of CHy(b). We wish
to prove that L7 (b) ends up containing a solution lying in (e, p).

IFor simplicity, I have omitted the proofs of these statements. Here they are:

We know that y does not lie in (ex|z, Px|c). This means that either (1) py # px|c or, (2) py = Px|c
and ey # ex|c. In case (1), pyr = pxjr + Py (1 — Pxjr) # Pxir + Px|c(1 — Pxjr) = Px = p, where
the inequality only holds because we assumed pyxr # 1. In case (2), we have that py,s = px and so
ey = €y + ex|R + laDy’ = €y + xR + taDx 7# €x|c + ex|rR + taPx = ex = e. In both cases we have
that (eys,py/) # (e,p). We can prove in a similar way that (e,/,p./) # (e, p), i.e., neither y’ nor z’
lie in (e, p).

As for (e,p) < h - (ey,pyr) + (1 — h) - (es,por), we prove it one component at a time: p =
xR + Pxic(1 — pxr) < Pxr + (hpy + (1 = h)ps) (1 — pxr) = h(pxr +py(1 —pxr)) + (1 —
h) (pxir + Pa(1 = pxr)) = hpy + (1 — h)pyrs e = exjc + exjr + tap < hey + (1 — h)es + exr +
ta(hpy + (1 — h)pyr) = h(ey + exjr + tapy’) + (1 — h)(ez + exjr + tabsr) = heyr + (1 — h)e,.
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By Proposition 5.3.8, there is at least one solution x for 7 and b, lying in (e, p),
such that x|£ and x|R lie in vertices of CH(i) and CHg(b — i), respectively, for
some 7 € {0,1,...,b}. By the inductive hypothesis, there must be two solutions,
y and z in L. (b) and Lg(b — i), respectively, that lie in these two vertices. When
the update L7(b) = L7(b)U (L. (i) ® Lr(b — 1)) takes place, these two solutions are
combined into x’ = y + z which is stored in L7 (b). It is easy to see that x’ must lie
in (e, p). O

COROLLARY 5.3.11. The algorithm returns an optimal solution for the given
instance of the GNAP.

PrOOF. The algorithm returns the solution x in Lz, (B) with maximum ex.
Because L7, (B) only contains solutions for 7p and B (Remark 5.3.9) and at least
one of these lies in the rightmost proper vertex of CHy,(B) (Proposition 5.3.10), x
is a solution for 7p and B and lies in a point of C Hz,(B) with maximal e coordinate.
Since any solution x” for 79 and B must lie in CHg(B), we have ey < ex and

therefore x is optimal with respect to E[¢7;|X]. O

Note that in Proposition 5.3.10, I state that at least one solution in L7 (b) must
lie in any given proper vertex of CH7(b). In fact a stronger proposition holds: there
is a one-to-one correspondence between proper vertices of C H7(b) and elements of
L7 (b), such that each solution in L7 (b) lies in its corresponding vertex. This property
is guaranteed by the actual functioning of the Graham’s scan implemented in the
CLEAN procedure, which leaves exactly one solution lying in each proper vertex of
CHr(b).

Since the correctness of the algorithm does not depend on this property, for
simplicity I do not prove it here. However, it is important to realise that the efficiency
of the algorithm depends on the size of the L7 (b) lists — the smaller, the better —
and it is therefore important to discard as many solutions as possible from Lz (b).

This consideration naturally leads us to the next subsection.

5.3.3. Further cleaning. For some solutions x with small ex and large px
that are retained because of their potential to ensure survival of the path above their
clade, such path turns out to be too short to justify their retention. I will first show
this with an example and then derive a new general criterion for discarding solutions
from L7 (b).

Consider again figure 5.3.1 and assume that 7 coincides with the global tree;
that is, that we are seeking a solution to the GNAP applied to 7. Because CH(2)
has three proper vertices, after the Graham’s scan L,(2) contains three solutions
lying in each of those vertices. However, I will now show that the solution lying in
the leftmost vertex, xg = (2,0,...,0), cannot be part of an optimal solution to the
GNAP we wish to solve, and therefore its inclusion in L7 (2) is superfluous. This
remark depends upon observing that the path from the root of 7 to the root of £
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(consisting only of one branch of length 1.0) is too short to justify inclusion of xg:
the only advantage that x¢ has over x; = (1,1,0,...0) (whose corresponding point
is also shown in fig. 5.3.1) is the greater survival probability that xg confers to L,
which may turn out to be useful if it is important to ensure survival of long paths
above L; however no such long path above £ exists. I now make this more precise.

Let y be a solution for R that may be combined with xg or x; to form a solution
for 7. Then, if we call ¢ the length of the path that lies above £ and R (in this case
1.0), it is easy to show that

Elor|xi +y] = Eler|xo +y] = ex, — exo + 1 = py)(Pxs — Pxo)-
If we note that x¢ lies in (1.4,0.7) and x; lies in (2.35,0.65), we have that
Elprx1 +y] - Elpr|xo +y] = 0.95 - 0.05-¢- (1 - py).

But then it is clear that, whatever the value of py, and because ¢ = 1, the right-hand
side above will always be positive and therefore xg cannot be part of an optimal
solution to the GNAP applied to 7. Also note that inclusion of x¢ in L7(2) is
instead justified for a sufficiently large t.

Now let us generalise the considerations above. I will show that if the path
between the roots of the global tree 7y and clade 7 is short (or, more precisely, its
“endangered portion”; defined below), then only solutions with a large e coordinate
need be kept in L7 (b).

Let x be a solution for clade 7. I wish to study the contribution of x towards
the expected future PD in the entire input tree 7yp. Any solution that has x as its
restriction on 7 can be expressed as x +y, where y is a solution for the entire input
tree 7y that does not include any expenditure on 7, i.e., such that, for every taxon
iin 7, y; = 0. If we denote by p7 the path from the root of 7y to the root of 7,
and recall the notations Sx and C(e) from the previous chapter (sec. 4.2), then the

expected future PD given x + y can be expressed as:
(5.3.3) Elpg|x+y] = Elpr|x] + Z te - P[Sce)lx +y] + Z te - P[Sc(e)lyls
ecpT ecTo—T —pT
where I have used the independence of event S¢(.) from expenditures for taxa not in
C(e). Now define the endangered portion of pT given y as
dr(y)= Y te- [ (1—piw))
ecpT 1€Ce)—T
It is then easy to check that the second term in the right-hand side of (5.3.3) can be

expressed as
PSrIx] - dr(y) + Y te—dr(y).
ecpT
If all the terms that do not depend on x are grouped and denoted by Ky, we can
express the expected future PD as a linear function of the point (ex, px) in which x
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lies:
(5.3.4) Elor|x +y] = ex + px - dr(y) + Ky.

This equation provides insight into the potential usefulness of a solution x for a
clade 7 in constructing an optimal solution to the global problem. For example, it
can be used to provide an alternative proof that the only solutions that can be part
of an optimal solution to the GNAP are those lying on the top-right boundary of
CH7(b). Here, I use it to prove the following proposition:

PROPOSITION 5.3.12. Let x¢ and x1 be two solutions for clade T and budget b,
respectively lying in point (eg,po) and (e1,p1), with eg < e1 and pp > p1. If
€1 — €0
Po—Pp1
then xg cannot be part of an optimal solution to the GNAP.

(5.3.5) > dr((0,0,...,0)),

PRrROOF. Let y be a solution for the entire input tree 7o and budget B — b that
does not include any expenditure on 7, i.e., such that, for every taxon i in 7,
yi = 0. It is easy to check that the endangered portion of p7 is bounded above by
d7((0,0,...,0)), that is,

dT(y) < dT((O, 0,... ,0)).
But then we have
‘a €0 > dT(y).
Po —P1

A little algebra shows that this is equivalent to

eo +po - dr(y) < er+p1-dr(y).

But then, because of equation (5.3.4),

Eler %o +y] < Elog|x1 +y],

which shows that x¢ + y cannot be an optimal solution for 7y and B. O

We saw before that a modified Graham scan allows us to leave in L7 (b) exactly
one solution lying in each proper vertex of CHz(b). Proposition 5.3.12 suggests that
more solutions can potentially be discarded from L (b). The following remark allows

us to come up with a procedure to quickly find out the solutions to discard, if any.

REMARK 5.3.13. Order the solutions in L7 (b) on the basis of their e coordinate,
so that L7 (b) = (x0,X1,...,X5—1), with x; lying in (e;,p;) and eg < e; < ... < er_1
(and, consequently, pp > p1 > ... > pr—1). If any pair of solutions in Lz (b) satisfy

the assumptions of Proposition 5.3.12, then so do x¢ and x;.

PrOOF. Equation (5.3.5) is basically requiring that the (negative) slope (p1 —
po)/(e1—ep) between the two points be larger than —1/d7((0,0,...,0)). The remark
follows from simply observing that because xg,X1,...,Xxr—1 lie in adjacent proper
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vertices of CH7(b), the slope between consecutive points x;,X;4+1 is a decreasing
function of 1. O

The remark above simply means that we can scan the elements of L7 (b) in order
from the one with the smallest e coordinate to the one with the largest (in fact the
Graham’s scan already returns solutions in this order), and assess whether the first
two solutions satisfy the assumptions of Proposition 5.3.12; in the affirmative case,
the first solution gets discarded from L7 (b) and the scan continues; in the negative
case, the scan terminates. In other words we can add the following instruction at
the end of the CLEAN procedure (Algorithm 7):

while [S| > 2 and egpy) — ego) > d7((0,0,...,0)) - (psj) — Psp))
do ropr S|0]

Note that d7((0,0,...,0)) = > .c 7 te  [Ticc(e)—7(1 — pi(0)) can be calculated
in O(n) time for each clade 7.

Returning to the example in figure 5.3.1, with the additional assumption that
T = Ty, it is clear that solutions x¢ and x; in L (2) satisfy the assumptions of
Proposition 5.3.12, and therefore x¢ should be discarded:
€1 — € 0.95
:7:19>d£ 07070 :1.
po—p1  0.05 (( )
This also shows that the path above the root of £ should have at least length 19 in

order for x¢ to be kept in Lz (2).

As for the other solutions in this example, straightforward application of Propo-
sition 5.3.12 shows that only one solution need be kept in Lz (1), and two in Lp(2)
(see fig. 5.3.2). The reduced number of solutions in these sets implies that when we
combine these sets with those for clade R, a smaller number of solutions for clade 7°
are generated: only two in L7 (1) and four in L7(2). Note that, because of the new
cleaning idea, sometimes L7 (b) fails to contain any solution lying in some vertex of
CH7(b) (this happens here for the top vertex of CH(1)). This is not a problem as
the solutions that are not derived would have been discarded anyway by application
of Proposition 5.3.12.

Returning to the theory, I note that an additional criterion to discard solutions
from L (b) may be devised by deriving a lower bound (instead of an upper bound)
to the endangered portion dr(y), leading to potentially discarding solutions x whose
Px is too small to guarantee sufficient protection of the path above their clade (this
will only happen when such lower bound is large). I have not fully explored this
possibility yet. Computational experiments show that the efficiency gains allowed
by Proposition 5.3.12 are already substantial.
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FI1GURE 5.3.2. Effect of the new cleaning step on the execution of
the algorithm.
Points correspond to the solutions that the algorithm generates. Circled points
correspond to the solutions that are kept in the various L1 (b) after the new
cleaning step.
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5.4. Examples

A toy example illustrating the behaviour of the algorithm has already been pre-
sented in the previous section (see fig. 5.3.1).

Figure 5.4.1 describes an instance of the GNAP with relevance to the conservation
of lemurs in Madagascar. It is the natural successor of the examples in figures 2.8.1,
3.7.1, 4.4.1 which were instances of MAXPD, BMAXPD and of the a; —> 1 NAP,
respectively. For each taxon i, we assume that its probability of extinction reduces

as an exponential function of its conservation expenditure. That is, we have that
pi(z) =1—(1—a;)e <,

where the various a; and ¢; are depicted to the side of their taxa (in circles and boxes,
respectively). All these functions are depicted in figure 5.4.2 as either coloured lines
(for taxa Aoc, Atr, Dma, Hau, Hsi, Iin, Vva_ru, Vva_va) or grey dashed lines. The
budget is assumed to be B = 19.

The optimal solution to this instance of the GNAP was calculated with a program
I describe and experiment with in the next section. This solution consist in spending

6 on Dma, 4 on lin, 3 on Atr, 2 on Vva_ru, and 1 on Aoc, Vva_va, Hau and Hsi (and
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F1GURE 5.4.1. An instance of the GNAP relevant to the conservation

of Madagascar lemurs.
The phylogenetic tree is the same as in fig. 2.8.1. The budget is B = 19. The
survival probability of taxon %, assuming expenditure x on %, is defined by
pi(z) =1— (1 —a;) exp(—z/¢;), where a; and ¢; are given as follows. For each
taxon ¢, the probability of survival a; (one of 5%, 25%, 50%, 75%, and 95%) if no
conservation action is taken is represented by the white area in the adjacent circle.
These probabilities are the same as in figure 4.4.1 (see the legend there for details).
Inside the boxes I indicate the “costs” ¢; of each taxon (the same as the ones in fig.
3.7.1), which here should be thought of as a measure of how expensive it is to
reduce the taxon’s risk of extinction. Spending ¢; on ¢ results in the same reduction
(about 63%) of extinction risk regardless of the taxon. Highlighted in gray are the
eight taxa towards which the optimal solution to this instance of the GNAP
distributes expenditures (see also figure 5.4.2). See the Appendix for the species
and subspecies corresponding to the taxon identifiers used here.
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0 on the remaining taxa). The eight taxa with non-zero expenditure in this solution
are highlighted in figure 5.4.1 and their survival probability curves are coloured in
figure 5.4.2.

Figure 5.4.2 also shows the optimal amount of spending assigned to each taxon.
In contrast with what happens for the versions of the NAP that I have presented in
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FIGURE 5.4.2. Survival probability functions in the instance of figure

5.4.1.
For each taxon ¢ in figure 5.4.1, its survival probability p;(z) =1 — (1 — a;)
exp(—xz/c;) is plotted. (Note that only integer expenditures are allowed by the
GNAP.) For the taxa that do not get assigned any expenditure in the optimal
solution to this instance, the plot consists of gray dashed lines. For the remaining
eight taxa, coloured solid lines are used. For each taxon, a small filled circle
indicates its optimal expenditure and resulting survival probability. For the taxa
with non-zero optimal expenditure, identifiers are shown to the sides of these
circles. Note that for many taxa (for example Dma, Iin and Vva_ va) the survival
probability functions coincide. This is why we do not observe 53 different curves.
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Expenditure

earlier chapters, which favour “extreme” solutions with expenditures either equal to
zero or to the maximum value allowed, here investment on a taxon stops as soon as
a certain threshold is reached. This fact is due to the concave shape of the survival
probability functions: had we used affine functions, we would have again observed

extreme solutions (see section 4.6).
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5.5. The algorithm’s efficiency and experiments

The most problematic aspect in the analysis of the algorithm that [ have pre-
sented here lies in the size of the Ly (b) sets. Although it is easy to see that these
sets cannot contain more solutions than the number of feasible solutions for 7 and

b, that is, <<|ZI)> _ (ITI +bb_ 1)’

where |7| denotes the the number of taxa in 7 and the ones in double parentheses
are multiset coefficients, practice suggests that, typically, |L7(b)| is much smaller
than that. In the second part of this section, I will present experiments which show
that in many realistic cases we can expect this number to be very small.

It is important to distinguish between the size that L7 (b) has before and after a
number of its solutions have been discarded thanks to the Graham’s scan described
in Algorithm 7 and the additional idea of section 5.3.3. For the purpose of analysing
the algorithm, it is sufficient to consider the second quantity. Let then L be an
upper bound to the number of solutions that remain in L7 (b) after the “cleaning of
dominated solutions” has taken place. We can imagine that L is some (unknown)
function of the input parameters n (the number of taxa) and B (the budget).

It is then easy to provide an asymptotic analysis of our algorithm: it consists of
the derivation of O(Bn) L7 (b) sets; the construction of each L7 (b) set requires that
we combine together O(b) pairs of other Lz/(i) sets (the innermost for loop in Algo-
rithm 6). Each combination can be done in O(L?) time, as at most L? pairs of solu-
tions must be combined and each combination can be done in constant time (provided
that solutions are represented as points); this results in O(bL?) points in L7 (b); since
it is easy to check that CLEAN(S) runs in O(]|S|log|S]) time, the construction and
subsequent “cleaning” of L7 (b) requires in total O(bL?+bL?log bL?) = O(bL?logbL)
time. Since this must be repeated O(Bn) times, the total running time of the algo-
rithm is O(B?nL?log BL).

The dominating factor for memory requirements is again the size of the stored
L7(b) sets. We already saw that the size of L7(b) before CLEAN is called is O(bL?).
Since at most one such “uncleaned” set must be stored at any given time, and the
storage of all cleaned Ly (b) requires O(BnL) space, the algorithm presented here
has a space complexity of O(BL? 4+ BnL).

Since all the asymptotic bounds I presented depend on L, which seems to be hard
to analyse theoretically, it remains to be seen whether the algorithm runs efficiently
in practice. I have therefore implemented the algorithm with a program called rats
(C++ sources and documentation available online at http://www.ebi.ac.uk/ gold-
man /rats/) and practice shows that its performance is acceptable for many randomly-
generated instances of the GNAP. The rest of this section provides support for this

claim.
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TABLE 1. Average (£s.d.) time and memory requirements of rats
over 2000 random instances of GNAP of size n.

n  CPU time (s) memory (MB) max|Ly(b)| max|Ly(b)]

200 0.47=£0.02 24 0* 95.5+27 3.38£0.65
500  5.50 £0.05 2+ 0* 123 £ 30 3.94 + 0.66
1000  40.3£0.33 335 £ 959 143 £ 33 4.32 +0.64
2000 314+ 3.4 1394 + 30 168 £ 36 4.74 £ 0.68
5000 4751 £ 37 9029 + 12 200 £ 39 5.30+£0.70

*. these results are probably artefacts of the resource usage reporting system.

In the absence of a clear understanding of what constitutes a “typical” instance
of the GNAP, I have chosen a deliberately simple simulation framework (in fact, the
simplest I could think of). For each n in {200, 500, 1000, 2000, 5000}, 2000 instances
of the GNAP were each constructed in the following way:

e a tree on n taxa was generated according to a Yule-Harding model [Yul24,
Har71, SS03| with exponentially-distributed branch lengths; the program
PDA [MKvHO0G6| was used for this task;

e the budget was set to B = 2n;

e for each taxon ¢ € {1,2,...,n}, arandom “cost” ¢; was generated according
to a Poisson distribution with expectation 10, and two random probabilities
of survival were generated following a uniform distribution in the interval
[0,1]; call a; and b; the smaller and the larger of these, respectively; the
probability of survival of taxon i, given expenditure xz € {0,1,...,B} is
then defined by:

pil) = a; +x(b; — a;)/c; ?f z < ¢,
b; if x > ¢;.
Note that the choice of this particular form for the survival probability

functions makes these instances particular cases of a discretised version of
Weitzman’s NAP (discussed in sec. 4.6).

The program rats was run with each of these instances in input, on machines with
Intel Xeon L5420 / 2.50 GHz processors and 32 GB memory. A few parameters
describing the used resources were recorded.

Table 1 shows, for each n, the average and standard deviation (over the 2000
instances) of four such parameters: (1) the CPU time employed to reach termination,
(2) the amount of memory used, (3) the maximum number of points stored in any
L1 (b), which I denote by max |L7(b)|, and (4) the maximum number of points stored
in any L7 (b) after the cleaning of dominated solutions has taken place, which I denote
by max |L%-(b)|. Note that max |L7(b)| and max |L’-(b)| refer to a single execution
of rats, so that the numbers indicated in these columns are averages (£s.d.) over

2000 maxima.
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The first and most important thing to note about these results is that the ap-
proach I described in this chapter does indeed work for instances of large size (thou-
sands of taxa). A possible concern is that the sizes of the L7 (b) sets may grow too
quickly, making the program inefficient even for moderate values of n. This does not
happen for any of the instances I generated. Although this may still happen for in-
stances constructed in a different way, these experiments show that for many realistic
instances the algorithm runs rather efficiently. The main concern with the current
implementation is the amount of memory used (9GB with 5000 taxa), something
that could be important to address with future improvements of the code.

Second, if we treat L as a constant, because we have here B = 2n = O(n),
the analyses above predict that rats should run in O(n®logn) time and O(n?)
space (in fact, it would be more precise to write ©(n3logn) time and ©(n?); see
[CLRSO01], sec. 3.1). The first two columns in Table 1 are largely consistent with
these predictions, as each time n doubles, times get approximately multiplied by a
factor of 8 and memory usages by a factor of 4 (ignoring the first two results in the
second column, which are clearly artefactual).

Third, the growth of max |L7(b)| and max|L%-(b)| is surprisingly slow. This is
very good news and it is what allows the algorithm to run efficiently. It seems that
these numbers grow less than linearly with n, which may indicate that, for data
generated in the way I described, on average L also grows less than linearly with n
or that it is a constant. (The fact that these maxima increase with n may simply be
due to the fact that they are maxima over a growing sample of numbers.)

Fourth, the standard deviations of the resource usages are extremely small. This
is perhaps not surprising: the only elements of randomness in the execution of rats
are the sizes of the L’/(b) sets. If these sets always had the same size, then every
execution of rats should require the same amount of time and memory (also because
I ran rats on identical machines). Since in our experiments |L’-(b)| is always of the
order of the units, it is not surprising that resource usages vary so little.

It remains, however, to be established whether other realistic instances of the
GNAP may cause the L7 (b) sets to have larger sizes than the ones observed in my
experiments (and therefore cause much more variable behaviours of rats). The sim-
ulation framework I adopted here probably samples a narrow portion of the scenarios
one may encounter in practice. Probably the most limiting factor in my simulations
is represented by the survival probability functions, which are here assumed to grow
linearly in the conservation expenditures. The GNAP allows much more general
cost-benefit relationships than linear ones (as shown in sec. 5.4) and the algorithm
may have a somewhat different behaviour when other relationships are assumed.
However, it is still interesting to investigate the performance of our algorithm on
instances assuming linear cost-benefit relationships, as these are discretised versions
of the classical Noah’s Ark problem by M.Weitzman [Wei98].
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5.6. Related and future work

The choice of the name “generalised Noah’s Ark problem” for the problem pre-
sented in this chapter was motivated by its use by Hartmann and Steel [HS06], who
show cases where a greedy algorithm is guaranteed an optimal solution. In addition
to the cases I have already discussed (sec. 4.8), they also show the greedy tractability

of the scenario where the survival probabilities are given by:
(5.6.1) pi(z) =1—(1—a;)e .

Note that this does not allow taxon-specific rates of convergence 1/c¢;, and so the
instance of section 5.4 is not a particular case of this scenario.

What both the functions in (5.6.1) and the ones in section 5.4 are particular
cases of is the class of functions p;(x) such that log(1 — p;(z)) is convex. This class
is interesting, because apart from being reasonably realistic (see fig. 5.4.2), it also
makes the continuous version of the GNAP solvable with standard techniques of
convex optimisation. For this observation I am indebted to Tim Massingham. In

brief, the objective function of the GNAP can be expressed as:

Efp|x] = Zt — ] (0= pilz))

1€Cle)

If we assume that the various log(1 — p;(z)) are convex, then so is their sum:

> log(1—pi(x) =log J] (1= pi(:)

1€Cle) 1€Cle)

But if the logarithm of a function is convex then also that function is convex. There-

fore [ [;ec(e) (1 — pi(2:)) is convex and its opposite

1= ] (1= piz)
1€C(e)

is concave. Since the linear combination of concave functions is concave, we conclude
that the objective function of the GNAP is concave. The continuous version of
the GNAP therefore consists of maximising a concave function over the convex set
{x: for every i, ; > 0 and ), x; < B}. For such optimisation problems, any local
maximum of the objective function is a global maximum and it can be found with
standard techniques. It will be interesting to investigate whether this observation
has any implication on the applicability of greedy algorithms to the discrete version
of the GNAP.

Finally, I note that an algorithm with some similarities to the one I present here
has recently (and independently) been published [HCMZO08|. However, it deals
with the a; = b; NAP and it produces an approximate solution within any desired
factor from optimal. Unlike the algorithm presented here, theoretically-guaranteed

polynomial bounds to its running time are provided.
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Future work on the algorithm for the GNAP presented in this chapter will involve
experiments on instances of the GNAP simulated with different frameworks from
the one I have used here. In particular, the simulations I have used do not exploit
the full power of the GNAP to express arbitrary relationships between conservation
expenditure and survival probability. This is an important feature, as it allows
incorporation of more realistic models for this relationship (see [SMGT03| for a
discussion of three such models). Experimenting with a wider range of (and more
complex) survival probability functions would provide a better understanding of the
limits of applicability of rats.



CHAPTER 6

Balanced minimum evolution as a criterion for tree

reconstruction

6.1. BME: fast and accurate distance-based tree reconstruction

From this chapter onwards, I will deal with a more basic problem, the most
central one in phylogenetics: how to infer the phylogenetic tree of a group of taxa,
based on their characteristics. Among the many algorithms developed for this task,
distance methods infer a tree based on a matrix of distances between each pair of
taxa. From the user’s perspective, their main characteristic is speed of execution;
therefore they are used whenever this aspect is of critical importance (e.g., with many
taxa, or when many trees have to be reconstructed). The distances between taxa
can be estimated both from morphological and from molecular data, with various
techniques which I will not discuss here. This chapter will instead introduce and
review a recently proposed criterion for reconstructing a phylogenetic tree given an
already estimated distance matrix: balanced minimum evolution (BME). Although
some new results will be presented, this chapter mainly serves as an introduction
to my work on the algorithmics of this criterion, which is the subject of the next
chapter.

BME is a particular type of minimum evolution (ME) tree reconstruction. An
overview of distance methods with particular emphasis on ME is given in section 6.2,
which also introduces the formalisms used throughout this chapter. The distinctive
aspect of BME is that it is based on a succinct formula As(7") for estimating the
total branch length of a tree based on its topology T’ and the given distance matrix 8.
This formula, the motivations behind its introduction and its capacity to discriminate
between the correct and incorrect trees are the subject of section 6.3. BME aims to
reconstruct the tree 7' that minimises Ag(T"), the balanced length of T

Recent interest in BME is due to both theoretical and practical reasons. Some of
the most basic theoretical properties of the balanced length are shown in section 6.4
(for the first time, I believe). More importantly, BME sheds light on one of the most
popular distance methods, neighbor-joining (NJ): recently, it was shown that NJ
can be viewed as a greedy algorithm aiming to minimise the balanced length Ag(T).
This result is reviewed in detail in section 6.5. Furthermore, section 6.6 proves that
if the distances in é are within a simple “safety radius” of the correct distances, then
the BME-optimal tree coincides with the correct one — the main novel result of this

chapter.
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On the practical side, it is interesting to note that the balanced length formula
was initially proposed as a computationally fast approach to approximate a more
traditional ME method. Later it turned out that using this formula not only speeds
up computation (even with respect to NJ), but also leads to tree reconstructions that
are among the most accurate for distance methods. These practical advantages are
described in section 6.7.

Finally, section 6.8 discusses other known properties of BME and some related
problems that still need to be solved.

6.2. Distance methods and minimum evolution

All distance methods for tree reconstruction have as input an n X n symmetric
distance matriz 6 = (8;5), where {1,2,...,n} are the taxa under consideration and
0;; is the distance between taxa ¢ and j. The only constraints on this matrix are
that, for every ¢,5 € {1,2,...,n}, d;; = d; and that d;; = 0.

These distances can be estimated with all kinds of methods, differing both in the
nature of the data they use (DNA, protein sequences, morphological features etc.)
and in the actual estimation techniques they use (see, e.g., |[Fel03]|, Ch.’s 11, 13, 23).
I will not describe these methods, as here I am uniquely concerned in the process of
reconstructing a tree starting from a distance matrix d. Nevertheless, it is important
to note that the data used to estimate the distances is often seen as the end-product
of a random process along the branches of an unknown tree 7 with branch lengths.
This means that the distances in & should be treated as estimates of the distances
between taxa on this unknown tree.

In order to make this more precise, recall that I will use calligraphic fonts such as
T and W to indicate trees with lengths associated with their branches, and normal
fonts such as 7" and W to indicate tree topologies (see Chapter 1). Given a tree with
branch lengths, 7, and two of its taxa ¢ and j, the distance between i and j on 7 is
defined as the sum of the lengths of the branches in the path between ¢ and j in 7.
This is denoted by dz; The n X n matrix containing these distances is denoted by
d”. For example, figure 6.3.2 shows a tree 7 and its corresponding distances d”.

We can therefore assume that d is an estimate of (and hopefully approximates)
d7, for some unknown tree 7. The central question that distance methods address
then is: can we reconstruct 7 from 67 With a few exceptions, distance methods can
be described by specifying two independent components: (1) a way to fit the branch
lengths of any given topology 7" to the given distance matrix 4, and (2) a criterion
to choose among the trees generated by step (1) (which have different topologies).

Component (1) is aimed at producing a tree 7 with the specified topology 7" so
that the distances on 7, d7, are as “close” as possible to those in the input matrix 8.
Different methods differ by how they define “closeness” between distance matrices:
for example, ordinary least squares (OLS) assigns branch lengths so that the sum
> (i — dZ-Tj)2 is minimised [CSE67|, whereas weighted least squares (WLS) aims
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to minimise a weighted version of that sum [FM67]. Note that most of the proposed
methods do not constrain branch lengths to be positive.

As for component (2), some distance methods use the same criterion used to
define closeness in step (1) and look for the tree topology that, once assigned branch
lengths, produces the tree 7 with the “closest” d to the input matrix . Minimum
evolution (ME) uses a different criterion, the length of 7, defined here as the sum
of all its branches’ lengths [RN92]. (Note that, although other definitions have
been proposed to deal with negative branch lengths [KSZ71, SOWH96, GBDO01],
this sum may include negative terms.) ME aims to reconstruct the topology that,
once assigned branch lengths with step (1), produces the tree of minimum length
[KSZ71, RN92|.

Different ME methods thus differ essentially in component (1) — the way they
fit branch lengths — and any of the existing methods for this task can be used. For
example we may use OLS to assign branch lengths to any topology we consider and
seek the topology that produces the shortest tree; we may call this method OLSME.
In the same way, we may call WLSME the combination of WLS for (1) and ME for
(2).

So what method does BME use for fitting the branch lengths in a topology? One
possible answer is that it uses a “balanced” scheme derived from the formulae for
OLS branch length estimation (sec. 6.3.1). Alternatively, one can think of BME as a
method that skips step (1) altogether (sec. 6.3.2). This is explained in detail in the

next section.

6.3. Balanced tree length estimation: Pauplin’s formula

The central aspect of BME is that it is based on a formula for estimating the
length of a tree without explicitly estimating the lengths of its branches. In the sim-
plest case, when the tree is bifurcating, this formula has the following form [Pau00]:

(63.1) As(T) = Y 5

i<j
where i and j are taxon indices in {1,2,...,n} and where b;; denotes the number of
branches on the path from ¢ to j in 7. The é subscript will sometimes be dropped
from the As(T) notation when not needed. Equation (6.3.1) is known as Pauplin’s
formula [Pau00|.

The next two subsections present two logically different ways of deriving Pauplin’s
formula. Although these have been shown elsewhere [Pau00, SS04], I give a personal
account of these derivations and the motivations behind them.

Subsection 6.3.1 will present the original way (6.3.1) was introduced: if we es-
timate branch lengths with a simple modification of the analytical formulae for the
OLS branch lengths [Vac89, RN93|, then the total tree length is equal to the
value in (6.3.1). In fact, this formula was first proposed by Pauplin [Pau00| as a
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F1GURE 6.3.1. Clades involved in the estimation of the length of
branch e.

(a) \

fast method to calculate an approximation to the OLS tree length, one that skips
altogether the estimation of each individual branch length.

Subsection 6.3.2 shows that Pauplin’s formula can also be obtained as the average
of many “circular estimates” of the tree length. This can be generalised to trees
containing multifurcations, leading to a generalisation of (6.3.1) [SS04]. In this
framework, it is also easy to prove that the tree that minimises Pauplin’s formula
coincides with the correct tree 7, provided that ¢ is sufficiently close to d7 [DGO04,
DGO05|. This result — a stronger version of which is proven in section 6.6 — can be

seen as the main theoretical justification for BME tree reconstruction.

6.3.1. Derivation from the formulae for OLS branch lengths. Vach [Vac89|
and Rzhetzky and Nei [RN93] showed that OLS branch length estimation — i.e., the
problem of finding the assignment to the branches of a tree 7 with a fixed topology
so that Zij (035 — dZJ—-)2 is minimised — can be done using relatively simple analytical
formulae. These are based on a definition of average distance between clades: in
this chapter, let a clade in a tree topology T be defined as any set of taxa lying
on one side of a branch in T'; then 0%y, where X and Y are clades, denotes the
expected distance between a random taxon chosen uniformly from X and one chosen
uniformly from Y, that is

= 20
jey
Using this definition, the OLS estimate of the length of a branch e in a bifurcating

topology can be expressed as

7 1 u U U
(6.3.2) te = 5((5A{i} + 6B{i} —04B),
if e is terminal and connects taxon i to clades A and B (see fig. 6.3.1(a)) or as
n 1 U U U U U U
(6.3.3) te = 5 [a(d4c +0pp) + (1 —a)(04p + 05c) — (04p + d¢p)]

2



6.3. BALANCED TREE LENGTH ESTIMATION: PAUPLIN’S FORMULA 116

if e is an internal branch and connects clades A and B on one side to clades C' and
D on the other side (see fig. 6.3.1(b)); « is a factor between 0 and 1 suitably defined
on the basis of the relative sizes of A, B,C and D (not shown here), and it equals %
when |A| = |B| or |C| = |D|.

Estimating the length of a branch using (6.3.2) and (6.3.3) requires O(n?) time,
and therefore the calculation of the total length of the tree can be done in O(n?)
time' [RIN93]. Pauplin’s idea was that a slight modification of these formulae —
giving approximately (but not exactly) the same branch length estimates — allows
the sum of all the branch length estimates to be calculated using the simple formula
given in (6.3.1) |[Pau00|. This brings down the time for estimating the total tree
length from O(n3) to O(n?). Only later was it found that not only is this approach
potentially faster than OLS tree length estimation, but also it allows more accurate
reconstructions of the tree topology (see sec. 6.7). I will now show the modifications
proposed by Pauplin, and the way they lead to (6.3.1).

The main difference between the estimates in (6.3.2) and (6.3.3) and those pro-
posed by Pauplin is that the latter use a different, “balanced”, definition of average
distance between clades: in a bifurcating tree, a clade X can be naturally decom-
posed into two other clades X; and X5 so that X = X; U Xs; the balanced idea
consists of making sure that the average distance of X from any other clade Y is
equal to the mean between the average distances of X; and X2 from Y. In other
words the balanced average distance dxy (note that this is written without super-
script, to distinguish it from 6%-) is now defined so that this holds:

1
(6.3.4) oxy = 5(5X1Y +0x,7)-

This can be achieved by defining §xy again as the expected distance between two
taxa chosen randomly from X and Y'; however, whereas for 0%y  the taxa are drawn
uniformly (hence the use of the superscript), here each taxon is chosen from its clade
in the following way: imagine a random walk that starts from the root of the clade
(i.e., the root of the restriction of the input tree on the clade; see Def. 2.5.1) and then
goes towards the leaves so that, each time a new node is entered, the walk continues
along a uniformly chosen branch among the ones attached to that node (excluding
the branch used to enter the node). Clearly this walk will end up in a leaf of the

tree, and the corresponding taxon is the chosen one. For bifurcating trees we then

have:
1 1 1
(6:3.5) Oxy = ZX 2bix 9bjy % = ZX 2bij—bxy 0ijs
jex jev

IThis assumes a naive algorithm for the calculation of (6.3.2) and (6.3.3). Following Rzhetzky and
Nei [RN93], other authors proposed faster algorithms that allow calculation of t for all branches
in O(n?) time [Gas97b, BW98, MPO0S].
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where b;x, bjy and byy denote the number of branches between the root of clade
X and taxon i, between the root of Y and j and between the roots of X and Y,
respectively. Intuitively, whereas d%, is an unweighted average of the various d;;
for : € X and j € Y, in dxy the distances between taxa that are separated by few
branches get large weights, whereas those between more topologically distant taxa
get smaller weights. Giving different weights to different distances has a statistical
rationale: as I have already observed, the various d;; can be seen as estimates of
the correct distances dz-Tj on the correct tree; however we can expect that some of
these estimates will be more precise than others and therefore we should give higher
weights to the estimates that we consider more precise. The implicit assumption
in the balanced average distances above is that the precision of the distances d;;
decreases as we increase the number of branches b;; between ¢ and j.

If we use dxy instead of 8%y in (6.3.2) and (6.3.3) and if we set & = 1/2, in line
with the principle of balancedness, then the formulae for estimating branch lengths

in a bifurcating topology become

. 1
(6.3.6) te = 5(514{,} + 5B{i} — 5,43),
and
. 1 1
(6.3.7) te = 1(6A0+5BD+5AD+6BC)— 5(5AB+5CD).

The observation that motivates the introduction of these new estimates is that

adding them all together precisely leads to Pauplin’s formula:

Yi=Y %5
e i<j

This can be shown by noting that, for each pair of taxa ¢ < j, the term 2%%5@-
appears in the sum above b;; times with a positive sign (once for each t. with e on
the path between ¢ and j) and b;; — 1 times with a negative sign (once for each te
with e incident — but not belonging — to the path between i and j) (see [Pau00| for
more detail). Note that normally the branch length estimates obtained with (6.3.6)
and (6.3.7) are not equal to the OLS estimates, and therefore also the total tree
length is different.

There is however an important property that the balanced branch length esti-
mates given by (6.3.6) and (6.3.7) share with the OLS estimates: if the distances in
8 = (0;j) coincide with those on a tree 7, then the estimates f. for the branches of
T also coincide with their correct values t. — this is an important requirement as,
typically, the distances § approximate those for the correct tree. In order to see this,
consider again the right-hand sides of (6.3.6) and (6.3.7): if we substitute A with
any taxon from A, B with any taxon from B, C' with any taxon from C' and D with
any taxon from D, then it is easy to see that these formulae give the correct value
for t.. The right hand-sides of (6.3.6) and (6.3.7) — and similarly those of (6.3.2)
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and (6.3.3) — can then be seen as obtained by averaging over a large number of
formulae, each giving the correct length of e.

Another important observation regarding the balanced branch length estimates
— one that was noted only some time after their introduction — is that they coincide
with the WLS branch length estimates assuming weights proportional to 27% . In
other words, if we are given a bifurcating topology 1" and we seek the assignment of

branch lengths giving the tree 7 that minimises
(6.3.8) > 27b (s - df)?,
ij

then the solution to this problem is precisely given by the the formulae in (6.3.6)
and (6.3.7) [DG04, MPO08].

There are statistical reasons that may justify the use of exponential weights in
(6.3.8). Discussing them here would be outside the scope of this introduction to BME,
but the interested reader can consult Felsenstein’s textbook (|Fel03|, pp. 153-154)
for the general statistical meaning of weights in WLS and [DGO04] for a discussion of
the exponential weights in particular (see also [NSS85, NJ89, Bul91, BSHO00)).

6.3.2. Balanced tree length as an average of circular estimates. The fun-
damental question that needs to be addressed by every minimum evolution method
is: given a distance matrix § that approximates that of a tree of known topology T,
how can we estimate the length of this tree?

A very simple way to answer this question is to sum together the distances
between taxa that are consecutive when traversing 7" in a clockwise manner and
then taking half of the sum thus obtained. Consider the example in figure 6.3.2: the
clockwise traversal of T' leads to visiting the taxa in the order o = (1,2,3,4,5), and

therefore to the following length estimate:
1
A5(O) = 5(512 + 093 + 034 + Ou5 + 551).

The reason why this works is that if § = d” for some tree 7 with topology T (as
assumed in fig. 6.3.2), then 12 equals the sum of the lengths of the branches in the
path between taxa 1 and 2, do3 equals the sum of the lengths of the branches in the
path between 2 and 3, and so on, down to d51, which equals the sum of the lengths of
the branches in the path between 5 and 1. It is easy to see that each branch belongs
to exactly two of these paths and thus its length is counted twice in the sum above.
Therefore, taking half of the sum precisely gives the length of 7, and this should
still be approximately true if 8 only approximates d”.

It is important to note that the formula above depends on the particular way
one chooses to draw the tree topology. If in figure 6.3.2 we swap taxa 4 and 5
in T', the topology remains the same but the taxon order obtained with a clockwise
traversal is now o’ = (1,2, 3,5,4), leading to a different tree length estimator Ag(o') =
(512 + 093 + 035 + 054 + (541)/2.
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FIGURE 6.3.2. A tree T and its corresponding distance matrix d7.
Two alternative topologies 7' and W, their circular orderings and
resulting tree length estimates assuming é = d7.
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To generalise the arguments above, consider all the possible permutations of taxa
that can be obtained by drawing 7" on the plane and then traversing the tree in a
clockwise manner; these are also known as the circular orderings for T' (see [SS03]
for a formal definition). Any circular ordering o = (0(1),0(2),...,0(n)) gives rise to

a circular estimate for the tree length:

1 n
As(0) = 5 > boi) oit1)s
p

where I adopt the convention that o(n 4+ 1) = o(1). Note that the circular estimate

above is defined more generally for any permutation o of the taxa indexing §. As
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already observed for the case in figure 6.3.2, the following proposition (first proved
by Semple and Steel [SS04]|) holds:

PROPOSITION 6.3.1. If § = d” for some tree T and if o is a circular ordering
for T, then As(o) is equal to the length of T .

PROOF. For each branch e in 7, at least one of the two clades on its sides —
call them C(e) and D(e) — must be of the form {o(:),0(i + 1),...,0(5 — 1),0(j)},
with 1 < i < j < n. Consider all the n paths in 7 between consecutive taxa in o
(including the path between o(n) and o(1)): two of these paths link C'(e) to D(e) —
the one between o(i—1) and o(¢) and the one between o(j) and o(j+1) — whereas all
the other paths are internal to one of the two clades. Therefore branch e belongs to
exactly two of these paths and its length is counted twice in the sum ), do(i),0(i+1):
once in do(;_1),0(;) and once in dy(j) o(j+1)- Since this is true for every branch in 7,
taking half of this sum therefore gives the length of 7. ]

Figure 6.3.2 shows all the eight circular orderings for the correct topology and for
an alternative topology. For each of these orderings, the value of the corresponding
As(o) is also shown. As just proved, the Ag(o) for the circular orderings of the
correct topology 7' all give the correct tree length. On the other hand, some of the
As(o) for the alternative topology W overestimate the tree length. To understand
why this happens, consider the first circular ordering listed for W: o” = (1,2,4,3,5).
The circular estimate for this ordering is Ag(0”) = (812 + 24 + 043 + 35 + 051)/2
(= 13.0). Because 6 = d7, this corresponds to summing the lengths of the paths in
T between taxa that are consecutive in 0”; in figure 6.3.2 these paths are indicated by
the coloured dotted lines to the sides of the branches of 7. By observing these paths,
it is clear that branch e belongs to four of them and therefore its length is counted
twice in Ag(0"), instead of just once: in fact Ag(0”) is greater than the correct tree
length by precisely the length of e (3.0). In general, we have that: [SS04|

PROPOSITION 6.3.2. If 6 = d” for some tree T and if the permutation o of the
taza in T is not a circular ordering for T, then As(o0) is greater than the length of
T by at least the length of the shortest interior branch in T .

PRrROOF. Using similar arguments to those in the proof of Proposition 6.3.1, it
is not difficult to show that if o is not a circular ordering for 7, then some of 7’s
internal branches belong to four or more of the paths between consecutive taxa in
o (in any case an even number). Therefore the length of these branches is counted

more than once in As(0). O

This observation is very relevant to a question that is more general than the one I
opened this section with: given a distance matrix § that approximates that of a tree 7-
of unknown topology T*, how can we identify T*7 Assume that 7™ is bifurcating and,
for the moment, that § = d7 (as in fig. 6.3.2). Then the only topology whose circular
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orderings give all the correct estimate Ag(0) for the tree length is the correct topology
T*. Any other topology will have some circular orderings that are not circular
orderings for 7™, and therefore will give an overestimate of the correct tree length
(this will be proved in detail in the proof of Theorem 6.3.3). Even without knowing
the correct tree length, in principle it is then possible to identify the correct topology:
it is the one whose circular orderings consistently give the smallest estimates Ag(0)
for the tree length. If & is sufficiently close to d7, for reasons of continuity, this
should still hold.

However, calculating all the circular estimates As(0) is computationally infeasi-
ble. An alternative would be to calculate, for any given topology T, the average of
the As(o) values across all the circular orderings of T'. It turns out that it is possible
to do this efficiently, without the need for calculating separately a large number of
As(0). T will now define a distribution over all the circular orderings for 7', so that
the expectation of Ag(0) is well-defined. Imagine drawing 7" on the plane in the fol-
lowing random way: draw an internal node v and then draw around it all its incident
branches in T so that their clockwise order around u is chosen uniformly at random
among all possible orders; then iterate this procedure on all the internal nodes at the
other extremes of the branches just drawn. At the end of this procedure, the entire
tree has been drawn and a clockwise traversal of all the leaves identifies a circular
ordering for 7. This random procedure defines a distribution over all the circular
orderings for T'. It is possible to show that this distribution is simply uniform, but
I will not need this observation in what follows.

Let us now see how to efficiently compute the expectation of Ag(o) where o is
a circular ordering for T' constructed randomly with the procedure described above.
First, note that

E[As(0)] = Plo] - As(o) = IP’O-1 0;:1[7 follows 7 in o],
a(0) = 3 Plol-Ast0)= 32 Bl Dl |
where O(T') denotes the set of all circular orderings for 7' and I[j follows ¢ in 0]
equals 1 or 0 depending on whether j follows ¢ in o or not, respectively. Note that “j
follows ¢ in 0” whenever there is k € {1,2,...,n} such that o(k) =i and o(k+1) = j
(remember that I adopt the convention that o(n+ 1) = o(1)). Inverting the order of

the summations, one obtains

E[As(0)] = ;Z ij Z Plo]-I[j follows i in o] = ;Z d;jP[o such that j follows
(i,j)  0€O(T) (4,9)
Let us now look more closely at the probability that o is such that j follows ¢ in it.
Let (v1 = 4,v2,...,Vp,;,Vp;;+1 = j) be the sequence of nodes in 7" in the path between
7 and j. The condition that j follows ¢ in o can be restated by imposing that, in the
random drawing of 7" that gives rise to o, for every internal node v; (i € {2,...,b;;}),
vi4+1 immediately follows v;—1 in a clockwise visit of all the nodes that are linked
to v;. Considering the random way the drawing is done, the probability that this

iin o].
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condition is satisfied for a given v; is 1/(deg(v;) — 1), where deg(v) denotes the degree
of v, i.e., the number of branches that are attached to it. Therefore,

1
P[o such that j follows i in o] = H doalo) 1

where P;;(T) = {v2,...,vp,;} is the set of nodes internal to the path between 4 and
7 in T'. Finally,

ElAs Zéw H _1 Z(SU H deg )—1

(4,9) vEP;; (T) <j veP;; (T

Note that the above formula is a generalisation of Pauplin’s formula: it reduces
to it when T is bifurcating, as in this case HvePij(T) (deg(v) — 1)~t = 210 Tt
is what I call the balanced length of T and it is the guiding criterion for balanced

minimum evolution tree reconstruction:

(6.3.9) => 6 ]I deg T

1<j veP;; (T

This formula was first derived (in a slightly different way) by Semple and Steel
[SS04]. It has several advantages compared to the circular estimates introduced
above. One is that it does not depend on a particular way of drawing the topol-
ogy T'— as I just showed, it coincides with the mean of the circular estimates over
all possible ways of drawing 7. Another advantage is that whereas a single circu-
lar estimate does not necessarily discriminate between the correct and an incorrect

topology, As(T') does have this property:

THEOREM 6.3.3. If 8 is sufficiently close to A7 for some tree T with positive
branch lengths and with a bifurcating topology T, then As(W) > As(T™*) for every
“incorrect” topology W # T* on the same set of taza.?

This was first proved by Desper and Gascuel in 2004 [DG04|, who gave the main
ideas for a simpler proof in 2005 [DGO05|. Below I give my version of this simpler
proof.

PROOF. Let us first consider the case § = d”. I will first show that Agr (W) >
Agr (T™).

Since T is fully resolved and W # T there must be in T™ at least one branch
e that separates two clades of T*, C'(e) and D(e), which are not clades in W. Since
these are clades of T, every circular ordering o for T* must be such that one of
these clades, say C(e), can be expressed as C(e) = {o(i),0(i+1),...,0(j —1),0(5)},
with 1 <4 < j < n. On the other hand, since C(e) and D(e) are not clades of W,
it is possible to draw W so that these two sets of taxa are interleaved. That is, it is
21 require the correct topology T to be bifurcating because otherwise it is not difficult to see
that if W # T™ is obtained by resolving some of the multifurcations in 7™ then we would have

As(W) = As(T™). An alternative approach would be to drop the requirement that 7" be bifurcating
and define “incorrect topologies” as those that cannot be obtained by refining multifurcations in 7.
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possible to find a circular ordering o' for W such that neither C'(e) nor D(e) can be
expressed as {0/(i),0' (i + 1),...,0'(j —1),0'(j)}. Therefore o’ cannot be a circular
ordering of T™.

This proves that there is at least one circular ordering o’ for W that is not a
circular ordering for the correct topology 7. Applying Proposition 6.3.2 with § =
d7, and noting that branch lengths in 7 are positive, we have that Agr (o') > L(7T),
where L(7) denotes the length of 7. Since Agr (W) equals the mean of many Ag7 (o)
terms — each of which is either equal to L(7) (Prop. 6.3.1), or greater than L(7)
(Prop. 6.3.2) — and since for at least one of these Agr(0) > L(7), we have that
Agr (W) > L(T).

Now consider Ag7 (T™*). Since Agr (T*) = E[Aq7 (0)] where o is a random circular
ordering for T*, and since for any of these circular orderings Ag7 (o) = L(7) (Prop.
6.3.1), we have that Agr(T*) = L(7), which concludes the proof of Agr (W) >
Agr (T7).

Finally, note that As(7™") and As(W) are continuous functions in 4. Because
of that and since Ag(W) > As(T*) for § = d7, the same must still hold in a
neighbourhood of d7 (i.e., for & “sufficiently close” to d7). This is true for each
incorrect topology W, each with its own neighbourhood of d7 in which As(W) >
As(T*). More strongly, As(T*) is smaller than all the values for As(WW) in the
intersection of all these neighbourhoods, which (since these neighborhoods are finite

in number) is itself a neighbourhood of d7. t

The topology with the smallest balanced length among all possible topologies is
called the BME topology. Theorem 6.3.3 shows that the BME topology coincides
with the correct topology, provided that d is sufficiently close to the correct distance
matrix d?. As the amount of data used for estimating & gets larger and larger, if
the evolutionary model used in the estimation is correct, the probability that § falls
into the neighborhood of d?7 where the BME topology coincides with the correct
topology tends to 1. In other, more technical words, this can be stated by saying
that BME is a consistent criterion for tree reconstruction (first proved by Desper
and Gascuel [DGO04)).

Theorem 6.3.3 can be made more precise, as it leaves unanswered the following
question: how close to dZ does 8 need to be in order for the BME topology to
be correct? This question will be addressed in section 6.6, where I give the first

derivation of a “safety radius” within which the correctness of BME is guaranteed.

6.4. Some mathematical facts on BME

In this section I will show a number of results that are both interesting in them-
selves and useful in the development of the theory around BME. To the best of my
knowledge, this is the first time they are published.
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The first result (Prop. 6.4.1 below) shows that if we view a tree T in terms
of a collection of clades that compose it, the balanced length formula As(T) can
be re-expressed in terms of the balanced length of these clades and of the average
distances between the clades. The notion of average distance between clades was
introduced in section 6.3.1 where, however, I was only dealing with bifurcating trees.
Recall that the average distance dxy between clades X and Y is defined as the
expected distance between two taxa chosen randomly from X and Y according to
random walks starting from the roots of these clades. For bifurcating trees dxy is
simply given by the formula in (6.3.5). For a general tree T, possibly containing
multifurcations, it is easy to see that the following holds:

1
dxy = Z % H deg(v) — 1’
X vePy—Pxy
where P;; is as before (I drop the parenthesis from Pj;(7T) for simplicity) and Pxy
denotes the set of nodes internal to the path between the root of X and the root of
Y.

In the following proposition, and in what follows, I drop the subscript d from
As(T) when the distance matrix can be inferred from the context. Also, if X is a
clade of T', I will denote by A(X) the balanced length formula restricted to X, i.e.,
the same as in (6.3.9), but with ¢ and j varying in X instead of the entire set of taxa
{1,2,...,n}. Note that, if | X| =1, then A(X) = 0.

PROPOSITION 6.4.1. Suppose the taza in a topology T can be partitioned into
X1, Xo, ..., X, where each X; is a clade of T'. Then

A(T)ZZA(Xh)+ Z 0, Xy, H deg(i)_l’
h=1

1<h<k<m VEPhy

where Py, is an abbreviation for Px, x, .

As an example, consider again the tree in figure 6.3.1(b): its taxa can be par-
titioned into clades A, B,C and D and so this proposition establishes that in this

case:
1 1 1 1 1 1
A(T) = A(A)+A(B)+A(C)+A(D)+ §5AB + §5CD + 15Ac + Z(SAD + 1530 + Z5BD-

In general, Proposition 6.4.1 asserts that the balanced length of a tree equals the
sum of the balanced lengths of its constituent clades plus a sum with the same form
as the balanced length formula (6.3.9):
1
A(T) = ;&] g Togo] 1"
except that the sum is now across clades instead of taxa: instead of having distances

between taxa d;;, we now have average distances between clades dx, x,; and the
paths between taxa P;; are now replaced by paths P between clades.
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PROOF. Decompose the sum for A(7T") between the terms where i and j are

internal to a clade and those where ¢ and j are in different clades:

m
1 1
ANT) = 0ii N — Oii _.
) ZZ “ H deg(v) — 1 + Z Z “ H deg(v) — 1
h=1 i.j€X}p vEP;; 1<h<k<m i€Xp vEP;;
1<J JEXE
The first part of this expression is simply the sum of the clades’ balanced lengths,
and the second part can be simplified by decomposing FP;; into Py and P;j — Ppy:

1 1
ANT) = AX - L
@ = YA+ > > (6 [] Toalo) 1 I1 Tealo] 1
h 1<h<k<m ?Exh vEPy 'Uepij—Phk
jEXk
- 2 AN+ D Hdeg@_l 20 ]l deg<3>—1
h 1<h<k<m \vE€Pp lii((h vEP;j— Py,
J k

1
= zh:A(Xh) + Z H W O, X,

1<h<k<m \vEPpi

Another way of viewing Proposition 6.4.1 is to imagine that each clade X; is
collapsed into a single taxon, thus giving rise to a new topology 7’, and that the
distance matrix is replaced with &', the matrix of the average distances between

clades (i.e., 6, = 0x, x, ). Proposition 6.4.1 is then equivalent to stating

A5(T) = 37 As(Xp) + Ag (T').
h

In order to prove the next result, I need to introduce a new concept: given a
multifurcating topology T, the topology T" is an agglomeration of T if T can be
obtained from 7' by partially resolving one of its multifurcations in the following
way: let u be the node in T at the centre of a multifurcation and let X1, Xs,..., Xy
be the clades connected to u; the agglomeration of X and X in T (1 < h # k < m)
is obtained by deleting the two branches that connect v to X and X} and replacing
them with a new node v connected to u, Xp and Xj. For example, in figure 6.4.1,
T12 is an agglomeration of T'.

Given the above definition, we have:

PROPOSITION 6.4.2. Let T' be multifurcating. Then A(T) equals the average of
the A(T") values across all T" that are agglomerations of T

PROOF. Assume for now that 7" has only one multifurcation at node u, which is
connected to m clades X1, Xo, ..., X;,. Let Thi denote the agglomeration of X} and
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FIGURE 6.4.1. An agglomeration 712 of a multifurcating topology 7.

Xk in T. By applying Proposition 6.4.1, we have that
(6.4.1) A(Thi) Z A(X.

+ 5Xth + Z 5XX + Z >5X x, + Z 2m = 5XiXk-
wé?,;k} ig¢{h, ’f} ig¢{h,k}

The sum of all these values is equal to

> A(Th) = (T;) S OAX) + D wibx,x;

h<k i i<j
where w;; is the sum of all the coefficients that dx,x; is multiplied for, as h and k
vary in (6.4.1). Note that when h =i and k = j, the coefficient of dx,x; is %; when
neither h nor k belongs to {i,j}, the coefficient is 1/(m — 2); when exactly one of h
and k belongs to {i,7}, the coefficient is 1/2(m — 2). Therefore, multiplying these
coefficients by the number of times they appear in »_, , A(Thi), we have that

1 m— 2 1 1 m
o= 1.= L 2 -2 = —.
Wi 2+( 2 ) m—2 T2m=2 oo < 3

Then the average of A(Tpx) across all agglomerations Ty is given by:

[ oA = DA 3 g b, = DA D0

h<k 7 1<J [ 1<J

5x,x;-

By applying Proposition 6.4.1, this is precisely equal to A(T).

If T has multiple multifurcations, let A,, where u is the node at the centre of a
multifurcation, be the average balanced length across all agglomerations of two clades
connected to u. It is easy to see that the average of A(T”), across all agglomerations
T’ is equal to a weighted average of the A, values. Because of the arguments above,

each A, value equals A(T') and therefore any of their weighted averages is itself equal
to A(T). O
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A stronger result than that in Proposition 6.4.2 would be to prove that the
balanced length estimate for any branch in T is the average of the balanced length
estimates for that branch in the various agglomerations of T. However I have not
given formulae for balanced branch length estimation in the general multifurcating
case, and Proposition 6.4.2 is all I need for the results that follow.

Recall that T is a BMFE topology if it has the minimum value of A(T") among all
possible topologies. Proposition 6.4.2 allows us to establish that, when searching for

BME topologies, it is sufficient to consider bifurcating trees:
COROLLARY 6.4.3. At least one BME topology is bifurcating.

PRrOOF. Let T be a BME topology. If T"is not bifurcating, Proposition 6.4.2 im-
plies that at least one of the agglomerations 7" of 7' must be such that A(T") < A(T')
(because A(T) is the average of the various A(T”)). This argument can be repeated
until a fully resolved (i.e., bifurcating) topology T is obtained, with A(T™*) < A(T).
Therefore, also T™ is a BME topology. 0

Because of this result, we can restrict our search for a BME topology to bifur-
cating trees. Thus, the general formula for A(T') introduced in (6.3.9) is ultimately
superfluous: Pauplin’s formula in (6.3.1) is all we need for the purpose of BME.

It would also be interesting to investigate whether the properties I have shown
in this section for the balanced length can be extended, more in general, to WLS
methods, since the balanced estimates can be seen as a particular type of WLS

estimates (sec. 6.3.1).

6.5. Relation between BME and the neighbor-joining algorithm

The concept of agglomeration (introduced in the previous section and illustrated
in fig. 6.4.1) is at the basis of several distance methods for tree reconstruction: UP-
GMA [SM58], WPGMA [SS73|, ADDTREE [ST77]|, NJ [SN87|, BIONJ [Gas97a],
UNJ [Gas97b|, MVR [Gas00a]|, Weighbor [BSHO00|. These are all agglomerative
algorithms: starting from a star tree connecting all the taxa under consideration,
they iteratively agglomerate two suitably chosen clades connected to the central
multifurcation until the whole tree is fully resolved (i.e., bifurcating).

NJ is arguably the best known and most used among agglomerative algorithms
(possibly even among all distance methods), as it is considered to achieve a good
tradeoff between reconstruction accuracy and speed of execution. It was introduced
by Saitou and Nei in 1987 [SN87| and a more efficient formulation was later given
by Studier and Keppler [SK88]. The two formulations are equivalent [Gas94], in
the sense that they lead to the same sequence of agglomerations and therefore to
the same tree. I will now describe the original version of NJ [SN87]|, and show that
a recently proven connection between NJ and BME [DGO05, GS06] can be easily

derived by using the framework developed in this chapter.
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NJ initialises T" as the star topology where each taxon is directly connected to a
central multifurcation. At any point during the execution of NJ, let X7, Xo,..., X,
be the clades attached to this multifurcation. Initially, each of these clades contains
precisely one taxon, that is, we can assume X; = {i}, for every i € {1,2,...,m}.
Also, NJ stores a matrix D of distances between each pair of clades in X1, Xo, ..., X,,.
Initially, it is set so that D({i},{j}) = di;, for every i,5 € {1,2,...,n}.

Selection step: Modify T by aggregating the two clades X, and Xy, (h,k €

{1,2,...,m}) that minimise
Qp(Xn, Xi) =

> DX+ g 3 (DX Xi)+D(X, X)),

i,5¢{h,k} ig{hk}

(If several pairs of clades minimise this criterion, choose one of these at

1

1
- D(Xp, X —

random.)
Reduction step: replace X, and X with the new clade X, U X and, for
every i € {1,2,...,m} — {h,k}, define

(6.5.1) D(X, Xp U Xp) = %(D(Xi,Xh) + D(Xs, Xp).

These two steps are repeated until T is bifurcating, i.e., they are performed exactly
n — 3 times. The topology T thus constructed is the result of NJ. (In reality NJ also
assigns lengths to the branches, but here I am only concerned in the topology that
is obtained.)

The theoretical justifications given by Saitou and Nei [SN87| for NJ were min-
imal, but its early introduction and its good performance in practice (both with
simulated and real data [SN87, SI89, KF94|) ensured its vast popularity. How-
ever, the question remained of how to explain such good performance. In particular
it was not clear why the Qp(Xp, Xj) criterion should be used in order to select the
clades to agglomerate.

The rationale for Qp(Xp, Xi) originally provided [SN87] was the following: for
each possible agglomeration of 7', consider the tree obtained from this agglomeration
by removing the clades X1, Xo, ..., X;, and estimate the lengths of the remaining m-+
1 branches by using OLS on the current distance matrix D; then the sum of all these
branch lengths is precisely given by Qp(Xp, Xx). By choosing the agglomeration
with the smallest Qp(Xp, Xi) we are therefore implicitly following an approach
inspired by OLSME: we use OLS to estimate (some) branch lengths and ME to
choose among alternative agglomerations. However, NJ should not be simply seen
as a way to obtain a good tree with respect to OLSME: in fact, it has been shown
that producing better (shorter) trees with respect to this criterion often results in
a decrease — not an increase — of reconstruction accuracy [Gas00b, DGO02|. This
means that the reasons for the good performance of NJ lie beyond the merits of
OLSME.



6.5. RELATION BETWEEN BME AND THE NEIGHBOR-JOINING ALGORITHM 129

Until recently, the nature of the Qp(X}p, Xj) formula and the question of whether
NJ does indeed aim to optimise some criterion have been the subject of much spe-
cialistic research (see the introduction in [Bry05]), but progress had been limited;
as recently as 2003, in his popular textbook Felsenstein wrote (|Fel03], p. 170):

Thus neighbor-joining has some relation to unweighted least squares
and some to minimum evolution, without being definable as an ap-

proximate algorithm for either.

What researchers failed to realise was that in fact NJ is a heuristic algorithm aiming
to optimise a criterion, and that this criterion is BME. This was first proven by
Desper and Gascuel [DGO5| some time after they first became interested in BME
[DGO2]. I now explain in more detail what this means and why it holds; see also
[GS06] for a good review.

The first thing to note is that the distances computed by NJ coincide with the

balanced average distances, that is
D(X;, X;) = 0x,x;,

for all 4,5 € {1,2,...,m}. This is evident if we note that the equations defining
D(X;, Xj) — ie., D({i},{j}) = d;; and (6.5.1) — are also satisfied by dx,x, (this
was already noted in (6.3.4)).

Second, thanks to the observation above, we can rewrite the selection criterion
in this way:

1 1 1
Qp(Xn, Xp) = 5 Ixpx, + ——5 Y Oxx, + m—2) é%:k}wxixh +0x,x;.)-
7 )

i<j
,5¢{h,k}

Because of Proposition 6.4.1, and as observed in (6.4.1), we have that
m
Qp(Xn, Xi) = As(Tir) — > As(X5),
i=1

where Thy is the tree that is obtained from the current tree T' by agglomerating Xy,
and X}, (fig. 6.4.1). This means that the clades X} and X}, that minimise Qp (X}, X)
are the same that minimise Ag(Thi), as ), As(X;) is a constant independent of the
choice of X} and Xj. I have therefore proved the following:

PROPOSITION 6.5.1. Imagine an algorithm that, starting from the star topology,
iteratively produces the agglomeration of the current topology with the smallest bal-
anced length, until no further agglomeration is possible. This algorithm is equivalent
to NJ.

In other words, NJ can be seen as a greedy agglomerative algorithm aiming to
produce a tree topology T with low As(7"). It does not find an optimal tree with
respect to BME, and in fact better greedy-like — but not agglomerative — algorithms
are possible and are the subject of section 6.7. As I will show, trees with a lower
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As(T) than the tree constructed by NJ, Ty, are in general more accurate than Tyjy,
a fact that allows us to interpret the good performance of NJ as derived from that
of the BME criterion.

6.6. Safety radius for the BME criterion

In section 6.3.2, I have proved that BME is a consistent criterion for tree recon-
struction, that is, if & is sufficiently close to the correct distance matrix d7, then
the BME topology coincides with the correct topology [DG04, DGO05]. The same
property was proved for NJ [SN87, SK&88|, and subsequently made more precise by
Atteson [Att99], who showed how close & needs to be to d” in order for NJ (and
other methods) to return the correct topology: calling e the length of the shortest
branch in the correct (bifurcating) tree 7, Atteson proved that, if all the distances in
d are within €/2 from the distances in d7, then the topology reconstructed by NJ is
the correct one, that of 7. In Atteson’s terminology, NJ has [, radius %, which is an
optimal result in the sense that this is the largest radius that any distance methods
can have [Att99].

Like for many other distance methods, it is then interesting to determine the I
radius of the BME criterion. In 2005, Desper and Gascuel wrote (|DGO5], p. 29):

Although we have no reason to believe BME has a small safety

radius, the exact value of its radius has yet to be determined.

Given that BME can be seen as the criterion that NJ implicitly tries to optimise
(sec. 6.5), it is reasonable to expect that its I radius is also optimal, i.e., equals %,
a proposition that has been recently conjectured by Bordewich et al. [ BGHMO09].
This section proves that this is indeed true. This novel result is formalised in the

following theorem.

THEOREM 6.6.1. Assume that § is such that, for some bifurcating tree T and for
every i,j € {1,2,...,n},
65— df < 5,
where € > 0 is the length of the shortest branch in T. Then, the topology of T is the
unique BME topology.

ProOOF. I start by recalling a basic property of the balanced length formula that
will be useful in this proof: let 7’ be a tree with topology 7", and W’ another distinct
topology on the same set of taxa. Then, denoting by L(7’) the length of 7”:

(6.6.1) Agr (T') = L(T') < Ay (W),

That this holds should be obvious from the considerations in section 6.3.2, where I
proved that As(7T') is an average of many circular estimates As(0). Since for A 7/ (T”)
each of the circular estimates is equal to L(7") and for Az (W') each of them is
greater or equal to L(7"), the relationship in (6.6.1) is verified.
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Now let T" be the (bifurcating) topology of 7 and let W be an arbitrary bifur-
cating topology distinct from T'. Let b;; and béj be the number of branches in the
paths between i and j in T and W, respectively. Since T' # W, it is clear that there
must be pairs of taxa for which b;; # bj;. T wish to prove that Ag(W) > As(T), as
this implies that 7" it the unique (bifurcating) BME topology.

Because T' and W are both bifurcating, we can use Pauplin’s formula:

(6.6.2) As(W) = As(T) =Y (21*% — 21—%') 5ij.
1<j
Now note that
d;[j—%<5ij <di+

€

This allows us to obtain a lower bound for (6.6.2) by replacing d;; with diTj -2
or with dZ]—‘ + 5, depending on whether the coefficient of d;; is positive or negative,
respectively:

As(W) = As(T) > 3 (2“’%‘ - 21—%) (d’f - (21*% _ 21—%')) ,

i<j

where sgn(x) denotes the sign function of x, which equals 1, 0 or -1, depending on
whether x is greater, equal or less than 0, respectively. Therefore,

As(W) = As(T) > Y (21*”% - 21—%) d7, - f )21 by _ gl=by

1<J 1<

€ b —bij
(6.6.3) = Agr(W) — Agr(T) — 222%1 ]1_2 il

I now use a formula whose derivation will be the aim of the rest of this section
(Corollary 6.6.3), namely that the following holds:

1 / b, ~bij
(6.6.4) > (b — b, 2‘2 : 1)) > 0.
1<J
This allows us to calculate an upper bound for the last term in (6.6.3):

€ 1 I 1
665) 53 1= 22| <> (b — b)

b/
1<J 1<j 27

1
= €| > e ——bij — Ay (W)
1<j
Note that b’ = (b;j) is the distance matrix on a tree with topology W where all
branches have length 1. Applying (6.6.1), we have that Ap/(W) must equal the
length of this tree, which is 2n — 3.
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Furthermore, define of; as 1 or 0 depending on whether e belongs to the path

between ¢ and 7 in T or not, respect1vely. Then we can make some useful derivations:

Sy - )| = [ S e - 2n-3)

v, b
icy 29 ic; 29 eer
— 1 e
eeT \ i<j
Now note that o® = (o7;) coincides with the distance matrix on the right-hand

tree in figure 6.6.1. Therefore, applying the inequality part in (6.6.1), Age(W) =
ZK] 21~ bwa is greater or equal than the length of that tree (1). Therefore, each
of the summands in the outer sum in (6.6.6) is non-negative. If we multiply each
of these summands by the length ¢, of its corresponding branch in 7, instead of e,
then, since t. > €

fz 2217/.—1 o — 1| < Zte Z2b’.—1 o — 1

ecT \ i<j ecT 1<J

- Z2b’ —1Zt6 Tij Zte

i<j ecT eeT

T
— E:f“4%] L(T)
1<)

= Agr(W) — Agr (T).

Putting together all we have derived from (6.6.5) onwards, we have that
€ 1 b —b;;
§Z b1 ‘1 —2w

1<J ’

But then, going back to (6.6.3):

As(W) = As(T) > Agr (W) — Agz (T) — %Z

< Agr (W) — Agr (T).

‘1—?ulﬂzo

)

2b

FIGURE 6.6.1. Tree referred to in the proof of Theorem 6.6.1.
Let A and B be the two clades separated by e in T. 7’ consists of a branch of
length 1 whose two extremes are connected to all taxa in A and B via branches of
length 0. Note that the distance matrix on this tree is such that d7’ = o°.
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FIGURE 6.6.2. Tree topologies in the proof of Lemma 6.6.2.
T!

which implies Ag(W) > As(T"). This proves that T" is the unique bifurcating BME
topology.

As for multifurcating topologies, if one of these had balanced length equal to
the optimum value then, by applying Proposition 6.4.2, all its resolutions should
have the same optimal balanced length. But this contradicts the fact that there is a
unique bifurcating BME topology. Therefore T is the unique BME topology — not

only among bifurcating ones. g

In order to prove the inequality in (6.6.4), T will first prove a simpler proposition,
from which (6.6.4) will easily follow. Define the depth of a taxon ¢ in a rooted tree
T as the number of branches in the path, in 7', from the root to .

LEMMA 6.6.2. Let T and W be bifurcating rooted tree topologies over the same
set of taza {1,2,...,n}. Let d; and d; denote the depths of i € {1,2,...,n} in T and
W, respectively. Then,

n

1 1|y
Zﬁ (di—dg—2 9di—di —1‘) > 0.
=1

7

PrROOF. By induction on the number of taxa n. If n =1 or 2, then T" and W
must be the same topology and therefore the sum above is equal to 0. The case
n > 3 is considerably more complex. Denote by f(7', W) the sum in the statement.
Also, call a clade of two taxa a cherry. 1 will consider two cases: either T and W

have a common cherry, or they do not.
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If they do have a common cherry, say {z,y}, then define 7" and W’ as the trees
that are obtained from 7' and W, respectively, by removing the cherry {z,y} and
replacing it with a new taxon z (see fig. 6.6.2(a)). Since 7" and W' have n — 1 taxa,
we can apply the induction hypothesis and have that f(7”,W’) > 0. The difference
f(T, W) — f(T',W') is easy to calculate, as the two sums only differ for the terms
corresponding to taxa x,y and z. Calling d and d' the depths of = (and therefore y)
in T and W, respectively, and noting that therefore the depths of z in 77 and W’
equal d — 1 and d’ — 1 (see ﬁg. 6.6.2(a)), we have that:

FLW) = (T W) = 25 (d d - 2)26’ 1() —2d/11<d—d’—;’2d'_d—l‘>
= 0.
Therefore f(T,W) = f(T',W') > 0.

If T and W do not have a common cherry, let {z,y} be a cherry with maximum
depth in W. T will show that if we swap taxa in T so as to form {z,y} in the
resulting tree 7", this tree is such that f(T,W) > f(T”,W). Since T” and W
do have a common cherry, for the arguments above, we have that f(7", W) - and
therefore f(7T, W) — is non-negative.

Let {z,2'} be a cherry with maximum depth in 7. Because T' and W do not
have common cherries, at least one of z and 2z’ must not be in {z,y}. Without loss
of generality, assume z ¢ {z,y}. Swap x and z in T and call the resulting tree T”
(see fig. 6.6.2(b)). Let d and h be the depths in T of = and z, respectively, and note
that this implies that, in 7", x and z have depths h and d, respectively. Also, let d’
and A’ be the depths in W of z and x, respectively.

I now show that f(T,W) > f(T’,W). The two sums only differ for the terms
corresponding to x and z:

FT,W) = f(T', W) = 21h,<d—h’ ’2h —d 1‘) <h - ‘2’1’—’1—1()

1 /
#ogw (e g2t a]) - g (4@ - G2 -a])

- (2—d’ - 2—’") (h—d)+ (‘2— 9| - '
Because h > d and &' > d’ (recall that h and h’ are the maximum depths in T and
W), it is not difficult to prove that the expression above is non-negative: first of all,
note that if A = d then f(T,W) — f(T",W) = 0. I then assume h > d. There are

now six possible cases to consider:

(1) h>d>h'">d. Then,

(2—‘1 _ z—h" n ‘2—‘1 _ 2—d" _ )2—h _od

).

F@wW) = f(T', W) =24 —27")(h—d) > 0
(2) W' >d > h > d. Then,
F@, W)= (T, W) =2 —27")(h—d) > 0.
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(3) h > h' >d >d with h > d. Then,
FTW) = w) = 2% —27")(h—d)+27" —277
= 2% -2y h-d-1)>0.
(4) W > h>d>d. Then,
FTW) =T W) = 2% —27")y(h—d)+27"—27¢
> 27— 2"y h—d)+27" —277
= 24 -27"Yh—d-1)>0.
(5) h > K >d > d with h > d. Then,
FT, W)= (T W) = 24 —27")h—d)+27" —27¢
> 27 2"y h—d)+27" —277
= 2% -27"Yh—d-1)>0.

(6) h' > h >d > d with h > d. Then,

FOW) = (T W) = @ % —2")(h—d)+27" -2
> 2% 27"y h—d)+27" —277
= @4 -2Myh-d-1)>0.

This completes the proof that f(T,W) > f(T',W). Now T" has {z,2'} as a
cherry. If 2/ = y, then define T = T’; otherwise let 7" be obtained by swapping 2’
with y in 7”. In any case, by the same arguments as above, f(T',W) > f(T",W).

Since T" has a cherry in common with 7', we have that f(7”,7) > 0. But then,

f@W) =z f(T', W) = f(T", W) = 0.

I am now ready to prove the inequality in (6.6.4):

COROLLARY 6.6.3. Let T and W be (unrooted) bifurcating tree topologies over
the same set of taza {1,2,...,n}. Let bj; and béj denote the number of branches in

the paths between © and 7 in T and W, respectively. Then,

1 1
> 1 <bij —bii—3 ‘Qb”_b” - 1)) > 0.
Vs~

1<J

PrOOF. The sum above can be re-expressed in the following way:

1 1 Ly b
s> (bt ).
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Now define T} and W; as the rooted topologies that are obtained from 7" and W by

rooting in taxon j and removing the branch at the root. Then,

n

ZL boi — b, _12b;j_bij_1 _znji d,_d/_12d§_di_1
i=1 2b;j_1 Y Y 2 a i=1 2d; ' i 2 ’

i#j i#]
where d; = bj; — 1 and d} = bj; — 1 are the depths of i in Tj and W}, respectively.
Because of Lemma 6.6.2, this sum is non-negative, and therefore the whole sum in

the statement — which is a sum of sums with this form — is also non-negative. [J

This concludes the proof that BME has [, radius %

6.7. Heuristics for BME

Although this chapter has focused on the theoretical foundations of BME, ar-
guably the strongest case in favour of the use of BME for distance-based tree recon-
struction is provided by experiments that show its effectiveness (on simulated data)
[DG02, DG04, VvHO5|. Since BME is a criterion guiding the reconstruction of a
phylogenetic tree — not an algorithm — I will next describe some of the algorithms
that use in practice BME and I will then briefly review the experiments on their
performance, a subject that will be explored further in the next chapter.

As we have already seen (sec. 6.5), one algorithm (implicitly) using BME is NJ.
Since it constructs trees that are not necessarily optimal with respect to BME, NJ
can be described as a heuristic for BME. It is natural to ask whether better heuristics
than NJ can be devised for BME, a question that has been addressed with success
in the program FastME by Desper and Gascuel [DG02].

The most effective heuristic implemented in FastME is called BNNI, which is
based on nearest-neighbor interchanges (NNIs, [Fel03], pp. 41-44). An NNI applied
to a tree topology T consists of swapping two clades attached to the same internal
branch of T, but not to the same node. Figure 6.7.1 illustrates the two possible NNIs
that can be done around a given internal branch. It is easy to see that there are
exactly 2(n —3) different topologies that can be obtained by applying an NNI to any
bifurcating topology (two per internal branch). The BNNI algorithm simply consists
of a BME-guided steepest-descent search in the space of bifurcating topologies, where
NNTIs are the only allowed moves. It can be described in the following way:

e Construct an initial bifurcating topology 7' using any fast distance method.
o Iterate the following:
— Apply every possible NNI to 7" and define T” as the rearrangement of
T thus obtained with the smallest balanced length A(T").
— If A(T") > A(T) then stop and return T'; otherwise redefine T as T".

Note that since the objective of BNNI is to optimise BME, the initial tree will typ-
ically be constructed with a method inspired by this criterion. FastME implements
new methods for this step [DGO02| — much faster than NJ — which in effect are
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F1GURE 6.7.1. The two possible nearest-neighbor interchanges asso-
ciated with an internal branch.

greedy algorithms based on a sequential addition strategy (|Fel03|, pp. 47-48). Since
it has been shown that the trees reconstructed by BNNI are largely independent of
the initial tree [DG02, VVHO5]|, it is clear that such fast methods for the initiali-
sation step should be preferred. As for the stopping criterion, BNNI returns a local
minimum for A(T"); clearly this local minimum is not guaranteed to coincide with a
global minimum and therefore BNNI does not, in general, reconstruct BME-optimal
topologies.

BNNI is computationally very efficient: even if we include the construction of
the initial tree (via sequential addition), its running time is generally considerably
shorter than that of NJ. This efficiency is due to a very simple way to express the
change in A(T) resulting from one NNI: with reference to the upper NNI in figure
6.7.1 — the one from T to 7" — a simple consequence of Proposition 6.4.1 (first
derived by Desper and Gascuel [DG02]) is that
(6.7.1) AT — NT) = i((sAC‘i"SBD_(SAB_éCD)-

This formula can be applied repeatedly to find the 7" with the largest decrease in
A(T") and also to realise when a local minimum has been reached. If during the
execution of BNNI we maintain a matrix AT containing all the dxy between every
pair of non-overlapping clades in 7" (an idea that I will use again in the next chapter),
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then the calculation of (6.7.1) can be done in constant time. Looking in more detail
at the computational complexity of BNNI, since there are 2(n — 3) possible NNIs,
each iteration will take O(n) time, plus the time needed to update AT. This turns
out to be O(n - diam(7T")) [DGO02|, where diam(7") is the diameter of T, i.e., the
maximum number of branches between any two leaves in T'. Since AT for the initial
tree can be constructed in O(n?) [DGO02|, BNNI runs in O(n? + p - n - diam(T)),
where p, the number of NNIs that are performed in order to reach a local minimum,
is typically much smaller than n [DG02]. If one compares O(n? + p-n-diam(T)) to
the complexity of other “fast” methods, such as NJ, BIONJ [Gas97a|, and Weighbor
[BSHOO| — which all run in O(n?) time — BNNT’s computational efficiency becomes
fully apparent.

But the most interesting observation about BNNI is another one: not only it
is extremely fast, but it is also remarkably accurate in reconstructing trees, signifi-
cantly more accurate than the other commonly used distance methods. A number of
studies [DG02, DG04, VvHO05| showed this by comparing the trees reconstructed
by various methods from simulated distance matrices to the (“correct”) trees used
to generate the simulated data. The difference between the reconstructed and the
correct trees can be quantified using the Robinson and Foulds (RF) distance [RF81],

a measure that will also be useful in the next chapter and that is defined as follows:

DEFINITION 6.7.1. Each branch e in a topology T induces a bipartition A.|B.
where A, are all the taxa on one side of e and B, are all the taxa on the other side.
T therefore induces a collection S(T) of bipartitions corresponding to its branches.
The Robinson and Foulds distance between two topologies T and T” (over the same
set of taxa), denoted drp(T,T"), is defined as the number of bipartitions induced by

one tree but not the other, i.e.,
drp(T,T') = |S(T) = S(T")| + |S(T") — S(T)].

Note that if 7" and T” are bifurcating trees, then the two set differences above
have the same size and dpp (T, T") is an even number between 0 (when the topologies
are identical) and 2(n—3) (when the only bipartitions that 7" and 7" have in common
are those induced by their terminal branches).

The simulation studies by [DG02, DG04, VvHO05| showed that the trees recon-
structed by BNNT are, on average, substantially closer (as measured by drp) to the
correct trees than the ones reconstructed by other commonly used distance methods:
NJ, BIONJ, Weighbor and the PAUP* [Swo98| heuristic for WLS (where w;; is as-
sumed to be proportional to 51-;2). This was shown under a number of simulation
settings, which had in common the fact of using randomly generated trees to evolve
random sequence data, from which the distance matrices were then estimated. The
studies differed in several aspects: the method to generate the random trees, the
number of sequences in the trees, their length, the model of molecular evolution used

to produce the sequences and the method to estimate pairwise distances. In all cases,
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BNNI was more accurate than the other distance methods tested — with the possi-
ble exception of the FITCH program (another heuristic for WLS) from the PHYLIP
package [Fel89], which however was too slow to be tested extensively [DGO02].

If we measure the topological accuracy of a method by the average RF distance
between the correct trees and those reconstructed by that method, the comparison
between methods can be made quantitatively precise. For example, for BNNI and NJ,
Desper and Gascuel [DGO02] showed that BNNI was 3-7% more accurate than NJ for
their 24-taxon datasets and 5-20% more accurate than NJ for their 96-taxon datasets
(sequence length 500bp); furthermore BNNI was on average 10% more accurate than
NJ for the 100-taxon datasets in [DGO2| (sequence length 600bp) and 6-50% more
accurate than NJ for the 1000-to-5000-taxon datasets in [VVHO5]| (sequence length
1000bp). Although the varied simulation settings of the different studies clearly
have strong effects on these numbers, the superior accuracy of BNNI over the other
methods tested has been confirmed across all studies.

Besides BNNI, another heuristic algorithm for BME has been recently proposed
[BGHMO09], based on the well known subtree pruning and regrafting (SPR) rear-
rangements ([Fel03|, pp. 41-44). These are a generalisation of NNIs: whereas an
NNT can be described as the pruning of a clade X and its regrafting on a branch
adjacent to that to which X was originally connected, an SPR relaxes the adjacency
requirement, thus allowing X to be regrafted on any other branch of the tree. The
proposed heuristic is called BSPR and is exactly the same as BNNI except that at
each step the SPR rearrangements of the current tree, instead of just its NNI rear-
rangements, are taken into account. Using the fact that we can order all the possible
SPRs so that each SPR can be obtained by composing an NNI with a previous SPR,
it is easy to see that we can calculate A(T”) for every SPR rearrangement of the
current tree T in O(n?).

Although some theoretical properties of BSPR have been investigated (consis-
tency and safety radius) [BGHMO09], its algorithmic aspects have not been explored
in detail: for example it may be advisable to combine BSPR and BNNI so that SPRs
are only taken into account when a local minimum with respect to NNIs is reached.
Furthermore, although we can expect BSPR to be somewhat more topologically

accurate than BNNI, the extent of its gains in accuracy has yet to be investigated.

6.8. Related and future work

In this chapter I have tried to give an overview of the main facts about BME
and its relationship with other distance methods, such as NJ. Recently, many other
interesting results have been obtained. This section will summarise these results,
describe some open directions for future research and give pointers to the relevant
literature.

In section 6.3.1, I explained that Pauplin’s formula can be obtained as the sum
of the balanced branch length estimates given by formulae (6.3.6) and (6.3.7) and
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that these estimates are optimal in a WLS sense: they minimise }_,; w;;(di; — diTj)Z,
when w;; is assumed to be proportional to 27% [DG04, MP0S8|. In this framework,
the branch length estimates for BME are analogous to those for OLS — (6.3.2) and
(6.3.3) — which assume constant weights w;;. It is then natural to ask: are there
general, efficient formulae for the optimal branch lengths under a WLS model with
arbitrary weights? Mihaescu and Pachter [MPOS8| have shown such formulae for
a class of standard “tree-multiplicative” weights, which admit OLS and BME as
particular cases. For this class, it is possible to calculate all branch length estimates
(and therefore the tree length) in O(n?).

Pairwise weights w;; are said to be tree-multiplicative with respect to topology

T when they can be obtained as the product of branch-associated weights, that is:

Wyij = H We,
c€P;;

for some positive weights w, associated with each branch e of T'. (Here, P;; denotes
the set of branches in the path between i and j in 7.) OLS and the balanced
length estimation are particular types of tree-multiplicative WLS in the following
sense: assuming we = 1 for every branch e in 7', the resulting tree-multiplicative
weights are constant and therefore WLS is equivalent to OLS. As for the balanced
scheme, the pairwise weights 27% are obtained by setting w, = % for every branch
e in T. Obviously, other reasonable tree-multiplicative weights are possible, and
potentially may lead to more accurate branch length estimates. The use of other tree-
multiplicative WLS models for tree reconstruction, for example in combination with
ME, is an open direction for future work and it would be interesting to investigate
both the effectiveness in practice and the theoretical properties of these new distance
methods.

In sections 6.5 and 6.7, I have described the NJ, BNNI and BSPR heuristic
algorithms for BME. An important theoretical question about them is that of their
consistency: if d coincides with the correct distance matrix, will they return the
correct tree topology? And what if § is only approximately equal to the correct
matrix?

Whereas the consistency of NJ [SN87, SK88| and BSPR [BGHMO09| have been
established, that of BNNI has only been conjectured [DG04, BGHMO09| and is an
interesting open problem. (Note that asserting that local search algorithms such as
BNNI or BSPR are consistent means that, assuming § = d7?, they must be able
to reconstruct the correct tree whatever the initial tree from which they start their
search.) For BSPR, similarly to NJ [Att99], not only consistency but also a lo
safety radius of at least + has been established [BGHMO9] (a result that I suspect
can be improved).

In section 6.6, I have shown, for the first time, that the [, safety radius of

BME equals its best possible value, % The safety radiuses of other criteria can
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also be investigated: for example, Gascuel and Guillemot (personal communication)
have shown that the safety radius of OLSME (ME using OLS for branch length
estimation) tends to 0 as the number of taxa tends to infinity. This discrepancy
between the safety radiuses of BME and OLSME may explain (at least in part) the
greater accuracy of BME over OLSME shown in simulation studies [DG02, VVHO05|.
In the near future, I will be working on a manuscript (together with Gascuel and
Guillemot) presenting these results on the safety radiuses of these criteria [PGGO09].

Returning to NJ, another paper by Mihaescu, Pachter and collaborators [MLP 09|
described general conditions on the input distance matrix § that guarantee that NJ
reconstructs the correct tree. These conditions admit Atteson’s requirement of a
maximum gap between input and correct distances [Att99] as a special case. It
would be interesting to investigate whether these general conditions (or even more
general ones) also guarantee the correctness of the BME topology and whether they
have anything to suggest regarding the consistency of BNNIL.

Another recent paper with relevance to the relationship between NJ and BME
is that by Eickmeyer et al. [EHPYO08]|, who take a geometric approach enabling
them to investigate questions such as how often NJ can be expected to construct a
BME-optimal tree.

Prior to the discovery of the connection between BME and NJ, a number of works
appeared aiming to clarify NJ’s selection criterion Qp(Xp, Xx) given in section 6.5.
One of the most interesting is that of Bryant [Bry05]| (also reviewing previous similar
work), who proved that any criterion satisfying three desirable properties he describes
is equivalent to NJ’s selection criterion. These properties are (1) the consistency of
the resulting agglomerative algorithm, (2) the independence of the criterion from the

order with which the taxa are given and (3) its linear dependence upon the distances.



CHAPTER 7

A branch and bound approach for BME-optimal trees

7.1. An exact algorithm for BME: is “the best the enemy of the good”?

Chapter 6 introduced the balanced minimum evolution (BME) criterion for re-
constructing phylogenetic trees: it sets the objective to find the tree topology 1" that
minimises As(7T), the balanced length of T (see sec. 6.3). In section 6.7, I have de-
scribed some efficient algorithms for reconstructing trees that are good with respect
to BME, although not necessarily optimal. In fact, achieving optimality seems a very
difficult task: it is very likely that no polynomial algorithm producing BME-optimal
trees can be devised, although no proof that this problem is NP-hard has appeared
in the literature as yet.

Despite the likely computational hardness of this problem, it would still be useful
to have an “exact” algorithm for BME, that is, an algorithm able to construct BME-
optimal trees, at least for moderately-sized distance matrices. “Branch and bound”
is a popular technique to attack difficult problems without losing the ability to find
their optimal solutions (see, e.g., |[PS98|, ch. 18). This chapter presents a branch and
bound algorithm for BME and some experiments that I carried out with a program
implementing it.

As their name implies, branch and bound algorithms are specified by two main
components: the branching and the bounding. The first component, the branching,
is a strategy that allows us to subdivide the space of all possible solutions to the
problem into two or more subspaces. This subdivision is applied recursively to each
of these subspaces until either we can find an optimal solution for the subspace
(typically when the subspace only contains one solution) or we can show that the
subspace cannot contain an optimal solution to the global problem. The latter case
is what makes use of the bounding: this consists of a method to evaluate a best-
case-scenario solution belonging to the subspace under consideration; if, even in
the best-case-scenario, this solution cannot be as good as the optimal solution for
another subspace, the exploration of the current subspace is abandoned, as it will
not lead to finding any optimal solution. For sake of generality, this description is
necessarily very abstract; section 7.2 will explain what this means in practice, in the
context of phylogenetics and BME in particular. The details of the algorithm —
the bounding it uses and its practical implementation — are presented in the two

subsequent sections (sec. 7.3 and sec 7.4, respectively).
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The branch and bound algorithm I introduce here is, in general, inefficient for
large distance matrices, although simple considerations show that if the input dis-
tances are sufficiently close to the correct distances, then the algorithm is guaranteed
polynomial running time (see sec. 7.3.6). Although it is often impractical for typical
problem instances, an exact algorithm may be used to assess how good the existing
heuristics are and how much margin of improvement might be achieved by developing
better heuristics. At present, I see this as the main use of the algorithm I develop
here: section 7.5 shows and discusses my first experiments in this direction. To put
it in more general terms, the question I try to answer is whether it is worthwhile in
this case to pursue the optimal solution, possibly at the expense of efficiency, or, to
use Voltaire’s words, whether or not “the best is the enemy of the good” [Vol72|.

Throughout this chapter, notation (8, dxy, As(T")) and terminology (e.g., clades)
will be as in Chapter 6.

7.2. A branch and bound algorithm for BME

Branch and bound algorithms have a long history in phylogenetics. They have
been applied to several criteria for tree reconstruction: primarily maximum par-
simony [HP82, PH87, PBTKO00, ANO06|, but also least squares constrained to
ultrametric trees [CLP80|; recently progress has also been made towards applica-
tion to maximum likelihood [HHO3]. An entire chapter of Felsenstein’s textbook
(|Fel03|, ch. 5) is dedicated to this topic.

The algorithm I present here — which I call BBBME for branch and bound for
balanced minimum evolution — is based on the same branching idea as Hendy and
Penny’s original algorithm for maximum parsimony [HP82]. In fact, I am indebted
to them for the early ideas in the development of this algorithm (and to B. Holland,
who made a crucial observation for the bounding part of the algorithm). Hendy and
Penny’s branching strategy is best described by imagining a large tree which has
bifurcating topologies as its own nodes. In order to express the fact that this is a
tree connecting other trees, I will call this the metatree (in the branch and bound
literature this is usually known as the search tree). Furthermore, I will refer to the
branches and the nodes of the metatree as its edges and vertices, respectively, in order
to avoid confusion with the branches and nodes of its constituent trees. Figure 7.2.1
shows an example of the top portion of the metatree, to help understanding of the
following description. At the root of the metatree lies the only bifurcating topology
Ty connecting the first three taxa. From the root Tp, three other topologies branch
off: they are exactly those that can be obtained by adding the fourth taxon onto
any of Tp’s branches. From these topologies other topologies branch off, recursively,
so that each vertex in the metatree is associated with a tree topology over a subset
of the taxa: in general, the vertex corresponding to a topology T over h of the n
available taxa (with h < n) will branch off into 2h — 3 other topologies, obtained by

attaching a taxon not yet in 7" onto each of 71”s branches in turn. Note that saying
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that a taxon k gets attached onto a branch e means that a terminal branch with
k at one of its extremes is attached (via its other extreme) to a newly introduced
node that splits e into two branches. Only bifurcating topologies can be obtained
through this process, as new taxa are always attached to the interior of an existing
branch — never directly to nodes. The only topologies not having descendants are
those containing all n taxa, as obviously there are no more taxa to add. Not only do
the leaves of the metatree correspond to bifurcating topologies over all the available
taxa, but also, conversely, every bifurcating topology over these taxa corresponds to
exactly one of the leaves in the metatree: this is because each path from the root to
a leaf in the metatree corresponds to a sequence of choices specifying where the next
taxon should be added in the current tree, and for each bifurcating topology there is
one, and exactly one, such sequence of choices. Therefore the leaves of the metatree
specify all possible solutions to the tree reconstruction problem we are trying to
solve. Note that, because of the considerations in the previous chapter (Corollary
6.4.3), limiting our search to bifurcating topologies is not restrictive — and the same
holds for maximum parsimony and any other popular phylogenetic criterion.

BBBME, and most branch and bound algorithms for maximum parsimony, con-
sist of a search applied to the metatree described above. In theory, the search may be
executed in any top-down order ensuring that a vertex is visited only after its parent
vertex has been visited. In practice, at least in the case of BBBME, a depth-first
search (|CLRSO01], sec. 22.3) is preferred, as this ensures that only the data relative
to a limited number of vertices needs to be stored. As I will explain, visiting a vertex
corresponding to T' — which should be viewed as a partial solution to our tree re-
construction problem — involves assessing the potential of this partial solution. If a
partial solution is deemed unpromising, then the portion of the metatree below it is
left unexplored. This is what allows branch and bound algorithms to be applicable
to problems of moderate size, even when the metatree is in theory so large that no
current or future computer would be able to explore it fully in a reasonable time (see
fig. 7.2.1 for a discussion on the size of the metatree).

This concludes the description of the branching strategy for BBBME, although
two “ordering issues” will be addressed at the end of this section: first, the order
with which the taxa are added to the partial topologies in the metatree and, second,
the order with which the vertices that branch off an internal vertex of the metatree
are visited. Also note that in the previous section I described the branching step as
a subdivision of a subspace of solutions into smaller subspaces. This is true also for
the description I gave here: if we view each vertex in the metatree as associated with
the subspace of solutions lying at the leaves that can be reached from this vertex
(i.e., below it), the fact that a vertex T branches off into several other child vertices
precisely corresponds to a division of the subspace below T into the subspaces below
its child vertices. Furthermore this division is precisely a partition, i.e., it is such

that the new subspaces are not overlapping (and their union is equal to the original
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FI1GURE 7.2.1. Metatree for the branch and bound algorithms based

on the branching strategy corresponding to sequential addition of taxa

[HP82].
For each topology, the newly added branch is coloured in gray. Note that only the
portion at the top three levels of the metatree is illustrated here. The paths from
the root to the leaves of the metatree are composed of n — 3 edges and they split off
at each vertex they cross in ever-increasing numbers (a vertex corresponding to a
tree with h taxa branches off into 2h — 3 other vertices). It is easy to see that the
metatree has (2n —5)!=3-5-...-(2n — 7) - (2n — 5) such paths, leading to an
equal number of leaves. This number grows super-exponentially with n. For
example, when a dataset comprises just 20 taxa, the metatree has
221,643,095,476,699,771,875 leaves [Sch70, CSE67, Fel78|.
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subspace). This is a desirable property for any branch and bound algorithm, as we
wish to avoid exploring any portion of the solution space more than once.

As for the bounding step, each time a new vertex is encountered — corresponding
to a topology T'— the algorithm assesses whether or not it is worthwhile to continue
the search into the subspace of solutions that can be generated by extending T
that is, whether or not any of the topologies T'" at the leaves of the subtree rooted
in T may be an optimal solution to our problem. This assessment is achieved by
calculating an “optimistic” bound to the score of T'F; if the optimistic bound is not
as good as the score of the best solution previously found, then clearly no optimal
solution can lie in the subtree rooted in 7" and therefore we can ignore this subtree
and continue our search into other, more promising, parts of the metatree.

In the case of BME, which aims to minimise the balanced length, we use a lower
bound to the balanced length of any 7" at a leaf of the subtree rooted in 7. In
the next section, I will show a number of possible bounds which have the following
generic form:

As(T%) > B(T, ).

When this bound is calculated, if the algorithm has previously encountered some
complete topologies — i.e., containing the entire set of taxa in input — let A* be
the minimum balanced length among all these topologies. If this quantity is smaller
than the lower bound for Tt that is, if A* < 3(T,d), then clearly every complete
topology T below T will have a greater balanced length than that of a complete
topology previously encountered and therefore cannot be optimal. As a consequence,
the traversal of the subtree rooted in 7" is not carried out and the search continues
as if this subtree had already been completely examined. In branch and bound
terminology, we say that this subtree is pruned from the metatree.

An example of a very simple bound is provided by the algorithms for parsimony
based on the branching strategy described above. In this context, the score of a
topology T is not given by Ag(T'), but by the minimum number of substitution
events required along the branches of T" in order to generate the sequences in input,
and again the aim is to minimise the score of T'. It is easy to see (e.g., [Fel03], Ch.
2) that the scores of the trees cannot decrease as we go down a path from the root
to a leaf of the metatree. Therefore the score of the current partial tree T is itself a
lower bound to the scores of any tree T below 7.

Note that the execution of a branch and bound algorithm should be preceded
by that of a heuristic that constructs an initial solution to the problem at hand,
so that A* can be set to a value against which the bound can immediately make
comparisons. Clearly, the better the heuristic, the more effective the pruning will be
from the start. (Of course, an alternative approach would be to initialise A* with
00, but this will result in longer running times.) Whenever the branch and bound
algorithm reaches a complete topology 7' at a leaf of the metatree — i.e., whenever

the bound does not result in any pruning for none of the vertices on the path from
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Algorithm 8 siMPLE BBBME (6)

Execute a heuristic that constructs an initial topology 1.
Set A* = A(T*) and ©* = {T*}.

Choose the first three taxa 7,7,k € {1,2,...,n}.
Construct Ty, the topology connecting %, 7 and k.
PROCESS (Tp, A*, 0%, 6).

return ©*

the root to that leaf — the currently minimum balanced length A* is compared to
the balanced length of 1" and possibly updated.

Although there are still many aspects of BBBME that need to be described —
not least the bound it uses — its general structure should already be clear. The
pseudocode in Algorithms 8 and 9 describes BBBME in its general lines. A number
of formalisms that will be useful throughout the rest of this chapter are introduced
here: the forms ¢ € T and i ¢ T respectively express that i is a leaf of T" and
that ¢ € {1,2,...,n} is not a leaf of T’ also, assuming that e is a branch in T,
the form A — B indicates that A and B are the two clades at the sides of e in T ;

finally, assuming A “Bin T, the expression T E k denotes the topology that is
obtained from 7" by attaching taxon k onto e and will be referred to as an extension
of T'. In section 7.4, I will give a more detailed description of the implementation of
BBBME, including some of the information that can be stored in order to speed up
its execution. Note that, as in the previous chapter, I will usually drop the subscript
d from As(T) from now on — we can safely assume that ¢ is always the distance
matrix given in input. Finally, note that the algorithm returns the set ©* of all the
BME-optimal topologies.

In this section, the main points left to discuss about BBBME are the steps where
a choice has to be made either regarding the order with which the various extensions

A;
T lB— k of T (where i varies in {1,2,...,m} and k is fixed) are processed — I will call

this the branching order — and regarding the order with which the taxa are added
to the topologies — the tazon order. Note that the latter also includes the choice of
the first three taxa to include in Tp. In Algorithms 8 and 9, these are precisely the
steps that begin with “choose”.

It is clear that the branching order has no effect on the structure of the metatree,
but only on the order with which the search is carried out inside the metatree.
This may still have important consequences: different orders will mean that good
solutions may be encountered earlier or later in the search. Clearly, the earlier good
and optimal solutions tend to be encountered, the lower the score A* of the best
solution found tends to be at any point during the execution of BBBME. The lower
this score, the more likely the condition 5(7),d) > A* is to be met and therefore the
more likely it is for prunings to occur. Therefore a branching order that tends to give
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Algorithm 9 PrROCESS (T, A*, 0%, 6)

if T contains all the taxa in {1,2,...,n} then
if A(T) < A* then

o ={T}
A = A(T)
end if

if A(T) = A* then ©* =0 U{T}
else
Calculate the lower bound S(T, d) to any T below T.
if 5(7,0) > A* then return
Choose the next taxon to add, k ¢ T.
Choose an order eq,es,...,e,, for the branches in T
Let clades A; and B; be defined for all 7 € {1,2,...,m} by A; “ B;.
A;
for :=1,...,m do PROCESs (T E k,A*, ©*,6)

end else

good and optimal solutions early on may reduce the portion of the metatree that is
actually traversed.

Intuitively, a way to try and encounter good solutions early on is to deal with the
most promising partial solutions first: for example, the branching order could give

Ay
precedence to the extensions T, =T }]; k with lower balanced length. As I will show

in section 7.4, if we store the right information, each A(T}) can be calculated from
A(T) in constant time; therefore we can efficiently sort the various extensions 77
on the basis of their balanced length and deal with them starting from the shortest
and ending with the longest. Alternatively, we could measure how “promising” an
extension 77 is by its lower bound (77, §) and deal with the extensions in increasing
order of 5(77,d). However, for the bounds that I consider (sec. 7.3), this approach
is equivalent to the one based on the balanced length of T/, and therefore I will not
discuss this possibility further.

Although the computational overhead of sorting the extensions of a given T
according to their balanced length is not very significant, a “lazier” alternative would
be to deal with them in no particular order. If the heuristic used to construct the
initial solution is sufficiently good, we can expect the lazy branching order to be more
efficient, as often A* will have already been set to its optimal value by the initial
heuristic and there will be no need to improve it. Currently, my implementation of
BBBME allows the user to choose between these two alternatives (the lazy and the
sorted branching order).

The choice of an effective taxon order is, in my opinion, more important. Whereas

the branching order only determines the order with which the metatree is explored,
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the taxon order has an effect on which partial trees T appear at the vertices of
the metatree. Ideally, we would like to construct partial topologies with large lower
bounds (T, §) early on — that is, high up in the metatree — as these topologies are
the most likely to have 5(T,d) > A* and therefore the most susceptible to prunings.
Clearly, the earlier that prunings occur when going down the paths from the root of
the metatree, the larger the pruned portions of the metatree will be, and the smaller
will be the part of the metatree that is actually explored.

Therefore, we should choose the first three taxa, and the ones to add afterwards,
so that the produced topologies T  have large lower bounds 3(T, d). At first sight, this
objective is in contrast to that for the branching order, where we want to produce

promising partial topologies early on. However, note that the two choices are about

very different things: when producing an extension T’ E k of the current tree T, first
we decide which taxon k to add next and then where — between which clades A
and B — to add it (or, more precisely, in which order it should be attached to the
various branches). Because of the considerations above, good taxon and branching
orders deal with the most “problematic” taxa early on and insert them in the most
“promising” positions first. There is no real contradiction in doing so.

Dealing with the most problematic choices first (i.e. where to insert taxa that do
not seem to fit well in the current tree) allows us to recognise early on solutions that
are not worth pursuing.

An important point to note is that the taxon order does not need to be the same
along each path from the root to a leaf of the metatree: for example, in figure 7.2.1,
whereas for 77 and 75 the next taxon added is F, for T3 taxon F' is preferred —
which means that adding E is postponed to other descendant vertices of T5. This
point allows us to make an important distinction between taxon ordering strategies
[PBTKOO|: a static ordering of the taxa is one where the order is chosen once and
never changed throughout the rest of the execution of BBBME; a dynamic ordering
is one where the choice of what taxon to add next is made at each vertex of the
metatree. Clearly, whereas static orders are the same along each root-leaf path,
dynamic orderings may, and usually will, produce orders that vary among different
paths (as in fig. 7.2.1).

Many taxon ordering strategies — both static and dynamic — are possible, and
their design depends more on the intuition of the designer than on any generally
accepted principles. Because the choice of a taxon order should be guided towards
producing topologies T' with large 3(T, §) at high levels of the metatree, perhaps the

most natural taxon order is given by the following directives:

e choose the first three taxa so that the topology Ty connecting them max-
imises

(7.2.1) B(To, ),
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e given a bifurcating topology T over a subset of {1,2,...,n} , with branches
e1,€,...,en and such that A; 2 B, for every i € {1,2,...,m}, choose the
next taxon to add, k ¢ T, so as to maximise

(7.2.2) ie{lr,g}.r.l.,m}ﬁ(T Ei k,d).

Less formally, the “maximin” criterion in (7.2.2) can be explained like this: since we
want many child vertices 7" of the current vertex T to have a large lower bound,
we choose the taxon k that mazimises the minimum lower bound among the various
child vertices T”. This ensures that all the child vertices of 7" make progress towards
having a bound greater than A* and therefore towards pruning. While implementing
BBBME, I also tried an approach that took the average of the various bounds in
(7.2.2), instead of the minimum. This clearly resulted in fewer prunings and therefore
was quickly abandoned.

If we assume that the criterion in (7.2.2) is applied at each internal vertex T of the
metatree, the taxon ordering strategy specified above is clearly dynamic. However,
any dynamic ordering can easily be turned into a static one, with a technique that I
will call freezing. It consists of exploiting criteria normally used for dynamic ordering
to construct a static order that is then used for the rest of the execution of the branch
and bound algorithm. Initially, only the first three positions in the order are defined
— for example using (7.2.1). A new taxon is added to the rest of the order whenever
the search reaches a new level of the metatree. Imagine we have a partial topology
with, say, h taxa and we are considering the addition of one more taxon: we then look
at the next position in the static order, the (h+ 1)th; if this has not yet been defined,
a criterion such as that in (7.2.2) is used, and the resulting taxon k is appended in
position h + 1 at the end of the order; from then on, whenever the algorithm deals
with a partial topology on h taxa, taxon k will be the one to be added next. Thus
the chosen dynamic criterion is used only once per level of the metatree, each time
establishing the next taxon in the static order. When the search reaches one of the
leaves of the metatree (typically very soon in the execution of the algorithm), the
static order is then completely determined.

One of the advantages of using a static order instead of a dynamic one is that
it reduces the amount of processing at each vertex T' of the metatree. Whatever
criterion we choose, dynamic ordering requires that we consider the various candidate
taxa for addition and this may involve a non-negligible amount of computation: for
example, in order to choose k with (7.2.2), we need to evaluate (2h —3)(n — h) lower
bounds (where h is the number of taxa in T'). For static ordering, once the order has
been established, these computations are avoided altogether.

Note that these considerations do not necessarily mean that static ordering leads
to faster running times: the use of a dynamic order will tend to produce partial

solutions with large bounds at higher levels in the metatree, which means that,
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compared to a static ordering using the same bound, dynamic ordering will result
in more pruning. However, sometimes static ordering allows us to calculate better
(i.e., larger) lower bounds than dynamic ordering: the best bounds ((7,6) that I
will present (sec. 7.3) depend on the precise order with which the taxa not in 7'
will be added to it. Since a dynamic order does not allow us to know this order in
advance, these bounds can only be combined with a static order. The possibility of
using better bounds implies that, overall, static orderings may lead to more prunings
than dynamic orderings. Since the relative efficiency at pruning of the dynamic
and static approaches may depend on the data in input, both of them are currently
implemented in the BBBME program.

Finally note that the taxon ordering strategies based on (7.2.1) and (7.2.2) require
calculation of the lower bounds ((7T,d) for a large number of topologies. If the
calculation of these bounds is inefficient, it may be convenient to use the balanced
length Ag(T') instead of B(T,4d), thus giving precedence to adding those taxa that
lead to the construction of long trees, rather than trees with large lower bounds.
This approach is formally identical to the one described above, and is obtained by
replacing every appearance of §(T,6) with As(T) in (7.2.1) and (7.2.2). Although
the bounds that I present in the next section are very efficient to calculate, the
alternative approach is also available for testing in the current implementation of
BBBME.

7.3. Bounds for BME

A very convenient property of the parsimony scores of phylogenetic trees — which
was key in the successful application of branch and bound to this criterion — is that,
as we add taxa to partial trees (those at the internal vertices of the metatree) the
parsimony score cannot decrease. Unfortunately, the score used by BME does not
have this property. Let us then study the change in balanced length produced by
adding a taxon k onto a branch of T'.

First, straightforward application of Proposition 6.4.1 shows that
A 1 1 1
A T;k :A(A)—i-A(B)—i-§5AB+§5A{k}+§5B{k},

and

A(T) =A(A)+ A(B) +daB.
Therefore, the change in balanced length produced by adding taxon &k onto the branch
between clades A and B is given by

A 1
(7.3.1) A (T E k) —A(T) = 5(5,4%} + 5B{k} —0AB).

As we will see, this is a crucial result that will be very useful to speed up the
practical calculation of the balanced length of any extension of a partial tree T". For

now, it is easy to see that the quantity in (7.3.1) can be negative — as it is easy to
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construct distance matrices d in which d4p is very large and both d ;1 and dpgpy
very small — and therefore the balanced length of a topology can actually decrease
when adding a new taxon.

Note that the right-hand side in (7.3.1) is identical to the formula in (6.3.6) for

the balanced estimate of the length of the branch leading to k in T' E k. If we recall
that A(T) can be defined as the sum of the balanced length estimates for all the
branches in 7" (as explained in sec. 6.3.1), it is easy to see why this happens: using
the formulae (6.3.6) and (6.3.7) for balanced length estimation, it is not difficult to
find out (but not shown here) that the addition of k onto e, where A - B, does not
alter the sum of the branch length estimates in A and B and that it divides e into
two branches whose length estimates sum to the length estimate for e. Therefore,
the only change in the balanced length of T" resulting from the addition of k& comes
from the length of the newly added terminal branch leading to k, which is precisely
given by (7.3.1).

For the purpose of devising a lower bound for BBBME, the most important
consequence of (7.3.1) is that the change in balanced length can also be seen as a
weighted average of many terms with a very simple form. This is expressed by the

following proposition.

PROPOSITION 7.3.1. Let T be a bifurcating tree topology over a subset of {1,2,...,n}
and k ¢ T. Also, let A and B be two clades separated by exactly one branch in T.
Then,

A 1 y
1€
jeEB

where b;x denotes the depth of tazon i in clade X, that is, the number of branches
between i and the root of X in T, and the X} terms are defined as

o1
(7.3.3) AY = 5 ik + jk = dij)-

PrOOF. First of all note that, for any clade X,

(7.3.4) > 2%{ =1,
1€X
which is easy to see once 1/2%X is seen as the probability of reaching taxon i when
descending from the root of clade X, according to the very simple random walk
described for the definition of the balanced average distance between clades (sec.
6.3.1). Other consequences of this definition (see (6.3.5)), and of (7.3.4), are the
following equalities:
1

1 1 1
Oty =D ooy Ok = D ooy Ok D 3o = D Gy O
jeB

i€EA i€A i€A
jEB
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1 1 1 1
53{]‘3} - Z obim Ok = Z obiB Ok Z 2bia - Z 9biatbip Ojk;

jeB jeB ieA icA
j€B
1 1 1
0AB = E —— —— ;= E ——— 0;5.
AB obia 9bjp Y obiatbip
icA icA
jEB jeB

If we use these formulae for d 4z}, dpx) and dap in (7.3.1), then we obtain

A 1 1 1 i
A(T;’“> —A(T):§;W(5ik+5jk_6ij):;m)‘k'
JjEB jeB

0

Note also that, because of equation (7.3.4), the factors that multiply the )\Zj

terms in (7.3.2) sum to 1:

1 1 1
(ZW) D ghn | =2 ghares = b
i€A jeB i

which means that we can see the expression in (7.3.2) as a weighted average of the
various )\Zj terms, for ¢ € A and j € B.

The importance of (7.3.2) lies in the fact that it gives us a solid basis to devise
bounds for BME: since it expresses the change in A(T) produced by the addition of
one taxon, if we can bound its value then probably we can also bound the change in
A(T') produced by the addition of any number of taxa. This very simple idea is at
the basis of all the bounds I will present in the rest of this section.

Recall that our aim is to derive a lower bound to A(T™") for any bifurcating
topology T over {1,2,...n} that can be obtained by iteratively extending T with
all the taxa k ¢ T (i.e., for any T'" lying at a leaf below T in the metatree described
in sec. 7.2). T will start by describing two simple bounds that T initially devised for
BBBME (sections 7.3.1 and 7.3.2). Although subsequently I found better bounds
(sections 7.3.3 and 7.3.5), the simple bounds are useful to introduce some of the ideas
that we need for the rest of this section. Note that good lower bounds are those that
are close to the real minimum among all A(T™"), for all possible iterated extensions
T, as they are the most likely to result in prunings. A good bound is also said to
be tight.

7.3.1. “a bound” for static orders. Since the right-hand side in (7.3.2) is a
weighted average of many )\Zj terms, a very simple lower bound to its value is given
by the minimum among these terms (which is independent of the attachment point
specified by A and B), that is:

A .
(7.3.5) A <T F k‘> —A(T)> min X/
B i JET: i#j
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Note that the min; ; )\Zj in (7.3.5) does not depend on the topology of T', but only on
the set of taxa in T'. If the taxa are added in a known order, for example determined
through static ordering early on during the execution of BBBME, then the set of
taxa in T is totally determined by %k and therefore min; ; )\Zj can be calculated as
soon as the order is available.

Assume, without loss of generality, that the taxa are numbered so that the initial
tree Ty is composed of taxa 1,2 and 3 and that the subsequent taxa are added in
the order 4,5,...,n. Then, when we proceed to add taxon k (4 < k < n) onto the
partial topology T, the taxa in T must be {1,2,...,k — 1} and we can rewrite the
right-hand side of (7.3.5) as
(7.3.6) o= mn_ N,
where we impose ¢ < j, instead of ¢ # j, because )\Zj = /\if

Since the addition of taxon k will cause a change in balanced length of at least
ag, it is very simple now to express a lower bound to the balanced length of any

complete extension TF of T

(7.3.7) AT = MT) + > oy
k¢T

Note that oy can be calculated as soon as the position of taxon k is determined in
the static order; oy, is then stored and used throughout the execution of BBBME.

As for the amount of computation involved in calculating the bound in (7.3.7),
assume that T is obtained by adding taxon h to another partial topology T". It
is easy to see that the sum ZkgT oy can be obtained in constant time by simply
subtracting oy, from the corresponding sum for 77 (which has been calculated when
visiting T"). Since also A(T) can be calculated in O(1) time from A(7”) (once some
necessary information for 7” is calculated and stored; see sec. 7.4), the bound in

(7.3.7) can be calculated very efficiently in constant time.

7.3.2. “a/ bound” for dynamic orders. The a bound above relies on the
assumption that, for every taxon k still to add, it is possible to determine the set
of taxa that will have been added before k. Unfortunately, if the taxon order is
determined dynamically, this is not possible. A way to solve this issue is to assume
that any taxa may have been added before k: if we go back to the bound in (7.3.5),
instead of taking the minimum over all pairs of distinct taxa in T, we can take
the minimum over all pairs of distinct taxa from {1,2,...,n} — {k}. Because this
minimum is over a larger set, it must be less or equal than the previous minimum,
and therefore it will still be a lower bound to the change in A(T"). Therefore,

A .
A (T E k:) —A(T)> min X/

1<i<j<n,
i,j#k
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If now we define

7.3.8 o, = min A
( ) k= 1<i<j<n, k>
i,j#k

then, as in (7.3.7), we have that

(7.3.9) ATH) > MT)+ > o
k¢T

Clearly, since a;g < ag, this bound is not as tight as the o bound for static
orders in (7.3.7) and will result in fewer prunings. Although it is mostly intended
for dynamic orders, it can also be used while a static order is being constructed, for
example to choose the first three taxa in the order.

Note that the aj, values can be calculated right at the start of the execution
of BBBME (as they only depend on §). Because of the same considerations as for
(7.3.7), the bound in (7.3.9) can be calculated very efficiently in constant time.

7.3.3. “v bound” for static orders. If we look back at (7.3.2), it is not hard
to see that taking the minimum among the )\Zj terms does not provide a very tight
lower bound to the right-hand side: there are many other terms in this weighted
average that contribute to its value; taking them into account has the potential to
make the bound significantly tighter.

Note that the weights in the right-hand side of (7.3.2) depend on the topologies
of A and B, the clades at the sides of the newly added taxon k. However, a lower
bound to (7.3.2) should be independent of A and B: when evaluating the bound for a
T not including k, neither the topology, nor the position to which k£ will be added are
known (however we do know that the topology will have been obtained by repeated
extension of T'). Because, as in section 7.3.1, we here assume that taxa are numbered
1,2,...,n in accordance with a static order, we can assume that k is added to an
unknown topology over {1,2,...,k — 1}. By hypothesizing an “extreme” shape for
this unknown topology, we can then derive an extreme form for the right-hand side
n (7.3.2). This is the main idea leading to the bound presented in this section. The

following definition will be central to express this bound.

h)

the h-th smallest value among the )\Zj such
k—1

that 1 < ¢ < j < k. This means that ()\,(Cl),)\,?), ce /\IE 2 )) is obtained by sorting

the vector ()\]g)1<l<]<k in ascending order.

DEFINITION 7.3.2. Denote by /\(

Note that the definition above, although apparently straightforward, conceals an
important detail in case of ties: for example, if & =4 and (A2, \j2,A\23) = (1,2, 1),
the second smallest among these values, )\22) is equal to 1: multiple occurrences of
the same value are counted separately.

I will start by deriving bounds to (7.3.2) for small values of k£ and then I will
generalise them to any value of k. If k = 4, the topology to which 4 is added is Tp,
connecting taxa 1, 2 and 3 to a central node. Depending on the branch onto which
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4 is attached, the one leading to 1, to 2 or to 3, the right-hand side of (7.3.2) will

have one of the following forms:
1 1
3 M2+ 3 A3,
1 1
3 M2+ 3 B,

1 1

3 L3+ 3 223,
Recall that )\il) denotes the smallest value in (AJ%, A\}3,A33), and )\4(12) the second
smallest among these values (Def. 7.3.2); then the minimum among the three ex-

pressions above is simply given by:
1 1
(7.3.10) S A gAY

which is therefore an optimally tight bound on the balanced length change caused
by adding 4, and is independent of where 4 actually attaches.
If £ =5, the right-hand side of (7.3.2) will have either the form
i A % e | % Az i Ntz
o 1 1 1
5 )\1531 + Z )\?2 + Z )\?3

depending on whether 5 gets attached to the internal branch or one of the terminal
branches. Using again Definition 7.3.2, it is easy to see that a lower bound to the

expressions above is given by
1.1y 1.9 1.3
(7.3.11) S+ A+ ).

The case k = 6 is also instructive, but showing the details here would be tedious;
by enumerating all possible forms for the right-hand side of (7.3.2) one can show
that a lower bound to them is:

(7.3.12) % A 4+ i A 4 é AP 4 é AW,

In general, a lower bound to the right-hand side of (7.3.2) is obtained by hy-
pothesizing that the topology to which k is added is such that the smallest )\Zj are
multiplied by the largest possible weights. Let A and B denote once again the clades
at the sides of the branch to which k is attached. The largest possible weight that
the minimum )\Zj term, that is )\,9), can have is %, which is obtained when one taxon
between ¢ and j, say, ¢ is at depth 0 in, say, A and j is at depth 1 in the other
clade B, as shown in figure 7.3.1 (note that j cannot be at depth 0, unless k = 3).

Assuming that /\g) gets a weight of %, the largest possible weight that )\f) can have

is then %: this can only happen if )\,(f) = )\?2, where 7 is the only taxon in clade A
and js is a taxon at depth 2 in B. If we continue reasoning like this, we find that,

for every h € {1,2,...,k — 3}, the largest weight that A,(Ch) can have — assuming all
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FiGure 7.3.1. Topology justifying Proposition 7.3.3.
The dots indicate that the terminal branches leading to js, j4, ..., jx—4 are omitted.

smaller )\l(j) have been assigned weights in the way above — is 1/2" | which can only
happen if )\,(Ch) = Agh and the topology to which k is added is that shown in figure
7.3.1.

The greedy-like procedure described above leads to the scenario that gives the
lowest possible value for the right-hand side of (7.3.2): it is the scenario where k is
added to the topology in figure 7.3.1 (and in the position shown), where )\Zjh = A,ih)
for every h € {1,2,...,k — 2}. The change in balanced length for this scenario
provides a lower bound to the change in balanced length for any possible scenario;
it is a generalisation of (7.3.10), (7.3.11) and (7.3.12) for any value of k > 3. This is

formalised by the following proposition.

PROPOSITION 7.3.3. Let T be a bifurcating tree topology over {1,2,... k — 1}
with k € {3,4,...,n}. Also, let A and B be two clades separated by exactly one
branch in T. Then,

A 1 ¢ 1 _
(7.3.13) A (T E k) —A(T) > Z 5 /\](g) 4 )\’(ck 2)

The reasons why this holds should now be intuitive, but a formal proof for the
statement above will be given in the next subsection.
Now define 7 as the right-hand side of (7.3.13), that is,
k—3
(7.3.14) Y = %A,(f) + 2k—1_3 Ak
i=1
Clearly, 7y is tighter than ay (defined in sec. 7.3.1) as a lov;/er bound to the balanced

length change caused by adding k, simply because v > )\21 = ay. As a consequence,

the following is a tighter lower bound than the a bound specified by (7.3.6) and
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(7.3.7):

(7.3.15) AMTH) > AMT)+ Y e
k¢T

Computationally, the overhead for the calculation of v, instead of oy is minimal,
as each v is calculated only once as soon as the position of k is determined in the
static order; 7y is then stored and used throughout the execution of BBBME.

Again, ZkgT v can be obtained by simply subtracting a 7, value from the
corresponding sum for the parent vertex of 1" in the metatree. Since this means that
also the bound in (7.3.15) can be calculated in constant time, the v bound presented
here should be preferred to the less tight o bound (which was only described for

introductory purposes).

7.3.4. Correctness of the 7 bound. In this subsection, intuitive concepts
such as weightings and weighted averages are given precise meanings. This allows us
to prove Proposition 7.3.3, although in a rather convoluted way.

DEFINITION 7.3.4. A weighting is a vector w = (wy, w3, . .., w,,) of non-negative
real numbers summing to 1. Given a vector * = (x1,x9,...,2;) with at least as
many components as w (i.e., m < t), the weighted average of x given w is defined
by:

m
i=1

Weightings are just a way to represent distributions over a finite set of elements.
I here introduce a notion of dominance between weightings that corresponds to that

of “first-order stochastic dominance” between distributions [SS94].

DEFINITION 7.3.5. Let w and v be two vectors of lengths m and n, respectively.

We say that w dominates v if, for every k < min{m,n},

k k
SwsYu
=1 =1

The definition above will normally be applied to weightings. For example, it is
easy to check that (i, i, i, i) dominates (%, %, i) An intuitive way of describing
the dominance relation above is to say that w dominates v when w is more “to
the right” than v. The rationale for the definition above comes from the following

observation (whose proof will be given further below in this section).

ProprOSITION 7.3.6. The weighting

11 1 1 1
9747 k—4' 9k—3’ 9k—3

1s dominated by every weighting of the form

1
(7.3.16) ()
2biatbiz i€A, jEB
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(for whatever order its components appear in), where A and B are clades that parti-

tion the taza in {1,2,...,k — 1}.

The above proposition, together with the following lemma, implies Proposition

7.3.3.

LEMMA 7.3.7. Let w and v be two weightings such that w dominates v. Then,

for every non-decreasing vector x with at least as many elements as w and v,

v-r<uw-x.

PROOF. Assume, without loss of generality, that vectors w, v and x all have the

same length n: in fact, if this is not the case, it suffices to append at the end of w

and v a number of zero components until their length equals that of x; it is easy to

see that this transformation does not change the values of w -« and v - .

Now define, for all k € {1,2,..

.,n}, di as a vector of length n with the first k—1

components equal to 0 and the remaining ones equal to xx — xx_1 (with zy := 0),

that is:
dl = 331(1,1,...,1),

d2 = (1'2—:131)(0,1,,...,1),

d3 = (333 —.Z'Q)(0,0,l,,...,l),
and so on. Then it is easy to see that
I now prove that, for every k € {1,2,...,n},
(7.3.18) v - dk <w- dk.
First, this clearly holds for ¥k = 1, as v-dy = z1 = w - d;.
ke{23,...,n},
n
vody = (zp—7p-1) Zvi
i=k
k—1
= (v —zp-1)(1 = ) _wi)
i=1
k—1
< (wp—ap-1)(1 = ) wi)
=1
n
= (.rk - :kal) Zwi = w- dk.
i=k

Therefore, because of (7.3.17) and (7.3.18), we have that

Then, for every

v-e=v-di+v-do+...vtv-d,<w-di+w-do+...+tw-d, =w-x.
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I now show that Proposition 7.3.6 and Lemma 7.3.7 above imply Proposition
7.3.3. Let T, A, B and /\S) be as in the statement of Proposition 7.3.3. By re-
expressing the right-hand side of (7.3.2), we obtain:

A 1 ij 1) (2 M
(7.3.19) A(Tgk) — A(T) = Zm%ﬁ —w- Ay
jen
where w a weighting obtained by rearranging (m) ) Bin some way. Be-
¢ 1€EA, JE
cause of Proposition 7.3.6, we have that w dominates (%, %, cee %%4, 2,6%3, 2,6%3)
Therefore, because of Lemma 7.3.7, we have that
(7.3.20)
OINE) (*2") 11 1 1 1 1) (@) (*2")
w- O AN D) 2 (5 g s s COWAB a2,
But (7.3.19) and (7.3.20) together imply that
i 11 1 1 1 OINC) (2"
A(T;k) _A(T) Z (2’47""2]64’2]63’2’63) (Ak; 7Ak 7"‘7)‘k : )7

which is just a restatement of (7.3.13), the inequality I set out to prove.

The rest of this section is devoted to the proof of Proposition 7.3.6. I start by
stating a number of basic facts about the properties of the dominance relation defined
above. The proof of the first two is trivial and therefore not included here.

LEMMA 7.3.8. The dominance relation of Definition 7.8.5 is a partial order over
the set of all weightings. That is, if w and v are two weightings, then: w dominates
w (reflexivity); if w dominates v and v dominates w, then w and v are the same
weighting, up to inclusion of trailing zeros (antisymmetry); if w dominates v and v

dominates u, then w dominates w (transitivity).

LEMMA 7.3.9. Let w and v be identical weightings, except for a number of com-
ponents, say, the i1-th, the ia-th, down to the igx-th (with i1 < io < ... < ig). If
(Wi, Wiy, . . ., w;, ) dominates (viy,Viy, ..., 0, ), then w dominates v.

Note that two weightings may differ on components where one of the two weight-
ings is undefined; in this case we assume that the undefined weight equals 0. For
i, %, %, i) dominates (%, i, %) Because of Lemma

7.3.9, this can be proved by simply remarking that the two weightings differ at the

example, we noted above that (
first and fourth component and clearly (i, i) dominates (%,O).
LEMMA 7.3.10. Given a weighting w, let w® denote the vector obtained by sorting

w 1n descending order. Then, w dominates w?.

Proor. Note that w can be transformed into w?® via a number of “swaps” be-
tween consecutive components (a procedure also known as bubblesort; see CLRS01],
Problem 2-2). Each swap consists of transforming a weighting (..., z,y,...) into the
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Figure 7.3.2. Illustration of the proof of Propos1t10n 7.3.11.

d+1

71

new weighting (...,y,x,...), with <y, and where all components denoted by the
ellipses are left unchanged. Because of Lemma 7.3.9, the old weighting dominates the
new one. By repeatedly applying the transitive property of dominance we conclude

that w dominates w?. O

LEMMA 7.3.11. Let T be a rooted topology (therefore, a clade). The weighting

11 1 1 1
27477 9lTI=27 2IT|=17 9|T|-1

1s dominated by every weighting of the form

(3)
2bir )’

wrrespective of the components’ order.

PRrROOF. Note that T being a clade, all the notation for clades carries over to 7.
Recall that b;7 is also called the depth of ¢ in T. Also, call a clade of two taxa a
cherry.

Imagine repeatedly applying the following operation to 7T": unless 7" has a cater-
pillar shape (see Ttat in fig. 7.3.2), remove one of the taxa from a cherry at depth h
and insert it into a different cherry of maximal depth d, with h < d. It is clear that
the above procedure terminates when T has been transformed into a topology Tcat
with a caterpillar shape.

Now let wg = (ﬁ)ZET Irrespective of its components’ order, this weighting

. 11 11
’LUO_ ”.727,27}']"‘.’ﬁ7ﬁ y

dominates
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which is a consequence of Lemma 7.3.10. But, in turn, this weighting dominates the

following weighting corresponding to 77:

B 1 1 1 1
w1 = T Qh=179d """ 9d+17 9d+1 )
which is easy to verify thanks to Lemma 7.3.9 (the components denoted by the

ellipses are left unchanged from w§). Finally, again because of Lemma 7.3.10, w;

dominates wj. Because of the transitive property of dominance, then wg dominates

w?i, where, I recall, w{ is the vector obtained by sorting ) . in descending
1€17

obiTy
order.

Proceeding like this, every time we move a new taxon to a cherry of maximum
depth, the weighting corresponding to the new topology, once sorted in descending
order, is dominated by the weighting corresponding to the old topology. In the end,
applying the transitive property multiple times, we have that the sorted weighting

corresponding to Tia¢, that is

11 1 1 1
27 47 MR 2‘T‘—27 2‘T|—17 2‘T|—1 Y

is dominated by wq, which is precisely what I set out to prove. U

LEMMA 7.3.12. Let w and v be two weightings of lengths m and n, respectively,
and let w @ v, their Kronecker product, be the vector containing the products between

every pair of components from w and v, that is,
wR V= (wwl, W1V2,y ..., W1Vp, W2V1, W2V, ..., W2VUp, ..., WnU1, WnV2,... ,wmvn).

Then w v is a weighting. Furthermore, if w dominates another weighting w’, then
w v dominates w’' Q@v. Similarly, if v dominates another weighting v’, then w ® v

dominates w @ v'.

Proor. That w ® v is a weighting is trivial.

The fact that w dominates w’ implies that (wiv;, wavy, ..., w,v;) dominates
(whvs, whvg, . .. wh v;), for every i € {1,2,...,n}. Therefore, by Lemma 7.3.9,
W ® V= (WU, W1V, . . ., WUy, WRUVL, WAV, . « ., WUpyy « « « y Wi UL, Win V2, « « « y Wiy Upy)
dominates
/ / /
(wlvl, w102, ..., W1Vp, WyU1, W2V2, ..., W2VUn, ..., W, V1, WnV2, ... ,wmvn),
which in turn dominates
/ / / / / /
(Wyv1, WiV, .« .oy W1 Vp, WYV, WY, . oy WUpyy v oy Wy VT, Wy V2, v« y Wiy U )y

which, in turn, by repeated application of Lemma 7.3.9, dominates
/ / / / / / / !/ / _ /
(W1, W V2, .oy WYV, WYL, WU, ooy Wl v oy Wy V1, Why V2, ey Wy Up) = W @ V.

The proof that w ® v dominates w ® v’ is similar. O
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DEFINITION 7.3.13. Let w be a weighting of length m. We say that v is a
subvector of w if v = (v1,v2,...,0,) = (Wiy, Wiy, ..., w5, ), Wwith 1 < iy <ig < ... <
in < m. A collection of subvectors of w form a partition of w if their concatenation

is a rearrangement of w.

LEMMA 7.3.14. Let w, v, w' and v’ be weightings such that w dominates w' and
v dominates v'. If w is non-increasing then (w ® v)* dominates (W' @ v)*. If v is

non-increasing then (w ® v)* dominates (w @ v')°.

PRrOOF. The proof is very similar to that of Lemma 7.3.12. If w is non-increasing,
then the various (wyv;, wov;,...,wnv;) are subvectors of (w ® v)° (and form a
partition of this weighting). Note that this was also true in the proof of Lemma
7.3.12. Similarly to that proof, we can then substitute in (w ® v)* each subvec-
tor (w1v;, wav;, . . ., WyY;) with (wjv;, whv;, ..., w),v;) and the resulting vector, u, is
dominated by (w®wv)® (by repeated application of Lemma 7.3.9). Since w dominates
u® = (w' ®v)* T conclude that (w ® v)* dominates (w’ ® v)*.

The proof that if v is non-increasing then (w ® v)® dominates (w ® v')® is

similar. O

I am now ready to prove Proposition 7.3.6, thus concluding the proof of Propo-
sition 7.3.3. Let A and B be two clades that partition the taxa in {1,2,...,k — 1}.
I wish to prove that

( : >

woy =

biath; ’
2%ATVIB [ ic A, jeB

irrespective of the order in which its components appear, dominates

11 1 1 1
974 " 9k—4° k-3’ 9k-3 )

First, for any clade X, define
()
wx =\ —— .
2bin ) e x

wy = (wa @ wp)® = (wj ® wp)®.

Then, it is easy to see that

Now define A; (and B;) as any clade with a caterpillar topology, containing all
the taxa in A (and B) (see fig. 7.3.3). Note that

. 11 1 1 1
wA - a4 ) )
! 24 2lA[=27 9]A|-1" 9]A]-1

and

) 11 1 1 1
W, =575 ) ) .
! 24 2|B|-2"7 9|B|-1" 9|B|-1

Because of Lemma 7.3.11, w?} dominates w?  and w} dominates wi . Then,

because of Lemma 7.3.14, wj = (w$ ® wy)® dominates (w3, ® wy )°.
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FiGUure 7.3.3. Hlustration of the proof of Proposition 7.3.6.

Ay

|4 -1

[B]—1

IB|

Now assume, without loss of generality, that |A| < |B|. Imagine moving one
of the taxa in A; into Bjp, so that Bj has still a caterpillar topology. I call the
resulting clades Ao and By. If we iterate this operation, we obtain a sequence of
pairs of clades (A1, B1), (A2, B2), ..., (A4, B4)) that terminates when one clade is
composed of one taxon and the other of k — 2 taxa (see fig. 7.3.3).

Now define, for every h € {1,2,...,|A|},

( 1 )
wyp=———"+— .
bia, +b;

27 ARTVIBN ) e A, ieBy,

Because wg dominates w{, which in turn dominates (w?, ® wj )® = w}i, we have
that wo dominates wf. I will now prove that wi dominates w3. The proof is valid
for every pair of consecutive weightings in the sequence w7, w3, ... ,'w|S Al Therefore,
because of transitivity, we have that wg dominates

s [ 1Y (11 11 1
WA=\ Qi =\ 2 9k—4 k=37 9k—3 )

which is what T set out to prove.

It remains to be proved that wj dominates wj3. Since w? can be partitioned
1

Z’ ..
be partitioned into subvectors (2

. 1 1 1 1 s
into subvectors (3, -+ grar=z) and (5ra7=1 5rar=7) and, on the other hand, wj can

Fo e 2‘3%) and (2‘3%), then the following four
subvectors of w] = (w$, ® wy )° form a partition of w3:

/(11 LY (L1 1 *
a = 2’4"”’2|A|72 2’4"“’2|B|71 s
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- 1
N 2\A| 1 \A| 1 |B| 1 |A|+\B\ 27 olA[+[B[-2 | °
(11 1 1
“\\274" 2\A| 2 2|B| 1 2|B| oIB[+1° """ 9[A[+|B[-3 |~
1 11 1 s
4= <<2A A 1) @ <2 T lBl 1))

(111 1 1 1
— \ 2MAD 2JA]" QAL A+ [A[FB[-2" 9A[F[B[-2 )

If we merge together c and d, we obtain another subvector of wj:

(11 1 1 1 1 1 1 1
—\ 21417 2A]? 9lA[+17 9Al+17 7777 9[B|=17 9|B|=1" 9| B[’ 2|B|” 9|B|’
1 1 1 1 1 1 1 1
9[B|+1’ 9|B[+1° 9[B[+1° """’ 9|A[+|B|-3" 9|A[+|B|—3’ 9| A[+|B[-3’ 9|A[+|B|-2" 9|A|+|B|-2

Now imagine substituting, in w7, the above subvector with the following one:

(Lo 1L, 1 1 1
Y= 2\A\ 1777 9AP? ™ 7 9|B|=27 77 9|B|-1" 9|B|+1’ 9|B[+1’
11 1 1 1 1 L
9|B|’ 9|BI+2 9|B[+27 """ 9|A[+|B|-4’ 9|A|+|B|-2" 9|A|+|B|-2" 9|A|+|B|-3"

(note that there is a one-to-one correspondence between the representation of «
above and the one for y). The weighting obtained with this substitution, which I
call ug, has two properties:

(1) w; dominates ug, as  dominates y (apply Lemma 7.3.9);

(2) if the zeros it contains are ignored, us is a rearrangement of ws.

The second property can be proved as follows. Since w?, can be partitioned into

subvectors (3,1, ..., Q‘A%) and (ﬁ) and wi, can be partitioned into subvectors
(%, T 2IB%) and (ﬁ, 2|13‘) then the following four subvectors of w3 = (w?, ®

wp,)® form a partition of w3:

(L1 L1l 1Y
a = 2’4""’2|A|—2 2’4’”"2|B|—1 s
b LY (L VYL 1 1
o 2lAl-2 2|B|” 2|B| ~ \ 21Al+[B]-2" 9|A|+[B|-2 )’
(A N (LY LY (11 !
¢ = 2lAl-2 27477 9IBI-1 —\ 21A=17 9]A]? " 9|A|+B[-3 )
11 1 1 1 s
/— —_ — [ —— [P
?= (33 0) (o 3m))

(1 1 1 1 1 1
~ \2/BI+1" o[BI+ 9BI+2 9[BI+2° " 9IAN+[BI-2 Q[A+IB-2 | °

Now recall that uo, on the other hand, is partitioned in subvectors a, b and y and
observe that a = a’ and b = b’. It suffices to observe that ¢y can be obtained by
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merging and rearranging ¢’ and d’ (and inserting a few zeros) to conclude that wus is
a rearrangement of ws (with a few zeros inserted).

Because wj dominates uy (point (1) above), us dominates uj (Lemma 7.3.10)
and u§ dominates w3 (because, except for a few trailing zeros, they are identical),

then w{ dominates ws3.

7.3.5. “y' bound” for dynamic orders. If the taxon order is determined
dynamically, when we add taxon k not only do we not know which taxa will have
been added before, but also we do not know how many taxa will be present in
the topology to which k is added. In section 7.3.2, we solved the former issue by
assuming that any taxa from {1,2,...,n} — {k} may have been added before k, so
we replaced «g, the minimum /\Zj for 4,5 € {1,2,...,k — 1}, with o}, the minimum
)\Zj fori,j € {1,2,...,n}—{k}. Similarly, the following definition replaces Definition
7.3.2:

DEFINITION 7.3.15. Denote by )\,(Ch)/ the h-th smallest value among the )\Zj such

that 1 < i < j < nand k ¢ {4,j}. This means that ()\,gl)l,)\lgz)l,...,)\]gn;)) is
obtained by sorting the vector ()‘zj)lgi<j§n,i,j;£k in ascending order.

One may be tempted to obtain a bound by simply replacing )\l(j) with )\,(f)/ in
(7.3.13); however, that equation presupposes that the topology to which k is added
exactly contains k£ — 1 taxa, an assumption that we cannot make for dynamic orders.

Note however that the bounds we are discussing are evaluated when visiting a
particular topology T. Then, for every k ¢ T, we want to predict the effect that
adding k£ has on the balanced length of an unknown topology that will have been
obtained by repeated extension of T'. Although we may not know how many taxa
there will be in this unknown topology, we can however assume that it will contain at
least the same number of taxa as T. Thanks to this assumption, a bound analogous
to that in (7.3.13) can be devised; it is given in the following proposition, where I
have chosen to call 77 the unknown topology to which k is added so as to make clear
the distinction with 7'

PROPOSITION 7.3.16. Let T' be a bifurcating tree topology with at least h taza
(h > 2), but not containing k. Also, let A and B be two clades separated by ezactly

one branch in T'. Then,
4 S A N
i) _1y
(7.3.21) A (T’ E k) —AT) 2> M TN
=1

Before showing a proof for this proposition, define v, (h) as the right-hand side
in (7.3.21), that is,

L @y 1 h—1)'
) =D Nt -
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PROOF. Suppose that T” is over a set X of x taxa, with h < x <n — 1. As for
Proposition 7.3.3, where X = {1,2,...,k—1}, let )\,(j) denote the i-th smallest value
among the /\Zj such that ¢, € X and ¢ < j. Then, the following is equivalent to
Proposition 7.3.3:

A 1 _
' / z) (z—1)
A<T Ek) AT > E >\ N .

Because X C {1,2,...,n} — {k}, then clearly )\l(;) > )\,(CZ) . Therefore, if we replace
each )\,(;) with )\,(;)/ in the right-hand side of the equation above, we still have a lower

bound to the change in balanced length and this lower bound is precisely equal to

V()
Since h < x <n — 1, and since

W) < (h+1) <. <y —1),
then,

A <T’ ]f—; k:) — A(T") >~ (h).

Clearly, 7, (h), for any h > 2, is tighter than o} (defined in sec. 7.3.2) as a
lower bound to the balanced length change caused by adding k, simply because
(k) =AY = af,

Once again, a lower bound to the balanced length change caused by adding one
taxon can be used to derive a bound for when multiple taxa are added: if we denote
the number of taxa in T by |T|, we have

(7.3.22) ATF) = MT) + ) (7).
kT
Since v, (|T|) > «}, the 4" bound in (7.3.22) is tighter than the o’ bound specified

by (7.3.8) and (7.3.9). On the other hand, the 7 bound specified by (7.3.14) and
(7.3.15) is tighter than the 4/ bound: as usual, assume that the taxa are numbered

(4)

with 1,2,...,n in accordance with the static order; if A’ is defined as in Definition
7.3.2, then )\g) > )\,(j) and therefore
k—3
ING 1 (k-2
mo= M
i=1
k—3

>

If T is a topology over {1,2,...,h}, then |T| = h and

n n

+ > wZAD+ Y k=) =AM+ Y b,

k=h+1 k=h+1 k=h+1
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which shows that the 7/ bound is less tight than the v bound.

Finally, note that although the various 7} (x) values, for € {3,4,...n — 1} and
k€ {1,2,...,n}, can be calculated right at the start of the execution of BBBME, the
sum > g7 75, (|7']) needs to be calculated de novo each time we visit a new topology
T.

7.3.6. The a and the v bounds are effective when the distances fit a
tree. I will now show that the a bound (see (7.3.6) and (7.3.7)) and its improvement
for static orders, the v bound ((7.3.14) and (7.3.15)), share some desirable properties
that ensure that, if the input distances are sufficiently close to the correct distances,
then BBBME runs efficiently. In the rest of this section, the following notations will
often be used.

DEFINITION 7.3.17. Let T and T™ be two tree topologies, such that the taxa in T’
form a subset of the taxa in T*. The form T < T™ indicates that T™ can be obtained
by iteratively extending 7" with the taxa that are in 7™ but not in 7. Formally,
this means that we require that there is a sequence of topologies Ty, 11, . .., Ty, with
m > 0, such that Top = T, T,,, = T™* and, for every i € {1,2,...,m}, T; coincides

A
with T;_1 E k for some A and B clades of T;_1 and some taxon k not in T;_1. Also,

I will write T £ T* to indicate that 7% cannot be obtained by iteratively extending

T in the way described above.

Note that if T" is at a vertex of the metatree and T™ is at a leaf of the metatree,
then T' < T if and only if T is on the path between the root of the metatree and
T*.

A first interesting remark is that if the distances coincide with those on the
correct tree and the partial topology 7T is correct for the taxa it contains, then both
the o and the v bound for T" are optimally tight, i.e., they precisely give the balanced
length of the best 7" below 7.

PROPOSITION 7.3.18. Let 8 = d” for some tree T over {1,2,...,n} having a
bifurcating topology T and let T be a topology over {1,2,...,h} such that T < T*.
Then the o and the v bounds applied to T are equal to the balanced length of T*:

(7.3.23) AT+ = AMT)+ >y = AT
kg T kgT
PRrROOF. Since T < T, there must be a sequence of topologies Ty, =T, Th41,...,1n =

T* such that, for every k € {h+1,h+2,...,n}, T} is over taxa {1,2,...,k} and is
obtained by adding taxon k onto one of Tj_1’s branches. I will now prove that, for
every ke {h+1,h+2,...,n},

ATy) — ATi—1) = o = i,
which implies (7.3.23).
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FiGURE 7.3.4. Explanatory illustration for the proof of Proposition 7.3.18.
The figure shows the three paths in 7™ from 4, j and k to the central node v;j;. A
and B are clades of Tj, but not necessarily of T*. They are however subtrees of T™*.

First, because we assume & = d7 | it is easy to see that

ij 1 !
N = 5(5ik + Ojk — 045) = §(d3’; + djj, — ).

Taxa i,j and k are connected in 7 through three paths that lead to a central node
v;jk. Looking at the expression above, it is clear that )\Zj equals the sum of the
lengths of the branches in the path in 7 between v;;;, and k. See figure 7.3.4 for an
illustration of this fact. N

Now let T, = Tp_1 E k, for some clades A and B separated by one branch in
Ti—1. Then, as expressed in equation (7.3.2), A(Tx) — A(Tx—1) equals a weighted
average of many )\? terms with i € A and j € B. As just observed above, each of
these terms is equal to the length of the path in 7 between v;j;, and k; also, it is easy
to see that v;j; is independent of the particular choice of i € A and j € B, which
means that each of the )\Zj terms in the average is equal to the same quantity, which
I call AP (see figure 7.3.4). Therefore,

(7.3.24) A(Ty) — A(Ty—q) = MAB.

Now consider the various /\Zj for1 <i<j <k Since AUB=1{1,2,...,k—1},1
and j are such that either they both belong to one clade between A and B, in which

case it is easy to see that
(7.3.25) A > ARE
or one of them belongs to A and the other to B, in which case, as in figure 7.3.4,
(7.3.26) A = AE.
From (7.3.25) and (7.3.26) follows that

(7.3.27) ap =min{\7 : 1 <i<j<k}=ME
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Furthermore, since there are at least |A|-|B| > k — 2 pairs of taxa ¢ and j such that
A = MB then AV =22 = = A} = \AB_ Therefore,
SENC (k~2)
_ U AB
(7.3.28) fyk_;QA +2k—/\ =\

By putting together (7.3.24), (7.3.27) and (7.3.28), we finally have:
ANTy) — ATi-1) = ag = Y-
U

The result above regarding the case that T is correct for the taxa it contains (7' <
T*) is naturally followed by the following result, which deals with the alternative case
where T is incorrect (T & T™).

PROPOSITION 7.3.19. Let § = d” for some tree T over {1,2,...,n} with pos-
itive branch lengths and with a bifurcating topology T*. Let T be a topology over
{1,2,...,h} such that T £ T*. Then the o and the v bounds applied to T are
strictly greater than the balanced length of T%:

(7.3.29) MDY+ o =AMT)+ >y > A(T™).
k¢T k¢T

PrROOF. Imagine eliminating taxon n and its terminal branch e from 7; if we
replace the two branches e; and ey that were attached to e with a new branch, and
assign to this new branch a length equal to the sum of the lengths of e; and e,
then we obtain a new tree over {1,2,...,n — 1}, which I call 7,_;. If we continue
eliminating one taxon at a time in this way, after n — h steps we obtain a tree 7, over
{1,2,...,h}, whose topology T} is such that T}, < T™ (as T™ can be obtained from
T}, by reverting the procedure described above). Furthermore, because of the way 7j,
is constructed, the distances between pairs of taxa ¢ and j in 7} still coincide with
the 0;; input. Therefore, we can see 7}, as the “correct” tree and 1" as an alternative,
incorrect topology over the same set of taxa. Because of the consistency of BME

(Theorem 6.3.3), then we must have
(7.3.30) A(T) > A(Tp).

Because Ty, < T, we can then apply Proposition 7.3.18 to T} and obtain

(7.3.31) AT+ e =ATh) + >y = AT*
kT kg T
By combining (7.3.30) and (7.3.31), the conclusion in (7.3.29) follows. O

The two propositions above give an important insight into the behaviour of
BBBME. Imagine its execution with distances 8 = d” that perfectly fit a tree. First
of all, the chosen heuristic to construct the initial tree should be able to obtain the
correct topology T, and therefore it should set A* to its correct value A(T*). (The
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ability to reconstruct the correct tree with perfect data is a minimal requirement that
any tree reconstruction method should satisfy.) Then the proper branch and bound
phase follows and the metatree described in section 7.2 is explored. When BBBME
visits an internal vertex 7' of the metatree, if this vertex is on the path to 7%, i.e.,
T < T*, then the « or the v bound applied to T precisely give A(T*) = A* (Prop.
7.3.18), which means that the search is iterated on all extensions of 7T". If instead T’
is not on the “correct” path to T*, i.e., T' £ T*, then, because of Proposition 7.3.19,
the bound applied to T is strictly greater than A*, and therefore the corresponding
portion of the metatree is pruned. This means that the only the vertices that are
visited are the ones on the path to T, and their direct descendants; thus BBBME
will run very efficiently. This is not too surprising, if we consider that the optimal
solution has already been found by the initial heuristic. However, it is a nice prop-
erty that holds in the limit as the distances become more and more “tree-like”. The

following proposition formalises this in a slightly stronger way.

PROPOSITION 7.3.20. Let T be a tree over {1,2,...,n} with positive branch
lengths and with a bifurcating topology T*. If & is sufficiently close to d” then
BBBME only visits the vertices of the metatree that are on the path from the root to

T* and their direct descendants.

PRrROOF. First, note that reasonable heuristics for BME can be expected to con-
struct the correct topology T* for distances & in a neighbourhood of d7. (Results
on the size of this neighbourhood are available for heuristics such as NJ [Att99] and
BSPR [BGHMUO09|.)

For every topology T that BBBME encounters such that T' £ T*, the relation-
ships proved in Proposition 7.3.19,

AT+ ap > AMT)
k¢T
and
AT+ Y > AT,
kgT
still hold for distances & in a neighbourhood of d7, as all the quantities involved are
continuous functions of §. Therefore every incorrect partial 7" is pruned by BBBME.
These observations, together with the considerations above about the behaviour
of BBBME with perfect data, complete this proof. O

Since BBBME runs in a time proportional to the number of visited topologies,
the proposition above implies that BBBME will be efficient for distances that fit
well onto a tree. Although most times the input distances in § will not be close
enough to d” to ensure the performance guarantees of Proposition 7.3.20, we can
nevertheless expect that the running times of BBBME grow somehow continuously
as & gets further and further from d7; it is certainly good news to know that in the

limit BBBME runs in polynomial time.
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FI1GURE 7.3.5. Relative tightness of the bounds used by BBBME.

Vi
RN
oy 77
S
oy

Proposition 7.3.20 still holds in the case where 7 has branches with zero length.
In this case, there are multiple optimal bifurcating trees T, but BBBME will only
visit the topologies T such that 7' < T™ for some optimal 7™ (and their direct de-
scendants). Then, BBBME will run in a time proportional to the number of optimal
solutions (which however grows exponentially in the number of internal branches
with zero length).

7.3.7. Better bounds? All the bounds described in the last few subsections
use the same idea: first find a lower bound to the change in balanced length produced
by adding one taxon — oy, o, Yk or 7 (]T'|) — and then sum up all the bounds for
all taxa k not yet present in the current partial topology 7. This gives a bound of
the form:

AT > AMT)+ > fu(D).
k¢T
The relative tightness of these bounds is determined by the relative tightness of the
taxon-dependent bounds f; (7). A summary of the relationships among these bounds
is given by the diagram in figure 7.3.5, which shows that the v bound is better than
both the a and the 4/ bound, which in turn are both better than the o/ bound.

An important observation is that — as implied by the notation I chose above
— the bound fx(T') to the change associated to k can be potentially a function not
only of k but also of the topology T being evaluated. Whereas oy, o, and -y do not
depend on T, in section 7.3.5 I did take into account one aspect of T: the number
of taxa it contains. However, none of the bounds discussed uses the actual topology
specified by T

It is likely that better bounds than the ones I have presented here can be obtained
by using more information about 7. For example, if ¢ and j are separated by b;;
branches in the current tree 7', then the weight for )\Zj in the expression (7.3.2) for
the change in balanced length will not be greater than 1/2% =1, In the current best
bound, the v bound, if A = A" (with 7 < k — 3) then this term gets a weight of
1/2" irrespective of whether or not this weight can in fact be achieved. This suggests
that there is scope for better, tighter, bounds than the ones I have presented here.
Probably, however, better bounds would involve more computation.
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7.4. Computational aspects

The descriptions I gave in the previous two sections are enough for a first im-
plementation of BBBME. However, there are some ideas that allow a considerable
speed-up. This section will describe the most important among these ideas.

I already mentioned that there is no need to recalculate the balanced length for
each new topology we encounter: it is much better to derive it from the balanced

length of previously visited topologies. To see this, consider again equation (7.3.1):
1
AT = NT) + 5(5,4{1@} + 0By — 0AB),

where T” has been obtained from T by adding k between clades A and B. Since T”
is visited after 7', we can expect A(T) to be available; if we ensure that the three §
terms in the right-hand side are also available (discussed below), then A(T”) can be
calculated in constant time.

One possible approach would be to calculate d4q4}),0p(ry and dap each time
we construct a new topology T’. However, it is much more efficient to calculate
the terms above for all possible choices of A and B all together, when the current
topology T is visited, as this avoids repeating many common operations. This is an
idea originally by Desper and Gascuel, who used it for the heuristics implemented
in FastME [DGO02|.

When we visit the partial topology T, there are two pieces of information that we
would like to have in order to evaluate efficiently the balanced length of all extensions
T of T:

(1) For each clade X in T', the balanced average distance dx ;) between that
clade and the taxon k that we are going to add next.

(2) For each pair of clades X and Y separated by a single branch in 7', the
balanced average distance dxy between those clades, which is useful when

a taxon is inserted precisely between those clades.

The first interesting remark is that all the quantities in (1) can be calculated very
efficiently in O(|T'|) time (where again |T'| denotes the number of taxa in T'). This
is achieved with two traversals of T' (first bottom-up and then top-down), using the
recursion dx(ry = (0x, (k) + Oxo{k})/2, Where X = X3 U Xy (see Appendix 3 in
[DGO2] for details).

On the other hand, the de novo calculation of the dxy quantities in (2) would
be inefficient. It is again more convenient to derive these quantities from the cor-
responding ones for the tree from which 7' was obtained. In fact, in order to make
this derivation possible, it is necessary to store more than just the distances between
clades separated by a single branch. To see this, let X and Y be two non-overlapping
clades, i.e., such that X NY = (). Suppose that a taxon k is added onto some branch
of Y so that Y ceases to be a clade (see fig. 7.4.1). In the new tree topology, instead
of Y we have the clade Y’ = Y U {k}, and its average balanced distance from X is
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FiGURE 7.4.1. Illustration useful for the derivation of dxys, with
Y=Y U{k}, from dxy.

given by:

1
Oyt
(see sec. 3.1 in [DGO2] for the derivation), where Z is the subclade of Y that lies
below the insertion point of k (see fig. 7.4.1). It is then clear that, even in the case

(7.4.1) dxyr = Oxy +

(Ox (k) — Oxz)

that X and Y are separated by a single branch, in order to derive dxys we need the
average distance dxz between clades that are separated by more than one branch.

As a consequence of this observation, BBBME stores a matrix A’ containing all
balanced average distances dxy between all pairs of non-overlapping clades in T'. As
a new taxon k is added to 7', this matrix is updated by using equation (7.4.1) and
the dx(x) previously obtained as described above. As for the computational effort
required to update A’ note that for each clade X not containing k in the new tree
T’, the number of clades Y’ for which dxy+ needs to be calculated is precisely equal
to the number of branches in the path from the root of X to k. Therefore there are
O(|T| diam(T)) pairs of clades X and Y” for which ¢ xy+ will be calculated. Since the
calculation of a single §xy+ requires constant time, the update of AT then requires
O(|T| diam(T)) time.

The considerations I made in this section lead to a more detailed description of
BBBME, the one in the pseudocode of Algorithms 10 and 11, where the new symbol
d); denotes a vector containing all balanced average distances dx ) for all clades X
in the current topology. Note that the processing of a topology is now carried out by
the subroutine ATTACH (k, e, A); once this subroutine is called, the current topology
T is modified by attaching the taxon specified by k onto the branch specified by e
and all the necessary computations involved in visiting 1" are carried out. The third
argument of ATTACH (k, e, A), A, specifies the balanced length A(T') that will result
from updating T'; it is passed to the subroutine because it is already available before
T is actually constructed: in the calling instance of ATTACH, the various A, values
are potentially used to choose a particular branching order.

There are still many details that are omitted from this description of BBBME: in

particular the calculation of the bound and the choice of the taxa to add. However
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Algorithm 10 BBBME (9)

Execute a heuristic that constructs an initial topology 1.
Choose the first three taxa i,7,k € {1,2,...,n}.
Set the following as global variables:

g,
A* = A(T*),
o ={T"},

T = {e}, the topology consisting of just one branch e connecting i and j,
0k = (dik Ojk),
AT = (8;).

ATTACH (k, e, 5 (8 + 0jk + 6ij))

return ©*

Algorithm 11 ATTACH (k,€,A)

Calculate the lower bound 3 using A.
if 6 > A* then return
Update T by attaching k onto e.
if T' contains all the taxa in {1,2,...,n} then
if A <A* then ©" = {T'} else ©* =0 U{T}

A=A
else
Update AT (using 6y).
Choose the next taxon to add, k' ¢ T.
Calculate &y containing all dxy values.
for every branch e in 7" do
Let A and B be defined by A - B.
Ae =N+ L(6apn + 650y — 04B)
end for
Choose an order ey, es,...,e,, for the branches in T'.
for i =1,...,m do ATTACH (k,€;, A¢,)
Revert all changes to AT
end else

Remove k and its terminal branch from 7.

these steps depend on the chosen bound and on the chosen taxon ordering strategy,
which have been extensively discussed in sections 7.3 and 7.2, respectively. Other
details, such as the practical data structures used for T and AT are too trivial to be

discussed here.
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The running time of BBBME strictly depends on the number of topologies vis-
ited, in other terms the number of times the main routine of the algorithm, AT-
TACH(k, e, A), is called. Assuming that the chosen bound can be calculated in con-
stant time, for topologies whose bound leads to a pruning and for those over the
entire set of taxa {1,2,...,n}, the visit of 7" is done in constant time. For all other
topologies T', the calculations in the else block must be carried out: as discussed
above, the update of AT requires O(|T|diam(T)) time; assuming for now that a
static order is used, the choice of the next taxon to add requires constant time; the
calculation of dx can be done in O(|T|) time; the subsequent for loop consists of
O(|T|) cases each requiring constant time; finally, if we sort the e; in increasing order
of Ae,, setting the branching order can be done in O(|T|log|T|) time ([CLRSO01],
Part IT). Therefore, with a static order the visit of each non-pruned partial topology
does not require much more than linear time in n. If dynamic ordering is used, the
choice of the next taxon to add requires that we repeat the calculation of §;, and the
subsequent for loop once for each of the n — |T'| candidates for k', therefore leading
to a quadratic number of operations.

The time needed to process one topology should then be multiplied by the number
of topologies visited by BBBME. As we already saw there are conditions under which
this number grows polynomially in n (sec. 7.3.6); however, these conditions are fairly
strict and we can expect that they will rarely be met in practice. In general, the
number of topologies visited can be expected to grow super-exponentially in n.

As for memory requirements, one aspect of BBBME that is only mentioned in
ATTACH(k, e, A) is that we need to be able to revert the changes to AT, so that,
when we backtrack along the branches of the metatree, we always use the correct
version of AT. One possible approach is to have a local copy of AT for each call to
ATTACH(k, e, A). My implementation of BBBME chooses the alternative approach
of storing only the O(|T'|diam(T)) changes that have been made to AT and uses
them for subsequent reversals. Asymptotically, the two approaches are equivalent:
since at any moment during the execution of BBBME there are O(n) active calls to
ATTACH(E, e, A) and each of them uses up to O(|T|?) space in memory, BBBME uses
O(n?) space.

7.5. Experiments

As will be further discussed in the next section, the fact that it may be possible
to devise better bounds than the ones currently used by BBBME (sec. 7.3.7) means
that it is perhaps premature to execute large-scale experiments with BBBME. Never-
theless, the current version of BBBME is already efficient enough to allow us to start
investigating the question I raised in the introduction to this chapter: the margins of
improvement that may be available to the current heuristics for BME. Since BBBME
returns all the optimal trees with respect to BME, comparing its ability to recover
the correct tree to that of BNNI (the heuristic implemented in FastME [DG02| and
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described in section 6.7) can give us an idea of how much can be achieved by devising
better and better heuristics. Although the experiments presented here represent just
a preliminary investigation in this direction, their results will guide us in designing
future, larger-scale experiments.

Because the size of the space explored by BBBME grows super-exponentially
in the number of taxa (see fig. 7.2.1), clearly there are limits to the applicability
of BBBME. However, compared to an exhaustive search among all possible trees,
BBBME allows us to substantially push forwards the limit of what can be solved
exactly. At present, BBBME seems to be able to deal with distance matrices with
up to 20-30 taxa. (Because of the remarks in sec. 7.3.6, the applicability of BBBME
is strongly dependent on how well the input distances fit on a tree.)

Quite conveniently, one of the two datasets that were originally used to test
the performance of the heuristics implemented in FastME (see sec. 6.7) consists of
distance matrices over 24 taxa [DGO02|, which can be easily dealt with BBBME.
Other readily available datasets are too large for the current version of BBBME (96
taxa in [DGO02], 100 taxa in [DG04], 1000-5000 taxa in [VVHO5]). In this section, I
present experiments on the performance of BBBME and of the heuristics for BME on
this dataset (which is currently available at http://www.lirmm.fr/~guindon/simul/).

The 24-taxon dataset in [DGO02| was generated in a way that [ summarise as fol-
lows (full details in [DGO02]): first, 2000 24-taxon trees with branch lengths violating
the molecular clock (i.e., not ultrametric) were randomly generated using standard
techniques producing realistic trees; then the branch lengths of these trees were mul-
tiplied by three different constants leading to three different sets of 2000 trees each,
representative of “slow”, “moderate” and “fast” evolutionary rates (average maximum
pairwise distance of about 0.2, 0.4 and 1.0 substitutions per site, respectively). Each
of these 6000 trees was then used to generate 24 random DNA sequences of 500
sites each according to a Kimura two-parameter model (K2P) [Kim80] with a tran-
sition/transversion ratio of 2.0. From the resulting 6000 alignments, 6000 distance
matrices were then estimated using DNADIST from the PHYLIP package [Fel89]
(assuming K2P with the known transition/transversion ratio). These distance ma-
trices are naturally subdivided into three datasets of 2000 matrices each, which I call
the Slow, the Moderate and the Fust datasets, differing in the evolutionary rates in
the tree used to generate the matrix.

On these datasets, I tested the performance of a few BME-related methods: first
of all, NJ [SN87| and one of its proposed improvements BIONJ [Gas97a|; then
also a very efficient heuristic for BME [DGO02]| that I call Sadd (as it is based on
a sequential addition strategy; in [DGO02] this is called BME from the principle it
tries to optimise, but I will not use this term to avoid confusion); then three versions
of BNNI, which I call BNNIy;, BNNIgiong and BNNIg,q44, differing in the method
used to construct the initial tree (NJ, BIONJ and Sadd, respectively); and finally
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TABLE 1. Topological accuracy and frequency of optimality of vari-
ous algorithms for BME on three 24-taxon datasets.
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Slow Moderate Fast

dpp(T,T) T =T dgp(T,T) T=T*| dgp(T,T) T=T*
NJ 4.650 0% 60.95%\3.605 0% 60.95%\3.461 0%  57.15%
BIONJ 4.647 -0.1% 44.55%\3.526 -2.2% 48.70%\3.333 3% 43.10%
Sadd 4975 7.0% 35.95%\4.045 12.2% 35.45%\4.112 18.8% 33.00%
BNNIy; 4480 -3.7% 97.85%\3.468 -3.8% 98.10%‘3.216 71%  98.05%
BNNIgiong 4.475 -3.8% 98.00%\3.459 -4.1% 97.85%\3.216 -71.1%  98.20%
BNNIgaqqa 4499 -3.3% 97.65%\3.464 -3.9% 97.80%\3.223 -6.9% 97.40%
BBBME 4.493 -34% 100% \3.462 -4.0%  100% \3.229 6.7%  100%

BBBME itself, whose performance can be viewed as the limit to which heuristics for
BME tend as their ability to reconstruct BME-optimal trees improves.

Because for each distance matrix in the 24-taxon datasets described above we
know the “correct” tree T' that generated it, the performance of these methods can
be measured by how different the tree they return is from 7. Recall the definition of
Robinson and Foulds (RF) distance between two trees (Def. 6.7.1). The topological
accuracy of a method will be measured by the average RF distance dgp(T, T) between
the correct tree T’ and the tree T’ reconstructed by that method.

Table 1 shows the topological accuracies of the methods tested (corresponding
to the rows of the table) across the Slow, the Moderate and the Fast datasets (corre-
sponding to the three groupings of columns). The accuracy of a method X is shown
both in terms of its absolute value dx = E(T, TX) and its value relative to that
of NJ (i.e., (dx — dny)/dng). For each of the datasets, a third column (labelled
T=T *) shows the frequency with which the method returns an optimal topology
with respect to BME. Note that this frequency can be calculated thanks to BBBME;,
which returns the BME-optimal topology (or all of them, in the case that there are
multiple optima).

Before discussing the results for BBBME, I wish to note that the results regarding
the topological accuracies of NJ, BIONJ, Sadd and BNNI over these three datasets
were already shown and discussed by Desper and Gascuel ([DGO2|, Table 1). (The
precise figures I obtained here are very similar, but do not coincide with the original
ones, possibly because of the indeterminate behaviour of the algorithms in case of
ties and of recent changes in the code of FastME.) Note that BNNI outperforms NJ,
BIONJ and Sadd and that its accuracy is largely independent of the method used
to construct its initial tree. As discussed in section 6.7, the high relative topological
accuracy of BNNI is a result that extends to most other commonly used distance

methods.
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As for the frequency with which the methods return an optimal topology (under
T = T*), it is interesting to note that, although it is less accurate, NJ achieves
optimality more often than BIONJ; this is probably because BIONJ does not choose
agglomerations on the basis of balanced length. Sadd on the other hand, although
directly inspired by BME, is the worst of the three methods, both in terms of its
topological accuracy and of its optimality frequency; this reflects its substantially
lower running times. Perhaps the most interesting result, however, is that BNNI
returns an optimal topology in the overwhelming majority of the cases: about 98%
of the times, across all initialisation methods and all three datasets.

Moving to the results for BBBME;, it is then not very surprising that its topo-
logical accuracy largely coincides with that of BNNI: after all, in 98% of the cases
BBBME reconstructs the same tree as BNNI. Note that often there are multiple
optimal topologies returned by BBBME (about 11% of the cases in Slow, 2.1% in
Moderate, 0.3% in Fast). In these cases, the distance drp(T,T) is an average across
all T that are optimal and therefore dgp(T,T), for BBBME, is an average of aver-
ages. Table 1 shows that the topological accuracy of BBBME on the tested datasets
is in general not better than that of BNNI: in Slow, BBBME is better than BNNIg,qq
but not better than BNNIyj and BNNIgionyg; in Moderate, BBBME is the second
best method after BNNIgiony; in Fast, BBBME is beaten by all versions of BNNI.
In all cases BNNIpiong seems to be the most accurate among the tested methods.
However, the dgp (T, T') have standard errors ranging between 0.055 and 0.065, which
means that all the differences in performance between BBBME and the various types
of BNNI are not statistically significant.

Also, whether BBBME performs better or worse than BNNI is largely determined
by the relative performance of these two methods on the 2% cases where BNNI does
not return an optimal tree. (There is also a very small difference in performance on
the remaining 98% of the cases, which is due to the fact that when there are multiple
optima, only one of these is returned by BNNI.) Table 2 shows a comparison of
BBBME and BNNIgonj (seemingly the best among the tested versions of BNNI)
in the 2% cases where the latter does not achieve optimality (i.e., for 40, 43 and 36
matrices in Slow, Moderate and Fast, respectively). The first three rows show in how
many of these cases the BME optimal tree(s) returned by BBBME is (are) better,
equally good or worse than the tree reconstructed by BNNIpionyJ, as established by
looking at the RF distances from the correct tree of the trees returned by BBBME
and BNNIponjy. The subsequent two rows show the topological accuracies of these
two methods, again restricted to the 2% nonoptimal cases; note that these are much
higher than those calculated over the entire dataset, which is probably due to the fact
that these distance matrices represent somewhat “harder” cases. Moreover, Table
2 confirms that the difference in performance between BBBME and BNNIgiony

observed in Table 1 is largely explained by the difference on these harder cases.
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TABLE 2. Relative performance of BBBME and BNNIgong on the
the cases (about 2% of the total) for which BNNI does not reconstruct
an optimal tree.

Slow Moderate Fast

BBBME wins 7 16 11
Draw 20 8 7
BNNI wins 13 19 18

drp(T,T*) 76 5.5 5.7
drr(T, Tennt) 7.0 5.5 5.1

Although BNNIgiong tends to beat BBBME in each of the three datasets, the
difference in performance is not significant: testing whether the probabilities of a
BBBME win and of a BNNIgiony win are different does not support a superiority
of BNNIgiong, neither when the three sets of results are taken separately (p =
0.26,0.74,0.26) nor jointly (p = 0.10). Similar tables to Table 2 can be produced by
comparing BBBME with the other versions of BNNI, but the results in these cases
are even less significant.

In conclusion, on these datasets BBBME does not show any improvement over
BNNI (as measured by RF distance), which suggests that, for matrices of this size,
further optimising BME may not yield any advantage. On the contrary, there appears
to be some (weak) evidence that some versions of BNNI may return trees that are
superior to BME-optimal trees, possibly because they complement BME with other
criteria for tree reconstruction (used to choose the starting point of the BNNI search).
This claim is currently vaguely hinted at by three sets of about 40 matrices each (the
ones for which BNNI does not return an optimal tree). Clearly, this is a very small
sample size, and future experiments should include many more matrices where BNNI
does not return an optimal tree.

In order to do this, a simple approach would be to generate a much larger number
of 24-taxon matrices, so that the number of “interesting” cases, even staying at about
2% of the total, will grow in proportion. Alternatively we could try to increase the
proportion of such interesting cases: this could be done by using trees with higher
evolutionary rates (i.e., longer branches) or with a larger number n of taxa. In
the latter case, as we increase n above the current value of 24, it is likely that
the rapid growth of the space of all possible topologies will cause a decrease in the
frequency with which BNNI gives an optimal tree. As a consequence, the discrepancy
in topological accuracy between BNNI and BBBME should become more and more
pronounced. It is possible that, on larger matrices, further optimising BME has
important effects and practical consequences.

Furthermore, comparing the performance of the heuristics for BME with that of

BBBME on larger distance matrices also makes the experiments more realistic and
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relevant in practice, as distance methods are mostly used with datasets with many

taxa (because of their computational efficiency).

7.5.1. Experiments on real data? The experiments above indicate that if
we want to understand whether there is any advantage to be gained from improving
the current heuristics for BME, we need to push on our investigation to a larger
scale. However, the quantity of data to use is not the only issue for concern; equally
important is the nature of the distance matrices we use: all the experiments above use
simulated data; in these simulations, (1) alignment problems were not accounted for,
(2) the model of sequence evolution used to generate the data (K2P) was very simple
and (3) the distance matrices were estimated assuming knowledge of that model. This
is an ideal scenario; in reality, sequence evolution is an unknown, complex process
and all proposed models used to estimate the distances are likely to be too simple —
something that is often referred to as model misspecification — leading to imprecise
(and often biased) distance estimates. As a consequence, “real” distance matrices
estimated from real biological sequences can be expected to be further away from
the correct distances in d7 than matrices obtained by simulating sequences of similar
lengths. Model misspecification may also cause distance estimates to be consistently
biased: Susko, Roger and colleagues [SIR04, WSSRO8| showed that, in many
cases, failing to model certain aspects of sequence evolution results in systematic
underestimation of long distances (and that there are also scenarios — probably less
common — where long distances tend to be consistently overestimated).

Since all this indicates that real distance matrices are probably somewhat quali-
tatively different from simulated ones, it is natural to question the practical relevance
of experiments on simulated data. As an alternative to simulations, distance ma-
trices can be obtained from real biological sequences. The obvious problem with
this approach is that we do not know the correct trees that generated the data and
therefore measuring topological accuracies as we did above is not possible. However,
there are alternative ways to evaluate the trees returned by the tested methods: for
example, instead of using the RF distances from the correct tree, we can use the
likelihood of the returned trees. In brief, given some sequence data and a model of
sequence evolution, the likelihood of a tree 7 is the probability of the data, calcu-
lated assuming 7 and the given evolutionary model (see Ch. 4 in [Yan06] for an
excellent introduction to likelihood and its applications). This criterion is a popular
and effective way to evaluate how realistic a tree is, in light of the data. Using like-
lihood we will then be able to assess the relative goodness of the trees obtained with
the different methods and to produce comparative tables similar in spirit to the top
three rows in Table 2.

Furthermore, the difference between simulated and “real” distance matrices will
probably also have consequences on the behaviour of the algorithms tested. My
expectation is that BNNI will return optimal trees less frequently on real data than
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on simulated data and therefore the differences in performance between BNNI and
BBBME will be more marked. To support this claim, note that simulated distances
in § have the nice property of converging, as the generated sequences become longer
and longer, to the correct distances in d7 (this is an important requirement of all
methods for estimating §). When & coincides with d7, it has been conjectured that
BNNI always returns the correct topology [DG04, BGHMO09| as it has not been
possible to find any counterexample to this conjecture. In other words, it appears
that, with sufficiently long simulated sequences, the function A(T') only has one
local minimum with respect to NNIs. This regularity property of the shape of A(T")
is probably affected by the use of real data, for which there is no guarantee that the
distances & converge towards d” for any tree 7. For real data, I expect A(T) to
have a less regular shape, with more numerous local minima, and therefore presenting
more problems for the heuristics trying to optimise it. On such shapes for A(T"), the
margin of improvement for BNNI may be substantially larger.

7.6. Discussion and Future Work

By summarising the input data (e.g., sequence, numerical, binary data) into a
matrix of pairwise distances between taxa, distance methods inevitably face a loss
of information; this usually leads to less accurate tree reconstructions than those
of “character-based” methods that fully use the data in input. On the other hand,
because of the simplicity of their input, heuristic distance methods are the fastest
available and therefore are used whenever speed is an overwhelmingly important
requirement (e.g., with a large number of taxa, or when a large number of trees must
be generated). These considerations cast a doubt upon the usefulness of exact, but
slow, distance methods such as the branch and bound algorithm presented in this
chapter: if the time needed to run BBBME is available, why not use character-based
methods for tree reconstruction?

Moreover, it is a well-known principle in operations research that, all other things
being equal, it is usually better to find approximate solutions to good optimisation
criteria than to find exact solutions to not-so-good criteria ([MF00], Ch. 1). In
phylogenetics, likelihood-based criteria (such as posterior probability or likelihood
itself) should be considered superior to those sacrificing information for speed (such
as parsimony or distance-based criteria). Therefore, if time is not a limiting factor,
distance methods are probably not the best choice for tree reconstruction.

What is then the use of BBBME? In this chapter I have demonstrated that this
branch and bound algorithm can be used to investigate the limits of the criterion
it optimises, BME, and to benchmark the algorithms used in practice for BME.
In fact, the usefulness of an exact algorithm goes beyond its direct applicability in
the practice of tree reconstruction. For example, it is possible that other, improved
algorithms for BME may be devised thanks to insights provided by BBBME, which

may be used to test conjectures about optimal solutions to this problem.



7.6. DISCUSSION AND FUTURE WORK 183

As an example of the potential of BBBME, consider modifying the algorithm so
that prunings are performed whenever the current partial solution 7" is deemed to
be unable to improve the current optimal solution beyond a specified ratio — say,
of at least 5%. This can be done by replacing the current condition for pruning,
B(T,d) > A*, with:

B(T,8) >0.95- A*.

Although the resulting algorithm may fail to find an optimal solution, we can be
assured that no solution will be more than 5% better than the solution returned.
Clearly, since many more prunings will now occur, speed of execution will be sub-
stantially improved. For any desired maximum ratio between the returned and the
optimal solution, we then have an approximation algorithm for BME that may poten-
tially run efficiently on many realistic instances of the problem. I have not explored
this interesting possibility.

There are in fact many directions for future work that clearly still need to be
pursued; in particular, it is clear that the experiments in the last section need to be
extended to a larger scale. However, I think that a higher priority should be given
to improving the algorithm first: as discussed in section 7.3.7, it may be possible to
devise tighter lower bounds than those currently used by BBBME. Better bounds
have the potential to substantially increase the number of prunings and therefore
reduce running times and extend the applicability of BBBME to larger distance
matrices. Before proceeding to further experiments, I would like to be satisfied with
the bounds used by BBBME, either by discovering better ones or by realising that
large improvements are not possible — something that, because of time constraints,
I have not given sufficient thought to.

Once BBBME has reached a stable point, the limits of its applicability will
determine the scale of the experiments to run, in particular the size of the distance
matrices. Compared to those of the last section, future experiments will involve
a larger number of distance matrices, and matrices over more taxa; as anticipated
in section 7.5.1, I also plan to use real, non-simulated data (or alternatively more
realistic simulated data). Finally, it would be interesting to compare the running
times of BBBME to those of the other implemented branch and bound algorithms

for tree reconstruction (which all focus on maximum parsimony).



Conclusion

This thesis has presented a number of novel results, some of which form the basis
of separate publications.

The main novel result of Chapter 2 is the correctness of the greedy algorithm to
select a fixed number of species with maximum PD, which I first proved in a short
paper appeared on PLoS Genetics [PGO5].

Chapter 3 presents a number of dynamic programming algorithms for the bud-
geted version of the problem in Chapter 2: two are for the rooted definition of PD
(sections 3.4 and 3.5) and one is for its unrooted version (sec. 3.6). Chronologically,
the algorithms in sections 3.4 and 3.6 were the first I obtained and form the basis
of a paper published in Systematic Biology [PGO7|. The algorithm in section 3.5
is instead published on the IEEE/ACM Transactions on Computational Biology and
Bioinformatics |[MPKvHO9| (a paper of which I am joint first author), together
with another algorithm applicable to phylogenetic networks (see sec. 3.8).

In Chapter 4, the study of the distribution of the future PD (the PD of the
surviving species after a number of random extinction events) was joint work with
Faller and Steel, and led to a publication on the Journal of Theoretical Biology
[FPS08]. The other main result of this chapter, the solution of the as < 1 NAP
(sec. 4.4), was also published in the Systematic Biology paper [PGO7].

The main result of Chapter 5, the algorithm for the generalised Noah’s Ark
problem, is the central topic of a manuscript in preparation, which I hope to submit
soon. In the future, I plan to experiment further with the implementation I have
developed, over a wider range of instances of the problem.

The relevance of my work on the hierarchy of PD-optimisation problems of Chap-
ters 2 — 5 very much depends on the impact that PD, as a measure of diversity in
a tree, will have on real-world applications. This is already discussed at length in
sections 2.2 — 2.4. In the case of comparative genomics, PD is a good predictor
of statistical power in testing various evolutionary hypotheses (e.g., low substitu-
tion rate), although the correlation with power is far from being perfect — which
suggests that better measures may be devised (see sec. 2.11 for a first step in that di-
rection). In conservation biology, PD is clearly a better measure of biodiversity than
simply counting species, which not only ignores degrees of relatedness, but is also
very sensitive to the adopted definition of species. Although, again, better measures
may exist (sec. 2.11), it seems to me that the relevance of PD to bioconservation
is well-established and that is why, in Chapters 4 and 5, I chose to focus solely on
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this application. PD may also have currently unsuspected applications outside ge-
nomics or bioconservation, as trees are a natural way to represent relationships (not
necessarily evolutionary) in many different fields (sec. 2.4).

As for my work on BME, my results are currently unpublished. Chapter 6, which
reviews of and introduces basic facts about BME, contains one novel result of some
relevance: the fact that BME has a safety radius of % I recently agreed to include
this finding, together with related results by O. Gascuel and S. Guillemot (briefly
discussed in sec. 6.8), in a manuscript I will be working on after completion of my
Ph.D. [PGGO09|.

Finally, the branch and bound algorithm for BME of Chapter 7 needs some more
work, as discussed in sections 7.3.7 and 7.6. My preliminary experiments with the
implemented program show practically no improvement (in terms of reconstruction
accuracy) over the available heuristics. Whether this will be confirmed or refuted
by further experiments is still open. In both scenarios, I hope to be able to publish
my findings, as they are the result of considerable work and should be of interest to
many people.

Besides the results listed above, there are other findings to which I have con-
tributed. Since these results have only been obtained in collaboration with other
researchers, and since I judged that the topics would not naturally fit in the context
of this thesis, I have decided not to include them in this thesis. A brief account of

these results is provided in sections 1.4 and 1.5.



Appendix: species abbreviations in figures 2.8.1, 3.7.1, 4.4.1 and 5.4.1

Dma: Daubentonia madagascariensis, Mmy Microcebus myoxinus, Mru Microce-
bus rufus, Mra Microcebus ravelobensis, Mmu Microcebus murinus, Mco Mirza co-
quereli, Atr Allocebus trichotis, Cma Cheirogaleus major, Cme Cheirogaleus medius,
Pfu el Phaner furcifer electromontis, Pfu pl Phaner furcifer pallescens, Pfu pr Phaner
furcifer parienti, Pfu fu Phaner furcifer furcifer, Lmu Lepilemur mustelinus, Ldo Lep-
ilemur dorsalis, Lse Lepilemur septentrionalis, Led Lepilemur edwardsi, Lmi Lepile-
mur microdon, Lru Lepilemur ruficaudatus, Lle Lepilemur leucopus, Pta Propithecus
tattersalli, Pco Propithecus coquereli, Pve ve Propithecus verreauxi verreauxi, Pve de
Propithecus verreauxi deckeni, Pve co Propithecus verreauxi coronatus, Pdi Propithe-
cus diadema, Ppe Propithecus perrieri, Pca Propithecus candidus, Ped Propithecus
edwardsi, lin Indri indri, Ala Avahi laniger, Aoc Avahi occidentalis, Acl Avahi cleeset,
Vva va Varecia variegata variegata, Vva ru Varecia variegata rubra, Hgr al Hapalemur
griseus alaotrensis, Hgr oc Hapalemur griseus occidentalis, Hgr gr Hapalemur griseus
griseus, Hau Hapalemur aureus, Hsi Hapalemur simus, Lica Lemur catta, Ema ma Fu-
lemur macaco macaco, Ema fl Eulemur macaco flavifrons, Eco Eulemur coronatus,
Eru Eulemur rubriventer, Emo Eulemur mongoz, Efu co Eulemur fulvus collaris, Efu
ac Eulemur fulvus albocollaris, Efu ru Eulemur fulvus rufus, Efu fu Fulemur fulvus

fulvus, Efu af Fulemur fulvus albifrons, Efu sa Fulemur fulvus sanfords.
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C(e), set of taxa in the clade below branch
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O(T), circular orderings for T, 121

O(), asymptotic notation, 9

Pxy, nodes internal to the path between the
roots of two clades, 124

P;;(T), P,;, internal nodes in the path
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Qp(Xn, Xk), selection criterion for NJ, 128

T <T', T is an iterated extension of T, 168

T E k, extension of T', 147

V(T), set of nodes of 7, 32

X @Y, element-wise sum of sets, 97

CH 7 (b), convex hull for 7 and b, 92

AT matrix of the balanced average
distances between clades, 137, 174

A”, minimum balanced length among
topologies visited by BBBME, 146

As(T), A(T), balanced length of T', 112, 114,
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As(0), circular estimate for permutation o,
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0O, ©, 53, 54

ay,, 155

ag, 154

argmax, 50

best7 (51, S2), 55

B(T, d), generic form for a bound in
BBBME, 146

d = (di5), input distances, 113

81, vector of average distances between {k}
and the other clades, 174

w ® v, Kronecker product of w and v, 162
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w?, descending order sorting of w, 160

¢, minimum cost in clade 7', 49

deg(v), degree of v, 122

dxv, balanced average distance between X
and Y, 116

0%y, average distance between X and Y, 115

diam(T'), diameter of T', 138

Yk, 157

7. (h), 166

t7(b), pointer for the reconstruction of an
optimal solution for 7 and b, 48

A7 (b), rPD of an optimal solution for 7 and
b, 48, 58

AM 166

AM 155

)\Zj , terms for calculating the bounds for
BBBME, 152

E[p|S], expected future PD in the as <3 1
NAP and the as <> bs NAP, 76, 80

E[p|x], expected future PD in the GNAP,
90, 92

E[¢], expected future PD in a generalised
field of bullets model, 69

d” = (d};), distances on 7, 113

x|7T, restriction of a solution to the GNAP,
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x = (21,%2,...,%n), conservation
expenditures in the GNAP, 90, 92

Sy, survival of at least one taxon in Y, 69,
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7Ts, restriction of 7 on S, 27

T, T, T, 52

1y, 1o rooted in s, 59

rPD7(S), rooted phylogenetic diversity of S
in 7, 28

uPD7(S), unrooted phylogenetic diversity of
Sin T, 27



@, o7, ¢*, future PD/rPD/uPD, 68

o1, future PD in clade 7, 92

po, e, future PD in the clade rooted in e,
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|T|, number of taxa in T', 167

ars = brs NRP, 85

as <51 NAP, 76

as =5 by NAP, 80

bix, depth of ¢ in clade X, 117, 152

bij, number of branches between ¢ and j, 114

cs, cost of taxon s, 44

drr(T,T'), RF distance, 138

d7(y), endangered portion, 101

fe(k), f(k), ge, 72

k-extension, 30

loo radius, 130

pi(x), survival probability of ¢ in the GNAP,
90

ps, probability of survival of taxon s, 68

rats, 63, 107

BMaxPD, budgeted MAxPD, 44

KNAPSACK, 45

MaxPD, 29, 30

GNAP, generalised Noah’s Ark problem, 90

agglomeration, 125
agglomerative tree reconstruction, 127
approximation algorithms, 13

balanced branch length estimates, 117

BBBME, 143

bifurcating tree, 9

BME topology, 123

BME, balanced minimum evolution, 112, 114

BNNI, 136

BNNIx, BNNT using method X to construct
the initial tree, 177

bounding in BBBME, 146, 151

branch and bound, 142, 143

branch length, 8

branching in BBBME, 143

branching order in BBBME, 147

BSPR, 139

circular orderings, 119

clade, as a set of taxa, 115

clade, as a subtree of a rooted tree, 46
clade, as a subtree of an unrooted tree, 59
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combination of two solutions to the GNAP,
94

contiguous numbering, 52

decision problems, 9

depth of a taxon in a rooted tree, 133
distance methods, 113

dominance relation between weightings, 158
downward/upward clades, 60

endangered portion, 101
extension of a set of nodes, 30
extension of a tree, 147

extreme solutions to the NAP, 80

FastME, 136

father and mother of a tree 77/, 56

FD, feature diversity, 40

fractional vs. non-fractional NAP, 82

freezing technique to produce a static order
for BBBME, 150

future PD, 68

GD, genetic diversity, 39
generalised field of bullets model, 68
Graham’s scan, 96

greedy algorithm for MAXPD, 30

heuristics, 11

instance of a problem, 9
internal node/branch, 8
IUCN Red List categories, 78

leaf, 8

length of a path, 33

length of a phylogenetic tree, 114

log-convex extinction probability functions,
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Madagascar lemurs, 33, 63, 78, 105
ME, minimum evolution, 114
metatree, 143, 145

multifurcating tree, 9

multifurcation, 9

NAP, Noah’s Ark problem, 79

NJ, neighbor-joining, 127

NNI, nearest neighbor interchange, 136
NP-hard problems, 11

NRP, nature reserve problem, 85
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OLS branch length estimates, 115
OLS, ordinary least squares, 113
optimal substructure property, 46, 82

optimisation problems, 9

path from a subtree to a node, 32
Pauplin’s formula, 114

PD, phylogenetic diversity, 16, 28
phylogenetic tree, 8

problem, 9

proper vertices of CH7(b), 93
pruning in BBBME, 146

restriction of a tree, 27

Robinson and Foulds (RF) distance, 138
root, 8

root of a clade, 116

rooted phylogenetic diversity, 28
rooted/unrooted tree, 8

safety radius, 130

solutions (candidate, feasible, optimal) for
BMaxPD, 44

solutions for the cNAP, 92

solutions table, 46

SPR, subtree pruning and regrafting, 139

static vs. dynamic orders in BBBME, 149

subclades, 46

taxon order in BBBME, 147, 148
terminal branch, 8

topological accuracy, 139

tree topology, 8

tree-multiplicative weights in WLS, 140

ultrametric tree, 8

unrooted phylogenetic diversity, 27

WLS, weighted least squares, 113
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