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Spatial and Stochastic Modeling of TrkB Mediated Signaling
Pathways Involved in Long Term Potentiation in the Dendritic

Spine
- Summary -

Christine Seeliger

Long Term Potentiation (LTP) is thought to be one of the main molecular
mechanisms underlying the processes of memory and learning in the brain.
One of the most studied mechanisms is the synaptic potentiation mediated
by glutamate and its receptors resulting in conductance changes of the post-
synaptic membrane. Brain-derived neurotrophic factor and its receptor TrkB,
first identified as an important growth factor for neuronal survival and growth,
appears to be a crucial modulator of LTP at glutamatergic synapses. The
small size of the synapses and their highly structured spatial appearance gives
rise to signaling properties that have to be accounted for by using stochastic
and spatial simulation methods.
This thesis implements a computational model and its stochastic evaluation to
explicitly study the influence of the spatial location of signaling components
on the signal output itself as defined by its duration, amplitude and spatial
extent. Furthermore, a geometrically accurate model of the spine is developed
together with a biochemical representation of the TrkB signaling pathway
and its influence on membrane conductance changes. This work focuses on
the interactions of the involved kinases and phosphatases and their dynamic
behavior in time and space. An extension of the simulation environment
Smoldyn is proposed to allow explicit modeling of the molecular behavior
based on the membrane environment to account for different submembrane
compartments such as the synaptic membrane. The influence of different
spatial and biochemical modifications of the TrkB signaling pathways and
the different levels of integration down to its influence on membrane receptor
trafficking are addressed. The results demonstrate the importance of the spa-
tial layout of the signaling systems for the created signal and the possibilities
of fine-tuning it based on spatial properties.
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1
Introduction

Learning and memory, the acquisition of knowledge and skills and the ability
to remember the experienced and learned are some of the most profound and
stunning capabilities of the brain. They shape human behavior and define
the interactions of humans with themselves and their environment.
The scientific advances in the fields of molecular and cellular biology over
the last century greatly improved our knowledge of the brain. It is unlikely
that there is a single scientific discipline that did not contribute to the
wide field of Neuroscience but we are still far away from understanding how
the brain works and how the activities of single cells joined in a complex
network are able to create complex behavior, the sensation of consciousness
or feelings. In addition, severe illnesses like Alzheimer’s or Parkinson’s disease
and psychological disorders like Schizophrenia or drug addiction have their
origin in malfunctions of the brain. Other conditions such as headaches, brain
injuries or infections belong to the group of neurological disorders that affect
over 1 billion people worldwide creating an immense burden, not only financial
but also social (World Health Organization, 2007).
One of the first scientists to deliver a description of the nervous system
was the anatomist Andreas Vesalius. He also recognized that sensations are
transmitted via nerves that are connected to the brain and not to the heart
which was frequently believed in the 15th century (Van Laere, 1993). Other
scientists of the time, such as Leonardo DaVinci, studied and contributed to
the early understanding of brain anatomy (Pevsner, 2002).
It was not until the late 19th century with the invention of Golgi staining by
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Chapter 1. Introduction

Camillo Golgi that the cellular nature of the nervous system was discovered
(Fuxe et al., 2007). Figure 1 shows examples of the early work done by Ramon
y Cajal. It shows micrographs of a mouse hippocampal preparation (top) and
dendritic spines (bottom) and Cajals illustration of them.

Figure 1: Examples of early micrographs showing the cellular nature of
the nervous system and dendritic spines
Ramon y Cayal and Camillo Golgi were awarded the Nobel Prize in 1906 for their
work on the nervous system.
a) A micrograph of a mouse hippocampal preparation done by Fuxe et al. (2007)
using Golgi’s staining method.
b) Reproduction of an original drawing done by Cayal illustrates a transverse section
of cerebellar lamellae. The cellular structure is clearly visible.
c) A photomicrograph of an original preparation showing dendritic spines done by
Cayal and
d) his illustration of them.
All pictures taken from (Fuxe et al., 2007).
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About a decade later, Charles Scott Sherrington coined the term synapsis for
the connection between two neurons in his work on the "Integrative action
of the nervous system" (Sherrington, 1906). The early 20th century was
characterized by the discovery of the biochemical nature of neurotransmission
and the identification of chemical neurotransmitters such as noradrenaline and
acetylcholine. Henry Hallet Dale and Otto Loewi received the Nobel Prize in
1936 for their major work on the chemical transmission of nerve impulses.
From then on, technological advances in experimental and imaging techniques
drove the neurobiological discoveries shaping the picture of how the brain
functions and the molecular theories about learning and memory that we have
today (see López-Muñoz and Alamo (2009) for a comprehensive review).
The following section of this introduction explains the current molecular theory
that is thought to underlie the processes of learning and memory. The key
players are described in more detail and the usage of computational models
to study signaling pathways is motivated to gain further insights into the
complex interplay of the biochemical signaling pathways involved. Finally,
the choice of computational modeling paradigms used in this thesis is argued.

1 The molecular basis of learning and memory

The brain is a complex network of interconnected and communicating neurons.
During the life of an individual, this network is able to acquire, process,
and store information. Neurons are the main electrically excitable cell type.
They are capable of conducting electric signals in the form of membrane
depolarizations called action potentials (AP). Neurons communicate with
other neurons through special cell-cell contacts, the synapses. The strength
of a synapse, the synaptic weight, can change depending on its activity. This
capability of modifying the communication between neurons is called synaptic
plasticity. The weight of a synapse can either be reduced causing Long Term
Depression (LTD) or increased resulting in Long Term Potentiation (LTP).
LTD and LTP are thought to be two of the underlying molecular processes
of learning and memory in the brain and depend on the presynaptic signal
(Hebb, 1949; Lynch, 2004; Whitlock et al., 2006).
Chemical synapses as opposed to electrical ones transmit signals from one
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neuron to another by transforming the action potential arriving at the presy-
naptic side into a chemical signal that is transmitted to the postsynaptic
side. The depolarization of the membrane during an AP mediated by Sodium
and Potassium currents (Hodgkin and Huxley, 1952) triggers the release of
neurotransmitters into the synaptic cleft. The neurotransmitters bind to
receptors on the postsynaptic side and potentially trigger another AP.
One of the most common neurotransmitters at excitatory synapses in the
central nervous system of mammals is glutamate (Niciu et al., 2012). It was
known for a long time that glutamate is ubiquitously present in the central
nervous system (CNS) before its importance in synaptic signal transmission
became apparent (Fonnum, 1984). Glutamate binding to its receptors at the
postsynaptic side causes the depolarization of the postsynaptic membrane
by opening postsynaptic ion channels. This depolarization, the excitatory
postsynaptic potential (EPSP), renders the neuron more likely to fire itself.
The amplitude of the EPSP is the direct equivalent of synapse strength (Sayer
et al., 1990). Subsequently, biochemical signaling pathways are triggered
and eventually gene transcription is altered in addition to the changes in the
permeability of the postsynaptic membrane. These alterations are able to
modify the amplitude of future EPSPs resulting in potentiation of the synapse
(Niciu et al., 2012).
In the following sections, the glutamatergic synapse is described in more detail
as well as the molecular processes thought to be involved in short- and long
term changes of synaptic strength.

1.1 The glutamatergic synapse

Glutamatergic synapses are composed of an axonal presynaptic and a postsy-
naptic terminal (see figure 2).
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Figure 2: The morphology of the neuronal synapse
This figure illustrates the morphology of a neuronal synapse. a) The image is
an electron micrograph of a thin-section showing two adjacent spines, modified
from Harris and Landis (1986). The picture shows a smaller spine (upper) with
a continuous and a larger one (lower) with a discontinuous postsynaptic density
(PSD). The PSDs (arrows) are easily visible as electron dense areas. Post- and
presynaptic sides are labeled accordingly.
b) Schematic illustration of a neuronal synapse consisting of a pre- and postsynaptic
terminal separated by the synaptic cleft. The postsynaptic density is located on the
spine head opposite of the presynaptic terminal.

The postsynaptic sides are located on dendritic protrusions called spines.
The pre- and postsynaptic side are separated by a cleft. This section of the
introduction focuses on the description of postsynaptic structures and events
in accordance with the work presented in this thesis.
Dendritic spines come in different sizes and shapes. Their morphology is
usually divided into thin, stubby, and mushroom shaped spines according
to Peters and Kaiserman-Abramof (1970). Spines are frequently depicted as
mushroom shaped structures but most spines appear to be of intermediate
morphology (Spacek and Hartmann, 1983; Harris et al., 1992; Arellano et al.,
2007). Spines are exceptionally adapted to their functions as signal receiving
and processing side of the synapse. Their morphology is characterized by
the correlation between spine head volume and the area of the post synaptic
density (PSD) located opposite of the presynaptic terminal on a spines head.
Spine neck lengths correspond to their capabilities in isolating the spine
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electrically (Araya et al., 2006) and biochemically by creating a diffusion
bottleneck (Svoboda et al., 1996; Hugel et al., 2009). These findings underline
the importance of spines and the relation between their morphology and their
regulatory function in postsynaptic signal transmission.
The PSD was first characterized as a visible electron dense area in electron mi-
crographs (Gray, 1959) (see figure 2a). Its position opposite of the presynaptic
neurotransmitter release site suggests an important role in signal transmission
at the synapse. It is composed of structural scaffold elements and contains the
key players in synaptic transmission and the molecular processes of plasticity.
(Cheng et al., 2006; Bayés et al., 2011).
Two of those key players in synaptic transmission in the spine are the ionotropic
glutamate receptors α-amino-3-hydroxy-5-methyl-isoxazolepropionic receptor
(AMPAR) and N-methyl-D-aspartate receptor (NMDAR) .
AMPARs are cation channels permeable to Sodium and Potassium. Some AM-
PAR are permeable to Calcium as well depending on their subunit composition
(Liu and Zukin, 2007). AMPARs consist of four subunits usually organized
as a dimer of dimers (Rosenmund, 1998; Mansour et al., 2001; Sobolevsky
et al., 2009). There are four different types of subunits (GluR1-GluR4) and
those different subunits give different properties to the receptor such as its
trafficking (Shi et al., 2001) and gating behavior (Sommer et al., 1991). The
composition itself varies with developmental stage and depends on the area
of the brain (Catania et al., 1995) as well as their location within the synapse
(Bernard et al., 1997). GluR1/GluR2 are the major AMPAR heteromers
found in the hippocampus (Lu et al., 2009).
The cationic NMDAR receptors are tetrameric structures as well. They are
composed of two NR1 subunits and two NR2 subunits. The NR2 subunits are
expressed based on the tissue (Watanabe et al., 1994) and developmental stage
(Watanabe et al., 1992) and have the glutamate ligand binding site. NMDAR
receptors are permeable to Calcium, Sodium and Potassium and their channel
is blocked by Magnesium ions at resting potential. The depolarization due
to the opening of AMPAR after glutamate binding causes the release of the
Magnesium block. This allows the NMDAR to open as well and contribute
to the depolarization of the spine. This way, NMDAR receptors couple the
detection of depolarization with presynaptic glutamate release. In addition,
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the Calcium influx through NMDAR contributes as second messenger to the
signaling pathways that are involved in synaptic plasticity (see figure 3).
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Figure 3: Synaptic transmission and NMDAR dependent Long Term Po-
tentiation This scheme illustrates the main processes during synaptic transmission
and long term potentiation
Glutamate (purple) binds to its receptors (green) on the postsynaptic side upon
its release into the synaptic cleft. The opening of AMPAR (dark green) causes
the depolarization of the postsynaptic membrane as a result of the ionic currents
(primarily Sodium). The depolarization releases the Magnesium (orange) block of
NMDAR (light green) and NMDAR mediated currents in addition to the AMPAR
ones. Biochemical alterations triggered by activated signaling pathways, for example
the activation of the kinase CaMKII (red), trigger changes that are able to increase
the responsiveness of the synapse to further stimulation. This process is called
potentiation.

1.2 Synaptic plasticity

Synaptic plasticity, the alteration of the efficiency with which a signal is trans-
mitted over a synapse, changes the connectivity of neurons. Transmission
can either be enhanced or weakened depending on the presynaptic activity
resulting in potentiation or depression. The outcome depends on the pat-
tern, the frequency, and the strength of stimulation (Hebb, 1949; Citri and
Malenka, 2008). The processes are divided into short-term and long-term
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plasticity depending on their duration. Short-term processes are lasting for a
maximum of seconds (Zucker and Regehr, 2002). They are frequently related
to the transiently facilitated release (potentiation) or depletion (depression)
of transmitters on the presynaptic side (Zucker and Regehr, 2002). Long-term
processes on the other hand can last up to hours. While LTP is mainly
a postsynaptic process, retrograde signaling mechanisms and presynaptic
involvement in LTP are under discussion (Yang and Calakos, 2013). LTP
occurs in various forms throughout the brain however, most knowledge and
evidence today comes from studies on the hippocampal Schaffer collateral-CA1
synapses and is NMDAR dependent (Szirmai et al., 2012).
The electrical manifestation of long-term potentiation (LTP) as enhanced ex-
citatory postsynaptic potential of neuronal groups in response to presynaptic
activity was first described by Lomo (1966) and Bliss and Lomo (1973). The
molecular players of LTP induction such as NMDAR (Collingridge et al., 1983;
Bliss and Collingridge, 1993) and the critical influx of Calcium ions (Lynch
et al., 1983; Malenka et al., 1988) were subsequently identified. However, the
direct evidence that LTP is specific at the single spine level was demonstrated
much later (Matsuzaki et al., 2004; Zhang et al., 2008).
The triggered LTP signaling pathways modulate AMPAR activity and change
their trafficking behavior. More AMPARs are inserted into the PSD as a
result (Derkach et al., 2007) therefore contributing to the increased glutamate
sensitivity of the postsynaptic side (see figure 4).
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Figure 4: AMPAR trafficking at the postsynaptic side
AMPAR (green) trafficking at the postsynaptic side is characterized by three main
processes: Endo/exocytosis of new receptors, diffusion into and out of the synaptic
membrane at the PSD (blue), and the trapping of AMPAR at the PSD by scaffold
binding.

AMPARs appear to be recruited mainly from existing perisynaptic pools
(Patterson et al., 2010) during the early stage of LTP (E-LTP). Later phases
of LTP (L-LTP) show changes in protein synthesis and gene expression that
goes along with morphological changes such as an increase in spine size, spine
numbers, and increased exocytosis of AMPAR (Makino and Malinow, 2009).
Crucial transcription factors like CREB , C/EBP or AP-1 where shown to be
activated during the course of LTP.
An important mediator between the Calcium influx and the observed changes
in AMPAR distribution is the dodecameric enzyme Ca2+ /calmodulin-
dependent protein kinase II (CaMKII) that is activated upon LTP induction.
Its increased activity and autophosphorylation are observed during LTP in-
duction (Fukunaga et al., 1993; Fukunaga et al., 1995). An inhibition of
CaMKII (Otmakhov et al., 1997) as well as mutations (Silva et al., 1992) lead
to LTP deficiency. Calmodulin, a CaMKII cofactor, is one of the fastest Cal-
cium buffering molecules in the spine (Faas et al., 2011). Activated CaMKII
translocates to the PSD facilitated by its binding to other molecules present
in the PSD, most notably the NR2B subunit of NMDAR receptors (Leonard
et al., 1999; Strack, 1998). This recruitment to the synapse facilitates the
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phosphorylation of the AMPAR subunit GluR1 by CaMKII (Roche et al., 1996;
Barria et al., 1997; Lu et al., 2010). The main effect of these phosphorylations
appear to be an increase in AMPAR conductance. Phosphorylation of the
scaffolding proteins Stargazin and PSD95 are involved in trapping AMPAR
at the PSD (Tsui and Malenka, 2006). NMDAR receptors themselves appear
to have a role as binding scaffold for CaMKII and position the kinase at a
key location to exert its role in LTP via AMPAR conductance changes and
anchoring of AMPAR at the synapse. These early events depend strongly on
CaMKII activity, this is less clear for LTP maintenance (Chen et al., 2001;
Sanhueza et al., 2007).
Other kinases and pathways as well as receptors appear to be involved in
LTP. One of them, the tropomyosin-related kinase B (TrkB) and its ligand
brain-derived neurotrophic factor (BDNF) is described in the following section.

1.3 Growth factor signaling in long term potentiation

Brain-derived neurotrophic factor (BDNF) was discovered in the 1980s as
a neuronal growth factor for the survival and fibre growth of chick sensory
neurons (Barde et al., 1982). The cloning of the molecule by Leibrock et al.
(1989) and the discovery of its receptor tropomyosin-related kinase B (TrkB)
(Klein et al., 1989; Klein et al., 1991) paved the way for the in-depth study
of the growth factor and its induced signaling pathways. The Trk family of
receptors itself consists of three receptor tyrosine kinases TrkA, TrkB and
TrkC. They bind the neurotrophins nerve growth factor (NGF) , neurotrophin-
3/4 (NT-3/4) , and BDNF with different affinities. TrkB, the main receptor
for BDNF (Squinto et al., 1991), is expressed throughout the central and
peripheral nervous system (CNS and PNS) (Zhou et al., 1993; Pruunsild
et al., 2007). TrkB also binds to NT-3 but with lower affinity. TrkB’s binding
of neurotrophins is mediated by a leucine-rich repeat motif (Windisch et al.,
1995).
Levine et al. (1995) were amongst the first who observed and studied an
increase of synaptic transmission in hippocampal neurones after treatment
with BDNF. This increase was manifested in the spontaneous firing rate
and the amplitude of postsynpatic currents. The higher frequency was of
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presynaptic origin while the change in amplitude of the postsynaptic currents
was due to a postsynaptic signaling cascade triggered by the tyrosine kinase
TrkB (Li et al., 1998; Levine et al., 1995).
Malfunctioning of the BDNF/TrkB signaling pathway have been associated
with a plethora of diseases. The loss of striatal neurons in Parkinson’s and
Huntingdon’s disease is attributed to lack of BDNF in its neuroprotective
role (Hyman et al., 1991; Strand et al., 2007). It has been suggested that
the early memory dysfunction occurring in Alzheimer’s disease is a result of
the observed downregulation of BDNF/TrkB expression (Allen et al., 2011).
Outside of the CNS, BDNF/TrkB are involved in the control of food intake
with implications in obesity usually together with developmental disorders
(Yeo et al., 2004; Bariohay et al., 2009).
BDNF is released on the presynaptic side in an activity dependent manner
(Balkowiec and Katz, 2000; Balkowiec and Katz, 2002). Its presynaptic ef-
fects are positive changes in glutamate release (Li et al., 1998). Presynaptic
BDNF release itself depends on both, intra- (Balkowiec and Katz, 2002)
and extracellular (Hartmann et al., 2001) Calcium signaling. Especially the
observed increase in BDNF induced quantal transmitter release was shown to
be dependent on Calcium influx through transient receptor potential cation
channels (TRPC) channels (Amaral and Pozzo-Miller, 2007b; Amaral and
Pozzo-Miller, 2012).
Inhibition of TrkB signaling on the postsynaptic side by gene knockouts or
introduction of non-functional competitors, were shown to impair LTP and
learning depending on the type of stimulation (Kang et al., 1997; Minichiello
et al., 1999; Saarelainen et al., 2000).
TrkB activates three major canonical pathways: The phospholipase C (PLC) ,
mitogen-activated protein kinase (MAPK), and phosphatidylinositol-3-kinase
(PI3K) pathways (Minichiello, 2009). All pathways seem to be involved in LTP,
however the MAPK pathway more towards late-phase and the PLC pathway
towards early-LTP (Horwood et al., 2006). PLC catalyses the hydrolysis of
Phosphatidylinositol-4,5-biphosphate (PIP2) to Diacylglycerol (DAG) and
Inositol-1,4,5-triphosphate (IP3). The latter opens Calcium channels in the
Smooth Endoplasmic Reticulum (SER). Calcium and DAG are needed for the
activation and recruitment of other important kinases such as members of the
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proteinkinase C (PKC) family (Minichiello, 2009). The Calcium influx links
TrkB Signaling to the activation of CaMKII and Calmodulin, key players
in LTP (Stefan et al., 2008). Changes in intracellular Calcium influence a
lot of other nodes in the signaling network, like the IP3 receptor on the
SER membrane itself. Furthermore, intracellular Calcium and DAG activate
transient receptor potential canonical subfamily channel 3/6 (TRPC) that
amplify Calcium transients that are important during spine formation (Li
et al., 2005; Amaral and Pozzo-Miller, 2007a). Calcium-induced activation
of adenylyl cyclase (AC) is important in spine formation (Ji et al., 2005)
and ultimately leads to the activation of cAMP responsive element (CREB)
activation and transcription (Nguyen et al., 1994). CREB is also one of the
main targets of the induced MAPK cascade (Shaywitz and Greenberg, 1999).
Other targets of the MAPK cascade regulate translation, thus making this
cascade one of the main regulatory cascades in late phase LTP (Kelleher et al.,
2004). Other signaling lipids such as phosphatidic acid (PA), which is pro-
duced by diacylglycerol kinase (DAGK) from DAG are implicated especially
in morphological changes in the spine (Kim et al., 2009). In addition, PA
is known to be an allosteric modifier of PLCγ itself (Jones and Carpenter,
1993).
Signaling through PI3K involves the production of Phosphatidylinositol (3,4,5)-
triphosphate (PIP3) and activation of the Akt/PKB signaling pathway. PIP3
itself is important in maintaining the AMPAR distribution in the postsynap-
tic membrane (Arendt et al., 2010). In general, PIP3 and PIP2 are major
regulators of cytoskeleton organisation (Insall and Weiner, 2001). This links
TrkB Signaling to morphological changes of the spine happening during LTP
and to changes in mechanisms that mediate trafficking of vesicles and proteins
within as well as towards active spines.
TrkB also exerts some direct interactions with ion channels with direct influ-
ences on the membrane potential. It interacts with the tetrodoxin insensitive
Sodium channel NaV 1.9 (Blum et al., 2002) and thereby activates Calcium
influx through voltage gated Calcium channels. Interactions with the NMDAR
receptor presumably via the tyrosine kinase Fyn seem to increase NMDAR
opening probability (Kovalchuk et al., 2004).
The integration of major activating signaling pathways of BDNF/TrkB signal-
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ing with NMDAR dependent LTP on the postsynaptic side that is the subject
of this study is illustrated in figure 5.
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Figure 5: TrkB Receptor Signaling at the postsynaptic site
This figure illustrates the signaling pathways invoked by binding of BDNF(black)
to its receptor TrkB(blue) and their integration with NMDAR dependent long term
potentiation.
The signaling pathways activated by TrkB signaling result in the production of
several small second messengers such as IP3, DAG or PIP3 and Calcium release
from internal stores (endoplasmic reticulum, ER). Different downstream kinases
such as PKC(pink), PKA(orange) or CaMKII act together to change the trafficking
behavior of AMPAR (green) and their conductance resulting in potentiation of the
synapse.

The plethora of different possible interactions and modulations that TrkB
signaling could exert in the context of long-term plasticity is difficult to grasp
with conventional biochemical methods. TrkB signaling happens across several
different spatial compartments from small membrane molecules diffusing and
signaling in two dimensions to the activation of cytoplasmic kinases that are
recruited to the membrane upon activation therefore changing from three
dimensional signaling compartments to a two dimensional one. Computa-
tional modeling can provide the necessary tools to integrate the available
information and address characteristic properties of growth factor signaling
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in learning and memory within the explicit context of the dendritic spine. In
addition, the spine itself is a structure close to the current resolution limit of
microscopic techniques that allow live visualization of molecular movement.
Computational modeling can aid the development of hypotheses with regards
to likely spatial locations and configurations of molecules involved in signaling.
The following section provides an overview over current state-of-the-art model-
ing techniques and available simulation environments. At the end, the choice
of the simulation environment used in this thesis is explained.

2 Computational modeling in biology

Mathematical modeling has a long history in describing and understanding
biological systems and their dynamics. Amongst the most famous ones are the
models proposed by Lotka (1925) and Volterra (1927) describing the dynamics
between predator and prey populations using systems of non-linear differential
equations. Interestingly, despite its fame in population dynamics, Lotkas
derivation of the model developed from studies on biochemical systems (Lotka,
1909; Lotka, 1920). The late work of Alan Turing, one of the pioneers of com-
puter science, focused on the description and analysis of pattern formation in
nature. Turing studied reaction-diffusion systems describing the interactions
of "morphogens" in space explaining how a simple reaction diffusion process
could give rise to branching in plant structures, gastrulation, or patterns on
animal skins (Turing, 1952). Although some of the theories of his work are
falsified by now, others such as diffusion-driven instability or the existence
of "morphogens" were shown to be true. Turings work demonstrates how
the mathematical formulation of a problem guides the development of new
theories and hypotheses even before the detailed biology was known possibly
making Turing one of the first systems biologists (Maini, 2004).
1952 also saw the publication of one of the major biophysical models in neu-
roscience: The description of the propagation of action potentials in the giant
squid axon by Hodgkin A L and Huxley (1952), again based on non-linear
differential equations. Some of the mentioned models and others lead to
hypotheses valid after decades and their extensions and further developments
are still in use today demonstrating the importance and insights gained from
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theoretical systematic descriptions and evaluation of biological systems.
The first computational models explicitly dealing with the biochemical analysis
of networks were developed as early as the 1950. An early review by Garfinkel
et al. (1970) gives a comprehensive overview of computational studies and the
first attempts to develop standartized languages for the use in metabolic path-
way analysis such as SAAM (Simulation Analysis And Modeling) (Berman et
al., 1962b; Berman et al., 1962a) and the efforts of Garfinkel (1968) Garfinkels
software allowed the input of biochemical reactions in the form chemical
reaction equations and was able to translate those into differential equations
and solve them under the provided initial conditions. Other advances, for
example in the field of metabolic control analysis (MCA) paved the way for
modeling and computation as valuable tools to understand the behavior of
systems as a whole (Westerhoff and Palsson, 2004).
Finally, the vast increase in the amount of available biological data and infor-
mation in recent years led to an even further increase in the complexity of the
models used to describe and analyze biological systems (Ochs, 2010). As of
today (2013), BioModels Database (Le Novère et al., 2006) contains almost
500 curated and validated models. Some of the oldest stored biochemical
models address the interplay of enzymes in glycolysis and respiration (Chance
et al., 1960) and oscillations in biochemical systems (Field, 1974).
The dynamics of systems comprising large numbers of interacting species are
difficult to grasp using pen and paper and laboratory experiments are usually
focused on a small excerpt of reality. When simple components and their
behavior are plugged together, new properties and behavior emerge following
the statement: "A system is more than its parts" (Materi and Wishart, 2007;
Bakker et al., 2010).
Advances in computing technology today provide powerful means to track
a plethora of different species and their interactions and numerically solve
(simulate) even extreme complex models. This provides insights into their
interactions and the emergence of synergistic dynamic behavior of the system
itself with some of the most ambitious projects aiming to simulate entire
cells, simple organisms or organs like The Virtual Brain Project (Ritter et al.,
2013).
Computational models help to validate or falsify hypotheses. They can high-
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light important gaps in the current knowledge of the studied systems and
advise experiments to fill those. Model predictions can lead to the develop-
ment of new hypotheses and guide experimental approaches to verify them in
turn. This approach can yield real monetary gain by focusing experiments
onto certain aspects and by optimizing experimental setups before they are
conducted in the more expensive environment of an experimental laboratory.
Lastly, computational models allow the experimenter to modify and vary
parameters that might (not yet) be accessible in real experimental setups and
derive hypotheses concerning their importance, role, and influence (Meier-
Schellersheim et al., 2009).
In the past years, several different modeling and simulation approaches were
developed that are implemented in different combinations by many available
simulation environments for biochemical systems. The following section briefly
describes the central properties of principles in common modeling frameworks.
Afterwards, a few concrete examples of simulation environments are given
that implement different subsets of those principles.

2.1 Different modeling approaches

Many modeling frameworks can fundamentally be differentiated by their
inclusion of probability, their treatment of molecular entities, and whether or
not space and its influence on the encoded processes is explicitly considered.

2.1.1 Deterministic versus stochastic approaches

The classical definition of a deterministic system is that its future states
are determined by the knowledge of the set of states the system was in
before. From this follows, that a deterministic system will always produce
the same output for the same set of initial starting conditions or states. The
dynamics of deterministic systems are frequently described as a set of ordinary
differential equations (ODEs). In case of biochemical reaction networks, these
equations encapsulate the development of molecular concentrations over time.
The examples given in the previous section are deterministic descriptions of
biological processes including many of the models deposited in the online
model repository BioModels Database (Le Novère et al., 2006).
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Although all of these models have been proven to provide valuable insights into
the behavior of systems, the underlying assumption that molecular species in
large numbers are evenly distributed in space and well mixed is frequently
not true in biological reality (Halling, 1989). Low molecule numbers, spatial
heterogeneity and the property of biochemical reactions being discrete events
in time and space give rise to stochastic effects that cannot be accounted for
in ODE based modeling frameworks (Rao et al., 2002). Although noise and
random behavior appears to be an effect bound to be minimized in biological
systems, it is in fact frequently found as an important component. Gene
expression noise provides means for populations to react to their environment
(Wolf et al., 2005; Fraser and Kaern, 2009) and stochastic noise in biochemical
reaction networks can have beneficial effects such as the enhancement of
sensitivity of intracellular regulation (Paulsson et al., 2000) or by simplifying
biochemical networks needed for complex responses (Govern and Chakraborty,
2013). Thus, stochastic behavior provides means of evolution and flexibility
and can be considered as one of the main characteristics of signaling networks
(Shahrezaei and Swain, 2008).
A famous stochastic process studied in the literature is the switch of the
bacteriophage λ between the lytic and lysogenic stage (Arkin et al., 1998).
This stochastic switch enables a population of bacteriophages to show different
phenotypes across a population even if the individuals are genetically identical.
The Gillespie Algorithm (Gillespie, 1977) applied in that study is frequently
used to describe and analyze stochastic systems. One simulation run of
Gillespie’s Algorithm reproduces a realization of the Chemical Master Equation
(CME). The CME is a differential equation describing states of a system and
the transition probabilities from one state to another. The systems states
are described by discrete molecular numbers. The probabilities are deducible
from macroscopic rate constants. However, the CME state space explodes
exponentially with the number of involved reacting species and renders the
CME itself very difficult to solve directly. Gillespie’s Algorithm generates
one path through the CME state space by determining the amount of time
that passes until the next reaction happens and which reaction that is. The
result is an accurate representation of the CME if simulations are performed.
(Andrews, 2009). Although the usage of the CME and Gillespie account for
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the stochastic nature of processes, they are still based on the description of
spatially homogeneous pools of molecules.

2.1.2 Single compartment versus spatial approaches

As stated before, the assumption that molecules are evenly distributed in
space and present in large numbers does not stand for many realistic biologi-
cal problems. The well-mixed reactor assumption essentially resembles the
situation found in common laboratory test-tube experiments.
Live cellular systems on the contrary are characterized by well defined and
structured signaling compartments separated by membranes. Organizational
elements such as scaffolds or lipid domains within membranes and the for-
mation of macromolecular complexes creates such a diversified spatial and
special environment even within compartments that the well-mixed reactor
assumption fails to represent accurately. Moreover, the influence of spatial
structure on signaling outcomes cannot be neglected. Molecular complexes,
scaffolds and compartments increase local concentrations of molecules and
reduce the amount of copy numbers needed for efficient signaling, they enhance
the specificity of signaling pathways by preventing unwanted interactions and
they increase the likelihood for the wanted interactions to happen (Round
et al., 2005; Shaw and Filbert, 2009).
Multi-compartmental models are the first step towards a more diversified
representation of spatial heterogeneity. Each compartment that is considered
in the model contains its own representation of a signaling network consisting
of molecular pools and a set of reactions. The latter can be described using
a deterministic or stochastic framework as described before. Compartments
do not necessarily correspond to cellular compartments but can represent
any segregation of space. Modeling of membrane environments for example
can be accomplished by representing the membrane as a compartment in
its own right within this framework. The compartmental approach requires
explicit modeling of transport processes between compartments to allow cer-
tain molecules to cross between them. In addition, molecular pools within
each compartment are still assumed to be continuous and well-mixed. This
could potentially result in a shift of the associated problem to even smaller
subelements of the model where molecular quantities are likely to be even
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smaller and stochastic effects and the discreteness of signaling events are even
more important.
Developing the multi-compartmental approach further allows the modeler
to address more detailed properties of heterogeneous space. The reaction
diffusion master equation for example separates space into finite small subvol-
umes (F. Baras, 1997). Diffusion is assumed to be fast enough to homogenize
molecular populations within each of these subvolumes. Reactions depend
on the molecular concentration in each subvolume and diffusion is modeled
by "jump" first order reactions from one subvolume into the next (Hattne
et al., 2005a). Similar to the CME, the amount of different states a model can
be in increases exponentially with the amount of molecular species involved
requiring Monte Carlo based sampling methods to approximate the solution
(Elf and Ehrenberg, 2004).
Partial differential equations (PDEs) can be used to describe the dependence
of a systems state not only with regards to time but also space. Within the
context of biology, the term reaction-diffusion systems is frequently used as
for example in case of the pattern studies conducted by Turing mentioned
earlier. Under certain circumstances, PDE systems can be solved analytically
providing the means of a detailed analysis of the modeled system. In most
cases however, similar to ODEs, numerical integration is needed to approx-
imate the solution and implementations exists for common mathematical
software environments such as MatLab or Octave. PDEs are in the same
way as ODEs deterministic descriptions of systems. Stochastic effects due
to small reaction volumes, low molecule numbers and the discrete nature of
biochemical reactions cannot be considered.
Analysis of whole cell proteomes suggests that especially proteins conducting
posttranslational modifications such as glycosylation or phosphorylations
which are mostly involved in signal transduction, regulation, and cell com-
munication are present in very low copy numbers even in whole cells (Beck
et al., 2011). It is no surprise that especially small, highly structured, and
specialized organelles like the dendritic spine are characterized by extremely
low numbers of important regulators. Estimates for the number of NMDAR
receptors in the PSD yield values of between 1-10 molecules per PSD com-
plex while numbers for AMPAR and scaffolding proteins are around 10 - 20
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times higher (Sugiyama et al., 2005; Shinohara, 2012). Considering this, it is
reasonable to move the focus from a population centered view to one where
particles are explicitly represented. In this framework, reactions are treated
as events happening to molecules upon encountering other elements instead
of modifying abundances of molecular pools in dependence of each other.
Single-particle methods use an explicit representation of space that can be
either continuous or discrete. A molecule has a distinct position within this
space at each time step. Explicit modeling of movement in space can aid
the understanding of effects such as molecular crowding, confinement, and
increased local concentrations on signaling properties (Zhou et al., 2008).
Movement is usually assumed to follow a random walk and single molecule tra-
jectories in time and space are simulated using Brownian dynamics algorithms
(Andrews and Bray, 2004).

2.2 Examples of different simulation environments

The amount of different software packages implementing different types of
modeling frameworks and simulation methods is growing. However, some
simulators are more widely used than others and are a standard within
their application domain. Three major simulators are briefly described in the
following that implement a certain subset of the modeling paradigms discussed
above. All of them have been applied to a range of modeling problems in the
literature and have an established user community.

2.2.1 The COmplex PAthway SImulator - COPASI

Copasi is a comprehensive modeling and simulation environment (Hoops
et al., 2006). It comes with a graphical user interface (GUI) that allows easy
editing and development of biochemical models. Routines for plotting of
results and exporting models into standardized formats such as the Systems
Biology Markup Language (SBML) are implemented. A useful set of methods
for parameter estimation, optimization, and model analysis such as time
course experiments are available. Copasis strength is its flexibility in the
definition of ODE based models in addition to its useful set of tools and its
ease of use. Users can define virtually any equation to represent the desired
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kinetics. Copasi implements different algorithms to simulate pathway models.
It implements a deterministic and a stochastic solver. If stochastic simulation
is required, Copasi provides routines to help with the conversion of the models
into mass action law based ones. A deterministic stochastic hybrid simulation
method allows speed optimized simulation. Copasi decides based on particle
numbers in the system which parts have to be simulated stochastically and
which ones can be solved using numeric ODE integration. Copasi is capable
of simulating multi-compartmental models to account for spatially segregated
reaction containers. It does not provide methods for the simulation of real
spatial properties within a realistic three-dimensional model geometry. Copasi
has been used for example to model the biochemical module of transforming
growth factor signaling and expression in the context of the human epidermis
(Adra et al., 2010). Copasi is also frequently found as the validation simulator
of choice for models that are deposited in BioModels Database (Le Novère
et al., 2006).

2.2.2 The Virtual Cell - VCell

VCell is a client-based simulation environment (Moraru et al., 2008; Resasco
et al., 2008). Users download the graphical user interface instead of providing
the entire program. This GUI allows the definition and analysis of models.
The analysis and simulations themselves are submitted to a computing center
based at the University of Connecticut. Similar to Copasi, VCell provides
routines to import and export models from and into common standards
and databases. The main simulation framework and strength of VCell is the
modeling and simulation of PDE based models. VCell provides tools to import
and design three-dimensional realistic geometries based on microscopy data.
In addition to its PDE solvers, VCell implements standard ODE solvers and
a stochastic simulation frameworks. However, if those are used, the models
are reduced to non-spatial ones. In recent versions, VCell adopts methods
from other simulators to increase its repertoire such as Copasis parameter
estimation and the algorithms of Smoldyn as spatial and stochastic solver.
Studies using the VCell environment include phosophoinositide turnover (Xu
et al., 2003) and combined biochemical and electrophysiological models of
Purkinje neurons (Brown et al., 2011).
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2.2.3 Smoldyn

Smoldyn is a simulation environment that models single point-like molecules
with their trajectories in time and space (Andrews and Bray, 2004; Andrews
et al., 2010). Stochastic behavior arises due to representation of molecular
movement as Brownian motion and the evaluation of molecular interactions
and molecule - surface interactions based on probabilities. Smoldyn allows the
construction of arbitrary three-dimensional surface geometries. Molecules can
be attached to these surfaces or interact in various ways with them. The only
visual output Smoldyn provides is a representation of the currently running
simulation. Models are implemented in a Smoldyn specific configuration
file format. The different output formats of Smoldyn allow the tracking of
molecule numbers and positions over time and in different spatial locations
and compartments. The lack of tools for model development suggests that
a combination of Smoldyn with other tools such as the simulators described
before is a good choice to aid model development. However, this limita-
tion is common between different stochastic spatial simulation environments.
Common mathematical and statistical tools such as the statistical scripting
language R are necessary to evaluate the outcome of simulations.
Smoldyn was successfully used to study biological phenomena such as bacterial
chemotaxis and the distribution and diffusion of the involved proteins (Lipkow,
2006; Lipkow and Odde, 2008), spatiotemporal segregation of CaMKII in
dendritic spines (Khan et al., 2011; Khan et al., 2012).

Other spatial stochastic simulation environments were considered at the
beginning of this project in addition to Smoldyn. Some of them were excluded
due to their lack of support for diffusion and reactions in two and three
dimensions such as StochSim (Morton-Firth and Bray, 1998) and STEPS
(Wils and De Schutter, 2009). StochSim supported spatial modeling but
only in two dimensions, while STEPS, although developed with molecular
neurobiology in mind, did not support membrane diffusion of molecules.
Another lattice/subvolume based simulation environment similar to STEPS
is MesoRD (Hattne et al., 2005b). MesoRDs method was not designed to im-
plement diffusion and reactions on surfaces. More recent versions of MesoRD
are capable of reducing subvolumes to about molecular reaction radii which
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enables the user to implement surfaces as compartments (Fange et al., 2010).
However, the usage of constructive solid geometries to define a systems spatial
geometry from very basic volumetric shapes instead of simple planar ones
made the definition of more complex geometries such as the dendritic spine
difficult.
MCell is another simulator with its origins in neurobiology (Stiles et al.,
1996; Kerr et al., 2008). In contrast to the simulators mentioned before,
MCell simulates single volumeless particles in continuous space and allows
the definition of arbitrary geometries quite similar to Smoldyn. Smoldyn
simulations were easier and more intuitive to configure and faster to run in the
authors experience. The latter is confirmed by a benchmark test undertaken
by Andrews et al. (2010).

Table 1: Characteristic properties of established simulation environ-
ments
This table provides a summary of the introduced established simulation environ-
ments with regards to the discussed properties of simulation methods, the treatment
of molecular entities and the possible inclusion of space.

simulation molecular entities inclusion of space
Copasi deterministic continuous multi-compartment

stochastic discrete multi-compartment
VCell deterministic continuous complex 3D geometries

stochastic discrete multi-compartment
Smoldyn stochastic single molecule complex 3D geometries

2.3 Modeling long-term potentiation in the dendritic

spine

An increasing amount of computational studies improved the knowledge
of postsynaptic signaling pathways and their role in long-term potentation
over the last 10 years. In 2010, more than 117 different models addressing
properties of postsynaptic signal transduction were published. Manninen et al.
(2010) group them into three categories: The first group consists of models of
single signaling pathways. Many of these models focus on the mechanisms
of CaMKII and Calmodulin activation. So far, they helped to understand
the switch-like behavior of CaMKII (Lisman, 1985) and its importance in
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long-term storage of information (Miller et al., 2005). An allosteric model of
Calmodlin by Stefan et al. (2008) explains in detail how different Calcium
concentrations result in differential activation of CaMKII and Calcineurin
causing positive or negative effects on long-term potentiation.
The second group deals with the properties of Calcium signaling addressing
a wide range of questions from the influence of the stimulation frequency
(Franks et al., 2001; Li et al., 2012) to Calcium compartimentalization in
spines (Zador et al., 1990) and the influence of spine geometry on signaling
outputs (Volfovsky et al., 1999; Schmidt and Eilers, 2009).
Group three is the most interesting one within the context of this thesis. It
contains models of more complex signaling networks to study the integration
of signaling pathways involved in potentation at the postsynaptic side.. Most
of them are extensions of preexisting models of CaMKII, however newer
studies focus more and more on different interactions as well. Bhalla and
Iyengar (1999), Bhalla (2002) and Bhalla (2004) address general properties
of signaling networks within the context of plasticity. Amongst the signaling
pathways that have been addressed so far are those containing MAPK(Smolen
et al., 2008; Bhalla, 2002), ERK (Ajay and Bhalla, 2007), PKA (Kötter, 1994)
and PKC (Bhalla, 2002), DARP32 (Fernandez et al., 2006) and others. More
recent models extend the studies to incorporate protein transcription and
translation control to investigate further in the late stages of LTP (Smolen
et al., 2008; Aslam et al., 2009; Jain and Bhalla, 2009).
No computation model of postsynaptic TrkB signaling has been proposed so
far except for the model by Jain and Bhalla (2009). Their study focuses on
the integration of Calcium, BDNF and the MAPK to regulate L-LTP protein
synthesis. The model is deterministic and non-spatial. It is structured into
different modules. The TrkB module contains the BDNF induced receptor
activation and the downstream pathways down to PI3K and PLCγ activation.
This module could be useful within the context of this work. It could be
utilized as upstream receptor component if it is ported into a spatial and
stochastic context.
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2.3.1 Choosing a modeling framework for growth factor signaling
in the dendritic spine

Some essential key features of signaling events in the dendritic spine determine
the choice for a suitable simulation environment.

1. The signaling space of the spine is a highly organized and heterogeneous
environment. The examples of AMPAR diffusion and trafficking behavior
during LTP give clear examples of the influence of spatial location on
the overall behavior of the molecules. Explicit representation of the
membrane environment as two-dimensional space, separated into the
synaptic membrane associated with the PSD and the extrasynaptic
membrane are necessary.

2. Molecular numbers of key signaling elements in the spine are small, esti-
mates for the amount of TrkB receptors within the synaptic membrane
yield approximately 10-20 molecules. Kinases and phosphatases are
represented in numbers of around 20-30. Stochastic effects are likely to
influence the signaling outcome.

3. The possibility of tracking individual molecules in time and space could
provide the means of addressing signaling properties arising from molec-
ular distributions as an important parameter of signaling itself. This
shifts the focus from an entirely biochemical one towards a more inte-
grated modeling approach putting the otherwise isolated biochemical
components back into a realistic context.

Altogether, a spatial and stochastic simulation environment providing the
possibility of tracking individual entities is needed. The simulator Smoldyn will
be used in this work, due to the required level of details. However, the usage of
Smoldyn (V2.16 at the beginning of this project) required the implementation
of a software modification to explicitly model different diffusion areas within a
membrane environment to explicitly represent the synaptic membrane at the
PSD. Copasi and VCell are useful to aid model design and development due
to the set of tools they provide as Smoldyn comes without any. The analysis
of Smoldyn results requires the development of spatial statistical pipelines to
adequately analyze and interpret simulation results on a larger scale.
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3 Objectives

This work develops and analyzes a spatial and stochastic computational model
of the growth factor BDNF evoked signaling pathways that are modulating
long term potentiation responses at glutamatergic synapses. Spatial local-
ization is a key aspect of signaling cascades and the first results chapter
demonstrates by means of a less complex sub model how the signal of a small
and fast diffusing molecule can be focused to a very restricted area in space,
the PSD, over time. Together with this, analysis pipelines and routines are
developed to allow the statistical analysis of larger spatial and stochastic
simulation datasets produced by Smoldyn.
The second part describes the entire BDNF signaling model and its imple-
mentation. The analysis focuses on different levels of signal integration after
stimulation with different amounts of BDNF: The competition between PI3K
and Plcγ for the same substrate PIP2 and the contribution of two different
PKC isoforms on two important AMPAR modifications. These modifications
are direct manifestations of LTP on the level of AMPAR since they modulate
AMPAR abundance and conductance.
In addition, two modifications of the model address the potential influence of
molecular trapping and the results of an inhibitory effect of the PI3K pathway
on Plcγ.
The last section describes and validates a modification of Smoldyn that was
implemented within this work and used in in the previous chapters. This
modification allows to explicitly model different diffusion environments within
membranes to simulate diffusive effects, such as trapping of molecules at the
PSD.
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It’s a dangerous business, Frodo, going out your door. You step onto the
road, and if you don’t keep your feet, there’s no knowing where you might be

swept off to.
- Bilbo -
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2
Significance of the kinase and phosphatase

localization on the formation of lipid

signaling domains in dendritic spines

1 Introduction

The fluid mosaic model of cell membranes describes them as a layer composed
of lipids and proteins that are moving more or less freely and at random.
Already by the time the model was proposed by Singer and Nicolson (1972) it
was suspected, that membranes are not homogeneous and randomly organized
(Siekevitz, 1972). More experiments and confirmations followed, leading to the
proposal of lipid domains forming within the membrane (Stier and Sackmann,
1973; Karnovsky et al., 1982). Since then, different models and theories
were developed to explain the formation of signaling domains. The lipid raft
theory explains the lateral formation of domains by self-associative properties
of certain lipids such as cholesterol and sphingolipids. Their organizational
properties as signaling platforms are mediated by interactions with trans
membrane domains, Glycosylphosphatidylinositol-anchors (GPI-anchors) or
acyl-chains of proteins (Simons and Ikonen, 1997; Simons and Sampaio, 2011).
Other mechanisms governing lateral membrane structure are interactions
with the cytoskeleton (especially actin) and of course other protein-protein
interactions (Kusumi et al., 2012).
Together with this development more and more lipids themselves, such as the
inositide phospholipids, were discovered to play central roles in signaling path-
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ways. Lipid-modifying proteins such as Phosphatidylinositide 3-kinase (PI3K)
(Whitman et al., 1988; Stephens et al., 1991) and Phosphatase and Tensin
homolog (PTEN) (Maehama, 1998; Myers et al., 1998) and lipid-binding
protein domains like the pleckstrin homology (PH) domain (Harlan et al.,
1994) and their pathways were discovered as well. Signaling studies moved
away from the previously protein centered view of the field.
Today it is accepted that biological membranes show quite distinct spatial
organizations and take part in signaling pathways themselves. They form a
unique structured signaling compartment in their own right. Examples for
the segregation and clustering of signaling elements in distinct regions of this
special signaling space are frequently observed:
Spatial segregation of Phosphatidylinositol 4,5-bisphosphate (PIP2) and Phos-
phatidylinositol (3,4,5)-triphosphate (PIP3) is already observed in unstim-
ulated cells (PC12) as reported by Wang and Richards (2012). However,
a lot of signaling processes, especially those involved with cell growth and
migration show precisely localized and timed spikes of PIP3 in the membrane.
PIP3 micro domains were shown to colocalize with F-actin accumulation in
axonal filopodia growth (Ketschek and Gallo, 2010; König et al., 2008). The
protruding end of moving cells is associated with PIP3 patches and colocalizes
with actin polymerization at the front end of the moving cell (Gerisch et al.,
2012). PIP2 might play a role in actin polymerisation as well by permitting
the reaction to take place at the plasma membrane, while PIP3 coordinates
time and location (Insall and Weiner, 2001). Evidence suggests that PIP3
is also important during LTP to maintain the necessary α-amino-3-hydroxy-
5-methyl-4-isoxazolepropionic acid receptor (AMPAR) distribution at the
post synaptic density (PSD) in the spine (Arendt et al., 2010) as well as
being involved in many signaling pathways related to neuronal outgrowth and
survival (Ménager et al., 2004; Kakumoto and Nakata, 2013)
Computational models containing phospholipid messengers in their context of
a signaling pathway exist frequently in the context of growth factor receptor
signaling pathways (Birtwistle et al., 2007; Borisov et al., 2009). Xu et al.
(2003) explicitly studied phosphoinositide turnover in neuroblastoma cells
using a compartmental approach (see section 1).
None of these models consider some main characteristics of the plasma mem-
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brane as a signaling environment. The plasma membrane is a two dimensional
environment, restricting the movement of molecules to the plane instead of a
volume. In addition, molecules might move differently or could even be fixed
to specific regions to exert their specific function.

1.1 Objectives

A simple "proof of concept" model of a kinase phosphatase system is imple-
mented and analyzed in this chapter. The analysis should provide insights
into the variability of a signaling system solely based on its spatial properties
when molecule numbers and kinetic properties are fixed. How does the spatial
setup influence aspects of the time course of a reaction (such as speed and
amplitude of the signal) and its spatial structure (dispersity and accuracy)?
This model shows how to focus the quickly diffusing signal of a small molecule
to a specific area of the membrane enabling a very localized signal to be
established. It highlights how important it is to consider spatial properties
in signaling studies. The analysis also provides a set of tools to aid in the
analysis of larger subsequent models.

2 Methods

This section provides the background information on the modeling and analysis
methods used within this chapter.

2.1 Modeling and simulation

Smoldyn (Andrews and Bray, 2004; Andrews et al., 2010) is a spatial and
stochastic single molecule simulation environment. Smoldyn uses a Brownian
Dynamics Algorithm (Edelstein and Agmon, 1993) to move molecules repre-
sented by points in space. Smoldyn simulates zeroth-order, unimolecular and
bimolecular reactions, and requires model reactions to be described according
to mass action law (MAL). Reaction probabilities for each molecule at each
time step are calculated in case of zeroth order and uni molecular reactions.
The outcome of bimolecular reactions is approximated using Smoluchowski’s
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theory of coagulation (Smoluchowski, 1917). This theory is used to estimate
binding radii for the molecules based on their diffusion constants and the
reaction rate. The binding radius determines whether or not molecules are
close enough to react with each other.
The simulations were run on the European Bioinformatics Institute computing
farm using Smoldyn V2.22 1. The cluster nodes are 64-bit Intel based cores
running under Redhat Linux 6.1 or later. Currently, there is no parallelized
version supporting all Smoldyn functionality. Each simulation was run using
one core only.

2.2 Modeling reactions and parameters

Smoldyn restricts modeling of chemical reactions to those that are MAL
compliant. Catalytic reactions are therefore represented according to the
following scheme:

kon kcat
S + E ↔ SE → S + P

koff

kon, and koff can be estimated from the Michaelis-Menten (MM) parameters
kcat and Km according to Bhalla (2000), if only Michaelis-Menten paramters
are found in the literature:

koff = 4kcat

kon =
koff + kcat

Km

All rate parameters were extracted from the public model repository BioModels
Database (Le Novère et al., 2006). The actual values of parameters used in
this study are given later in section 3.

1can be obtained via http://www.smoldyn.org/archive.html
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2.3 Geometry and diffusion

The models presented in this chapter contain three spatial dimensions. The
modeled reactions take place at an identifiable position in space and the
possible locations of the molecules and their diffusive paths are constrained
by the surface area of the neuronal spine. Smoldyn provides a collection of
shapes such as rectangles, triangles, and spheres that can be used as panels to
build the necessary surfaces in space. Triangles are the most common shapes
used in computer animations to construct complex surface geometries. Tools,
such as Blender2 or MeshLab3 can be used to create triangulated surfaces
and store them in the generic Wavefront format. Those can be converted into
Smoldyn’s surface format.
Smoldyn’s Brownian Dynamics algorithm uses Fick’s second law (Berg, 1993;
Andrews and Bray, 2004) to compute a random displacement for each molecule
at each time step with the distance determined by the diffusion coefficient
D for that molecule. I estimated the diffusion coefficients for my models
if they were not available in the literature. The estimates are based on an
empirical relation between diffusion coefficients and the molal volume of
proteins proposed by Young et al. (1980):

D = 8.34 ∗ 10−8 ∗ T/(η ∗M1/3)

The temperature was set to T=310 K and the viscosity of the cytoplasm η

to 2.5 mPa s−1 (Mastro et al., 1984). The molecular weight M in Dalton was
retrieved from UniProt (The UniProt Consortium, 2012).

2.4 Analysis

Smoldyn does not come with integrated methods to analyze simulation out-
comes in contrast to some of the popular deterministic simulation environments
(e.g. VCell4, Copasi5). However, Smoldyn provides several different raw data
output formats. Two different ones are utilized to analyze the simulation

2http://www.blender.org
3http://meshlab.sourceforge.net/
4http://www.nrcam.uchc.edu/
5http://www.copasi.org/tiki-view_articles.php
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results with regards to two different aspects. The first records the total
molecule numbers for each molecular species at each time step. Such a time
course is illustrated in figure 6a. The other gives the molecular coordinates for
each single molecule currently present in the simulation. This data provides
the information needed to analyze spatial properties of the system, such as
molecular densities - illustrated in figure 6b.

(a) (b)

Figure 6: Illustration of different simulation result types
(a) Example of a simulation time course illustrating the PIP3 molecule production
during one simulation run on the PSD (green) and overall (blue)
(b) Example of a density plot illustrating the PIP3 distribution at the PSD at a
specific time point during the simulation. Grey and black dots indicate the position
of PI3K and PTEN respectively. The grey lines mark the boundaries of the PSD.
Spatial information gathered from time frame based analysis is condensed to yield
information about an entire simulation run.

2.4.1 Time course analysis

Time course analysis is carried out by characterizing two aspects of the mod-
eled system. Firstly, the levels of PIP3 molecules present during steady state
give the amplitude of the PIP3 signal. This can be done for the overall spine
surface or specifically for the PSD having the neuronal spine as signaling
environment in mind (see figure 6a: maxtot, maxpsd).
Secondly, the halftime the system needs to reach steady state gives an indica-
tion of the apparent reaction speed. Again, these values can be compared for
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the overall spine surface or just the PSD (figure 6a: t1
2tot, t

1
2psd).

Time course analysis is carried out using the standard statistic methods
provided by the R statistical package itself and the package ggplot26.

2.4.2 Spatial analysis

The Smoldyn output provides the positions of molecules in space for each time
step of the simulation. This type of data, spatial point patterns, is encountered
in other disciplines such as astrophysics and geography. Geography and its
discipline geostatistics provide a vast collection of methods to analyze spatial
point patterns. One of the most versatile and comprehensive geostatistic
R packages is SpatStat7 (Adrian Baddeley, 2005). Methods provided by
SpatStat are used to analyze the data per time step. The different results are
collected during steady state and summarized to characterize aspects such as
randomness of point distributions.
The following list provides an overview of the main SpatStat methods used
and how they are utilized in the following analysis.

Molecular densities The estimate of molecular densities on the PSD allows
both, the visual inspection of signal formation and the application of extended
analysis functions.
The default density function for point patterns provided by SpatStat uses an
isotropic Gaussian kernel whose bandwidth is estimated based on the data
sample. It also provides the possibility to correct the estimated density for
edge effect bias. The edge effect occurs at the boundaries of the observation
window (here the PSD) in which the intensity is estimated. The boundary
separates the area of known point density from an unknown one resulting
in an underestimate of the intensity at the boundary. This underestimate is
corrected following Diggle’s approach (Diggle, 1985; Adrian Baddeley, 2005).

Testing for complete spatial randomness: CSR Testing for complete
spatial randomness (CSR) of the signal distribution is carried out with Spat-
Stat’s CSR test (Adrian Baddeley, 2005). The test separates the sample

6http://ggplot2.org/
7http://www.spatstat.org/
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area into quadrants. Theχ2 statistic for the quadrant count for each tile
is compared to that of generated point patterns under CSR (default: 1999
simulations sampled from a Poisson distribution) determining the p-value for a
time frame. If not stated differently, H0 is rejected for p<0.05. One-sided tests
are performed for individual time frames with H0="The points are randomly
distributed" and HA="The points are clustered".

Pair-correlation function: PCF The pair correlation function (PCF) is
a second-order summary characteristic of a spatial point pattern and related
to Ripley’s K-function (Illian et al., 2008) in the following way (for a radius
r≥0):

pcf(r) =
K ′(r)

2πr

The K-function (K) gives the average number of points expected in the pattern
at distances r from each point. K itself is a cumulative function. K ′ is its first
derivative. The PCF gives the probability that another point can be found at
distance ( r) to any point in the pattern (p(r) = λ · pcf(r)). Here, the PCF
is used as it provides essentially the same information in a more accessible
way (Illian et al., 2008). Depending on pcf(r) being smaller than, equal to,
or larger than 1, the result of the function indicates a uniform distribution,
standard Poisson process or aggregation. A function to estimate the PCF
based on the data point distribution per time frame is available in SpatStat
(Adrian Baddeley, 2005)
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3 Results

3.1 Model parameters

The biochemical components of the model presented in this chapter are the
key components of the PI3K - PTEN kinase - phosphatase system put into
the spatial context of a dendritic spine. Each of the two following catalytic
reactions depicted in figure 7a are modeled as three MAL conform reactions
according to the description in section 2.2:

R1: PI3K + PIP2 → PI3K + PIP3
R2: PTEN + PIP3 → PTEN + PIP2

(a) Biochemical Signaling Network (b) Geometry

Figure 7: Biochemical and spatial illustration of the implemented signal-
ing system
SBGN process description (Le Novère et al., 2009) of the implemented biochemical
signaling pathway in (a) and an illustration of the underlying spatial geometry in
(b). Light blue denotes the area of the PSD while grey and black dots represent
positions of kinase and phosphatase molecules.

All reaction parameters and their source are listed in table 2. Initial molecule
numbers are listed as well. The diffusion coefficients for each molecule are
given in table 2.
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Table 2: Parameters of biochemical reactions
MM: Michaelis-Menten Kinetics, estimated according to (Bhalla, 2000)

Rate Constants
R1: PI3K + PIP2→ PI3K + PIP3
R1 kf 8302889 moleculesnm−3 s−1 (Jain and Bhalla, 2009)
R1 kb 16 s−1 estimated
R1 kcat 4 s−1 from MM
R2: PTEN + PIP3→ PTEN + PIP2
R2 kf 8302889 molecules nm−3 s−1 (Yong et al., 2008)
R2 kb 0.5 s−1 estimated
R2 kcat 5 s−1 from MM
Initial molecule numbers
PI3K 31 (Jain and Bhalla, 2009)
PTEN 80 (Jain and Bhalla, 2009)
PIP2 2107 (Jain and Bhalla, 2009)
height PIP3 0 -

The spine surface is modeled based on Byrne et al. (2010) using 1214 triangles
(see figure 7b). Spine sizes and shapes vary depending on their developmental
state and plasticity (Park et al., 2006), brain region and observational angle
(Arellano et al., 2007). The size of the PSD is correlated with the spines
head volume and membrane area (Wilson and Linder, 1983; Arellano et al.,
2007; Heck et al., 2012) as well as the distribution and number of AMPAR
(Matsuzaki et al., 2001; Nusser et al., 1998). The chosen dimensions reflect
the ratios found in the literature. The implemented geometry attempts to
represent an average sized mushroom-shaped spine as present in the mature
excitatory glutamatergic synapses of the CNS (Arellano et al., 2007; Izeddin
et al., 2011; Takasaki et al., 2013). The dimensions are given in table 3.
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Metric dimensions
spine volume 0.5 µm3

spine head volume 0.11µm3

spine surface area 3.7 µm2

PSD area 0.28 µm2

PSD radius 0.37µm
neck length 0.75µm
neck diameter 0.2 µm
Diffusion Coefficients D
PI3K 17000 nm2 s−1 (Young et al., 1980)
PTEN 28000 nm2 s−1 (Young et al., 1980)
PIP2 80000 nm2 s−1 (Xu et al., 2003)
PIP3 80000 nm2 s−1 (Xu et al., 2003)

Table 3: Spatial parameters of the spine

3.2 Simulation setup

The biochemical reaction rates and initial molecule numbers were identical
for all simulations. Diffusion constants of lipids were independent of time
or their current surface location and the same in all simulations. All lipids
present at t=0 s are PIP2 molecules that are randomly distributed over the
whole spine surface. The initial positions of phosphatases and kinases were
varied between simulations (see figure 8). Circular configurations were chosen
because TrkB receptors and their associated signaling apparatus (containing
PI3K) line up on the outer borders of the the PSD resembling an enclosure
(Drake et al., 1999; Petralia et al., 2005). Kinases and phosphatases in circular
setups are not allowed to diffuse and keep their position for the duration of the
simulation. This resembles molecules being attached to cytoskeletal features.
Different radii were chosen for these ring shaped configurations, the biggest
radius being r=370 nm just outside of the PSD. The others were placed evenly
spaced between a hypothetical r=0 nm and this outer circle. The simulations
with molecules placed at r=0 nm were considered but decided to be irrelevant
because it is impossible to place more than one molecule at exactly the same
physical position.
Simulations with random initial placement of kinase or phosphatase while
keeping their position fixed for the duration of the simulation is the first step
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(a)

r

fixed

circular random

diffusing

confined free

(b)

Figure 8: Spatial Simulation Scenarios
(a) The schematic illustration explains the different initial spatial setups for PI3K or
PTEN placement in simulations. Setups are differentiated in "fixed" - the respective
molecule stays at that position during the whole simulation - and "diffusing" - the
respective molecules are diffusing with a constant diffusion coefficient. "Fixed"
setups are either circular - the respective molecules are fixed on circles with a given
radius r - or random. In "diffusing" setups molecules are either confined within
the boundaries of the PSD or they are allowed to leave the PSD and diffuse along
the whole spine surface. However, the confined scenario could not be implemented
accurately as explained later in section 3.3.2 and is therefore shaded in this figure.
(b)The full spatial setup for a simulation combines one such PI3K setup and one
PTEN setup. However, the "confined" scenario could not be implemented accurately
in Smoldyn V2.21 as indicated by the grey colored label and explained in section
3.3.2
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in relaxing the circular constraints and increasing the random properties of
the system ("fixed" settings). Those random properties are further increased
in another set of simulations where kinase and phosphatase positions are
randomly initialized at the PSD and the molecules are allowed to diffuse
(keeping the same diffusion constant during the whole simulation and between
simulations). Molecules in confined setups were not supposed to diffuse out
of the PSD area, while those in random settings are allowed to leave the PSD
and diffuse over the whole spine surface thus representing the most random
simulation scenario. However, the confined scenario could not be implemented
accurately due to technical limitations as described subsequently in section
3.3.2. Its description was kept (but shaded) in the illustration of simulation
scenarios as it is a logical intermediate between random fixed positions and
freely diffusing molecules.
Each possible kinase scenario is combined with every phosphatase scenario
as figure 8 indicates. This generates a total of 56 different spatial scenarios.
Each simulation ran with simulation time steps of 0.001 s for 300 s at which
the system appears to be in steady state. The system is considered to be in
steady state when the average number of the observed molecular species over
time does not change anymore (it can however fluctuate due to the stochastic
nature of the simulations). Each spatial scenario is simulated 5 times8.

3.3 Technical constraints

Two main technical difficulties were encountered while using Smoldyn for
simulations. First, simulations on complex geometries can exhibit a trapping
behavior for diffusing molecules. Second, trapping molecules in a confined
area of the surface by implementing a second perpendicular surface as "wall"
is not possible. Both issues are addressed in the following section.

3.3.1 The surface partitioning influences the simulation results

The mesh representing the spine surface in simulations was adapted from
Byrne et al. (2010). The triangulation of the surface was kept the same while

8The Smoldyn configuration files are availabe at
https://github.com/yetime/SmoldynConfigs.git
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the volumetric properties and the dimensions were adjusted. This triangu-
lation represents the circular area of the PSD as a wedged faces structure
comprising a central high valence vertex as shown in figure 9. Initial sim-

wedged faces

Irregular faces

0

max

max

0

t=150 s

t=150 s

Figure 9: The surface tessellation influences the simulation results
Two different triangular PSD surface tessellations are illustrated in the first column.
The PSD area is colored light grey. Column 2 gives the corresponding PIP3 density
for a randomly moving PIP3 molecules at time t=150 s.

ulations without PTEN being present were performed on this surface and
showed a central accumulation of molecules at the location of this central
vertex. This accumulation also appeared in cases where PI3K was allowed
to diffuse randomly. It did not disappear over time due to dilution effects
once all PIP2 was converted to PIP3. Control simulations monitoring the
diffusion of PIP3 alone gave a similar peak of molecule concentration in the
center (figure 9, upper row) suggesting that the cause is an artifact of the
surface tiling.
A new surface tiling for the PSD surface was designed by tiling the PSD into
triangles based on the size of those surrounding the PSD. The edge valence
of this tiling is six. The number of tiles was reduced afterwards using the
polygon reduction algorithm implemented in Maya (Melax, 1998), keeping
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the vertex valence at an average of six compared to the valence of 32 for the
central vertex in the wedged tiling.
The PIP3 only simulations performed on this surface have a random appear-
ance (figure 9, bottom row) compared to those run on the wedged surface
(figure 9, upper row).
Four simulations with different numbers of PIP3 molecules n(PIP3)={350,
700, 1400, 2100} were performed on both surfaces to further compare the two
different tilings with regard to their influence on simulating random diffusion.
Each simulation was analyzed by testing for complete spatial randomness
(CSR) at every simulation time point. The p-values for these tests are illus-
trated in figure 10.
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Figure 10: Reducing the valence of edges enables random diffusion
Testing for CSR (Complete Spatial Randomness) was performed for every time step
of PIP3 only simulations on both PSD surfaces (wedged:blue and irregular:green,
the blue and green line are smoothed using the a local loess fitting, confidence
interval (95%):grey). The amount of PIP3 was varied, with n(PIP3)=350, 700,
1400, 2100. The plots compare the corresponding p-values over time for simulations
done with the same amount of PIP3. The red dashed line marks the significance
threshold of p=0.05.
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Each figure compares the test results of the wedged surface simulation (blue)
with the results of the corresponding (by means of PIP3 molecule numbers)
irregular tiling (green). P-values below the significance threshold of 0.05 reject
the hypothesis of a random distribution of molecules on the surface. The
fraction of time points with p-value test results below the threshold are given
in table 4.

Table 4: Fraction of time points below the p-value significance threshold
CSR tests were performed for every simulation time point. The given fractions
are the number of tests with p-values below the threshold over the total amount
of tested time points for that simulation. The simulations contained only PIP3
molecules in different quantities n(PIP3) and were performed on differently tiled
surfaces (wedged, irregular)

n(PIP3) wedged irregular
350 0.97 0.08
700 1 0.11
1400 1 0.23
2100 1 0.35

The results clearly show that the diffusion on the wedged surface does not
behave randomly in contrast to the irregular surface. The increasing number
of time points that appear to be clustered on the irregular surface are due
to the increasing probability of molecules being close to each other when the
overall molecule numbers increase.

3.3.2 Surface interaction during surface diffusion appears to be
leaky

Spatial scenarios that involve at least one species to be confined to the PSD
involve the implementation of a surface boundary that is reflective for the
respective species but allows other molecule types to pass at the same time.
Smoldyn provides the functionality of surface interactions for surface diffusing
molecules since version V2.19.
A cylindrical surface boundary was implemented as shown in figure 11 to trap
molecules on the PSD surface by reflecting them upon interaction. However,
this boundary seems to allow PI3K and PTEN molecules to leave the PSD
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area. PSD molecule counts between boundary-free scenarios and boundary-
containing scenarios where compared for both PI3K and PTEN to quantify
this leak (see figure 11).
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Figure 11: Surface interaction during surface diffusion is leaky
An illustration of the implemented cylindrical PSD boundaries shown on the left.
The time courses of PI3K molecules (middle) and PTEN molecules (right) show
the fluctuations in molecule numbers on the PSD surface. Dark green depicts the
molecule number development on the PSD if the respective molecules are allowed to
move freely (no boundaries), light green illustrates scenarios, where the molecules
are supposed to be confined by a cylindrical boundary. 5 simulation runs are shown
in each case.

Approximately ten times more PI3K and six times more PTEN molecules
are present at the PSD, if it is surrounded by the reflecting cylinder than in
the random case rendering the confined scenarios less stringent as intended.
Unfortunately, the whole behavior of the system changes over time from
most of the molecules being confined at the PSD to a quite substantial loss of
molecules. Because of this, the results are not directly comparable to the other
spatial setups where the properties and distribution of molecules does not
change over time and were excluded from the following comparative analysis.
They were kept in the figures of the previous section 3.2 to illustrate that
confined diffusion would have been a valuable intermediate step between a
fixed and an entirely free moving setup.

3.3.3 Summary

A surface geometry could be implemented that allows random diffusion of
molecules on the surface. The implementation of an intermediate spatial
scenario between fixing molecules at random positions at the PSD and letting
them diffuse randomly over the whole surface could not be implemented.
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3.4 Development of membrane PIP3 levels over time

depends on the spatial scenario

This section compares different spatial scenarios with regards to the PIP3
signal they produce. Characteristic simulation runs are chosen to illustrate
the main features of a signal: its amplitude, speed, spatial extent and shape
are addressed and quantified. In most cases the discussion starts with circular
setups and progresses to increasingly unordered ones.

3.4.1 Circular spatial setups can focus the signal to the PSD

The different circular scenarios can be separated into two groups based on
whether PI3K or PTEN form the inner circle. Both groups are expected to
show fundamental differences with regards to the PIP3 distribution they are
producing in the PSD.
Figure 12 illustrates the results of simulation runs where an inner circle of
PI3K molecules is surrounded by a circle of PTEN. This setup focuses the
signal effectively to the PSD area which can be seen from the density plots.
The upper row shows the surface density of PIP3 at t=0, during steady state
and at t1/2 (the time needed to reach half of the steady state PIP3 numbers
on the PSD). The time course given underneath illustrates the PIP3 levels in
the PSD and in total. The proximity of both lines, the PSD PIP3 molecule
numbers and the total number of PIP3, is also highly important. It indicates
a low amount of leakage of PIP3 to the peripheral space around the PSD thus
creating an efficient and focused signal.
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Figure 12: Arranging PI3K molecules on an inner ring surrounded by
PTEN creates a focused PIP3 signal at the PSD
Typical simulation result for PIP3 development on the spine membrane for circular
spatial setups where rPTEN > rPI3K are shown. rPTEN = 255nm, rPI3K = 85nm
The top row illustrates the PIP3 density as green gradient. The darkest shade
gives the maximum PIP3 reached over the whole simulation run. PI3K and PTEN
positions are indicated by grey and black dots respectively. Density plots for three
different time points are shown to illustrate the development over time. t0 represents
the start of the simulation, t 1

2
represents that point in time when half of the steady

state amount of PIP3 is reached and ts illustrates the steady state.
A time course of PIP3 molecule numbers on the surface is shown on the bottom.
Blue: Smoothed PIP3 molecule count over the whole surface; Green: Smoothed PIP3
molecule count on the PSD. Smoothed functions are loess curves (local regression)
to illustrate the trend.
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A signaling peak or ring - depending on the radius of the PI3K ring - might
transiently form at the beginning of simulation runs in those spatial settings
that do not contain PTEN. However, it is short lived. The signal is lost due to
diffusion and overproduction of PIP3 within one to two seconds, see example
in figure 44.
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Figure 13: A transient center signaling peak might form in beginning of
simulating spatial setups without PTEN
The figure shows density plots of a single time frame at t=1 sec. In the middle
and on the right, the average density of 5 (middle) and 20 (right) time frames is
shown to highlight an accumulating effect in the beginning (left and middle) and
dispersion afterwards (right).
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If the order of the two rings is swapped - PTEN on the inside and PI3K
on the outside - the system creates an exclusion zone in the center of the
PSD (see figure 14). PIP3 accumulates on the overall spine surface but is
dephosphorylated to PIP2 if it reaches the circle of PTEN. This is reflected in
the time course in figure 14 by the bigger difference between total and PSD
PIP3 molecule numbers. The PTEN ring has to be close to the outer PSD
boundaries if PIP3 is supposed to be totally excluded from the PSD.
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Figure 14: Arranging PI3K molecules on an outer ring surrounding
PTEN creates an exclusion zone for the PIP3 signal at the PSD
Typical simulation result for PIP3 development on the spine membrane for circular
spatial setups where rPTEN < rPI3K are shown. RPTEN = 85nm, RPI3K =
255nm (see figure 12).
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3.4.2 The magnitude of the PIP3 signal and the PSD/Total PIP3
ratio are the major parameters influenced by changes in the
spatial scenario

Further examples of PSD PIP3 densities and time courses are given in figure
15. The scenarios contain PI3K and/or PTEN in the random diffusing or
random fixed configuration (a)-(d) and (e)-(f) respectively.
Changing PTEN from a random fixed position to randomly diffusing results
in an overall signal increase in the system and increases the PSD/Total PIP3
ratio (compare (a) and (b)). Swapping the configurations of PI3K and PTEN
(compare (a) and (c)) decreases the ratio, but increases the overall amount
of PIP3 in the system. This is further amplified by changing the PI3K
configuration to randomly diffusing (compare (c) and (d)). The formation
of a clear exclusion zone or a central signaling peak is much less pronounced
or absent in comparison to the double circular scenarios in figure 12 and 14.
An exclusion zone can partly be observed in time frames of (d): Circular
PTEN configuration and random diffusing PI3K. A partial ring shaped peak
forms in b): Circular PI3K and random diffusing PTEN. The random fixed
contribution in (a) and (c) is too strong to allow either of the two distribution
patterns to form. Scenarios (e) and (f) combine both molecule types in random
configurations. Both scenarios fail to produce a clear pattern on the PSD.
Changing the PI3K configuration from fixed to random diffusing decreases
the overall signal and the PSD/Total ratio.
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3.4.3 Spatial scenarios with r(PI3K) < r(PTEN) are most efficient
in focusing the signal to the PSD

If the purpose of a signaling system is to focus a signal to a certain location
in space, it appears to be favorable to reduce the leakage of signal to the
surrounding environment and maximize the signal in the desired area. This
area in case of the spine is the PSD. Figure 16 shows the average PIP3
levels at steady state for the different spatial scenarios. Subfigure (a) gives
the total amount of PIP3 present at the PSD while figure (b) gives the
ratio: PIP3PSD/PIP3total (see Appendix for mean values and their standard
deviation).
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(b) PSD/Total PIP3 ratio

Figure 16: Spatial scenarios that yield the overall highest level of PIP3
at steady state are not the most efficient ones
(a) The heatmap shows the overall PIP3 levels developing on the PSD surface at
steady state in the different simulated scenarios. Grey (very low), dark green (very
high: All PIP2 converted to PIP3). The highest levels of steady state PIP3 are
observed in scenarios where PTEN is restricted to the PSD, the radius of the PTEN
circle is small and inside of the PI3K one.
(b) The heatmap gives the ratio of PSD/Total PIP3 in the system. This indicates
the efficiency of the system by means of focusing the signal to the PSD. Grey
(inefficient), dark green (very efficient: PSD/Total ≈ 1)
Each square represents the mean over 5 simulation runs (means and their standard
deviation are given in table 8, Appendix).

The ratios for PI3K configurations without PTEN reflect the ratio of PSD
area to total surface area of 0.076. Although this produces the highest amount
of overall PIP3, the signal is distributed evenly over the whole surface instead
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of being focused.
The highest amount of overall steady state PIP3 is present in scenarios
that restrict PTEN to the area of the PSD and surrounds PTEN by PI3K.
Comparing this to figure (b) shows, that these signals are inefficient as well
and leak a high percentage of PIP3 to the PSD surrounding areas. These
are the scenarios that effectively create an exclusion zone in the center of the
PSD. If the PTEN circle is small, this exclusion zone is small as well and
there is PIP3 on the PSD. Increasing the PTEN circle diameter clarifies this
exclusion effect.
The most efficient spatial settings in restricting signaling to the PSD are
the circular configurations with PI3K on the inner ring and PTEN on the
outer. The PIP3PSD/PIP3total ratio for PI3Kr42 and PI3Kr85 with PTENr370

is 0.95 indicating that almost all of the produced PIP3 is located at the
PSD and almost no leakage to the surrounding surface occurs. The signal
amplitude in these settings can be increased sixfold, just by changing the
spatial configuration (comparing the setting with the lowest and the highest
amount of PIP3 on the PSD during steady state).
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3.4.4 The maximum steady state PIP3 levels at the PSD depend
on the radii of the circles and the average distance between
PI3K and PTEN molecules

Looking at figure 16a suggests a relation between the radius of the kinase or
phosphatase circle and the maximum PIP3 observed at the PSD in cases where
the other enzyme is randomly diffusing over the whole spine surface. This
relation can be fitted with a cubic polynomial as shown in figure 17: Figure
(a) shows data for the spatial setups of random PIP3 production over the
different circular PTEN settings, while (b) shows the inverse, random PIP3
dephosphorylation over circular PIP3 production by PI3K. While increasing
r(PI3K) has an increasing effect on the PSD PIP3 levels in these scenarios,
the opposite is true for r(PTEN).
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Figure 17: The steady state PIP3 level at the PSD in presence of random
PIP3 phosphorylation or dephosphorylation depends on the radius of
enzyme distribution
(a) Dependency of the steady state PIP3 level at the PSD on r(PTEN) for random
PIP3 production
(b) Dependency of the steady state PIP3 level at the PSD on r(PI3K) for random
PIP3 dephosphorylation
Each point represents the steady state PIP3 level of a single simulation run. The
cubic fit is significant (parameters given in table 11, Appendix).
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A relation between the steady state PIP3 levels and the spatial configuration
is more difficult to quantify for the other spatial setups because the order of
the PI3K and PTEN rings dramatically change the quality of the PIP3 signal:
From central peaks to exclusion zones. The analysis is therefore restricted to
those setups that keep the order of rings. The distance between rings is given
as the average pairwise distance between PI3K and PTEN molecules:

D =
1

nts

nts∑
ts=1

 1

nkin · nphos

nkin
nphos∑
i=1
j=1

d(pKi, pPj)

 (2.1)

Figure 18 depicts all those circular spatial configurations where r(PI3K) <
r(PTEN). Subfigures (a) and (b) show the same dataset. While (a) is colored
according to the PI3K setting, (b) is marked according to the PTEN setting.
Every point represents the mean steady state PIP3 level of one simulation
(means and standard deviation are given in table 8,Appendix). The overall
tendency is clearly an increase in steady state PIP3 levels with increasing
distances between PI3K and PTEN molecules. Comparing the different
color schemes in (a) and (b), this difference seems to be manifested in the
increasing distance with regards to PTEN, not PI3K. Keeping r(PI3K)=42
nm and increasing r(PTEN) from 85 nm to 370 nm seems to follow a power
law relation as shown in more detail in figure 18c (see table 10, Appendix,
for fitting details). Keeping r(PTEN)=370 nm and looking at the results
for different kinase radii looks different. While increasing r(PI3K) in this
case shows an increase in PIP3 levels for r(PI3K)={42,85,170} nm it drops
r(PI3K)=255 nm indicating an optimum for PI3K and PTEN spacing and
the overall dispersity of the system.
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(c) r(PI3K)=42 ×
r(PTEN)={85,170,255,370}nm
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Figure 18: Increasing the distance between kinase and phosphatases
increases PSD PIP3 levels
Figure (a) and (b) illustrate the same dataset consisting of all circular setups with
r(PI3K) < r(PTEN). While (a) is colored according to the r(PI3K), (b) shows the
corresponding r(PTEN) coloring. Figure (c) shows a power law fit of r(PI3K)=42
× r(PTEN)={85,170,255,370} nm spatial setups.
(a)-(b) Dots represent average steady state PIP3 over 5 simulation runs
(c) A dot represents the steady state PIP3 level for one simulation run.
The distance is the average pairwise distance calculated according to equation 2.1
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3.4.5 The overall reaction speed is similar between different spa-
tial scenarios

As seen before, different spatial scenarios produce different levels of PIP3 in
the system. The time that is needed to reach steady state gives an indication
if the spatial setting has an influence on the speed of the reaction.
The halftimes that characterize the absolute time in seconds needed to reach
steady state are shown in figure 19a. The diagonal r(PI3K)=r(PTEN) appears
to split the results in two separating the PSD exclusion scenarios from those
that focus the signal to a center peak at the PSD. However, the overall PIP3
levels in the system are much higher in the PSD exclusion scenarios.
The ratio of the time needed to reach steady state and the steady state PIP3
level in the system is shown in figure 19b. This figure indicates that the
apparent speed of PIP3 production in seconds/molecule to reach steady state
is similar in most spatial scenarios, except for those close to the diagonal
r(PI3K)=r(PTEN) where the overall PIP3 levels are extremely low, resulting
in slow speed.

(a) Halftime steady state in [s]

0 100

N
o
n
e

42 85 17
0

25
5

37
0

fi
x

rn
d

PTEN

42

85

170

255

370

fix

rnd

P
I3

K

(b) Speed in [s molecules−1]

0 >1

N
o
n
e

42 85 17
0

25
5

37
0

fi
x

rn
d

PTEN

42

85

170

255

370

fix

rnd

P
I3

K

Figure 19: The overall reaction speed is similar between different spatial
scenarios
The figure illustrates the absolute halftime (a) and the speed in [sec/molecule] (b)
needed to reach steady state.
(a) The heatmap shows t1/2: The halftime needed to reach steady state PIP3 levels
in the system based on the spatial setting. Grey (short), dark green (long).
(b) This heatmap depicts the ratio of the time when steady state is reached over
the total steady state PIP3 levels in the different simulated scenarios. This can be
interpreted as speed in time per molecule. Grey (fast), dark green (slow).
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3.4.6 Statistical testing for complete spatial randomness (CSR)
identifies scenarios producing signaling peaks

An apparent property of those spatial scenarios that either appear to create
a center peak or an exclusion zone in the area of the PSD is the obviously
non-random distribution of molecules. Tests for complete spatial randomness
(CSR) asses this property and provides a possibility to quickly distinguish
those potentially interesting settings from the rest (see section 2.4 for CSR).
The CSR testing procedure for a whole time series is illustrated in figure 20.
The CSR test itself is carried out on the PIP3 distribution pattern present at
a single time step. Two different approaches are used to summarize the CSR
test results over the entire set of simulation runs. This analysis is sketched
in figure 20. The first approach calculates the fraction of time frames for
which H0 was rejected (based on p<0.05): The percentage non-random time
frames. The mean of these fractions over all simulation runs of a certain
setting is taken. The second approach collects all p-values of all steady state
time frames. It determines the most prevalent one. Based on this, the fraction
of total simulation runs for which H0 was rejected is given (based on p<0.05).
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Figure 20: Illustration of CSR Testing procedure
The CSR test itself is carried out on the PIP3 distribution pattern of a single time
step. The resulting p-values are collected. Two slightly different procedures yield a
summary fraction by which the time course is judged. The first summary fraction
is simply the fraction of time frames that yield a p-value below the significance
threshold of 0.05 (which indicates clustering). The second procedure determines the
most prevalent p-value over the whole set of time frames. The fraction of simulation
runs that show a prevalent p-value below the significance threshold is reported.
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The results of applying this testing procedure to test the different spatial
configurations for CSR are shown in figure 21. While figure (a) depicts the
results based on time frame fractions only, figure (b) gives the results for
evaluating the prevalent p-value and taking fractions over simulation runs
afterwards.
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(b) Fractions of p-values

Figure 21: CSR testing indicates non-random PIP3 distributions on the
PSD
(a) The heat map gives the fraction of time frames with a p-value below the
significance threshold 0.05 over all time frames of 5 simulation runs per spatial
setting.
(b) The heat map gives the fraction of the 5 simulation runs with a prevalent p-value
below the significance threshold of 0.05.

Spatial settings without PTEN and those with r(PI3K) = r(PTEN) do not
show any indication of spatial structuring as expected. The latter is due
to the very low number of PIP3 molecules produced. Most of the spatial
settings with r(PI3K) ≤ r(PTEN) have a high fraction of overall time frames
(>50%) classified as clustered. The fraction of simulation runs with a prevalent
p-value below 0.05 is accordingly high. Simulations with r(PI3K) ≥ r(PTEN)
show fractions of around 20-40% time frames being clustered, while the
corresponding fraction of prevalent p-values indicates a stronger tendency
towards clustering in some cases and no clustering in others in contrast to
the solely fraction based approach.
Spatial settings containing either phosphatase or kinase in a randomly diffusing
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setup indicate clustering to a certain degree (20-40%). Those settings having
a random but fixed component have a more heterogeneous appearance. Only
r(PI3K)={42,85} with r(PTEN)=fix indicate clustering, while most of the
r(PI3K)=fix show some degree of spatial structure.

3.4.7 Analysis of the pair correlation function verifies previous
CSR results

The pair correlation function (PCF) is a second order characteristic of a point
pattern that provides further insights into possible structural features. Here,
the PCF is used in an analysis similar to the previous CSR tests. The PCF for
each steady state time frame is determined. Since g(r)>1 indicates clustering,
the (discrete) PCF is evaluated with regards to it’s percentage being above
one. The mean of this fraction over all time frames and simulation runs of a
spatial setting are taken as a measure of non-randomness. The results shown
in figure 22 are in good agreement with the previously shown CSR results
highlighting the r(PI3K)<r(PTEN) spatial settings. Those spatial settings
that indicated predominantly clustering (>60%) were analyzed further to
describe the formed signaling peak in more detail. Inspection of the PCF
itself can yield information about internal structure of the pattern. However,
determining the maximum of each time frame’s PCF and evaluating the
most prevalent radius over all time frames of a simulation did not indicate a
relation between this radius and the spatial setting (figure 45, Appendix). The
standard deviation associated with the radii determined in this analysis is quite
high, indicating that the fluctuation is too high to be a useful characteristic
of the signaling peak.
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Figure 22: PCF analysis confirms PIP3 aggregates at the PSD
Given are the overall fractions for which the PCF g(r) > 1 over all time frames.
Shown is the mean of this fraction over 5 simulation runs (mean values and standard
deviation are given in table 9, Appendix).

3.4.8 The diameter of the signaling peak increases with r(PTEN)
and r(PI3K)

From the visual inspection of pattern densities shown before it can be con-
cluded that the clustered spatial settings are forming a central signaling peak.
The extent of the signaling peak was quantified by averaging the pairwise
longest distances per point (per time frame) of clustered patterns:

D =
1

n

n∑
i=1

max(d(ij1≤j≤n))

The result is shown in figure 23 (means and standard deviations are given in
table 9, Appendix).
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Figure 23: Diameter of PIP3 PSD aggregates depends on the spatial
setup
The average diameter of the PIP3 PSD aggregates was calculated for those spatial
setups that show a non- random distribution of PIP3 on the PSD surface in CSR
testing and evaluation of the PCF. Shown is the mean diameter over 5 simulation
runs for each setup (mean values and standard deviation are given in table 9,
Appendix).

This quantification shows the expected relationship between increasing r(PTEN)
and increasing peak diameter. Keeping r(PTEN) constant and increasing
r(PI3K) results in an increase of peak diameter as well but the main deter-
mining factor is r(PTEN).
To automate this procedure in case of unknown or variable numbers of sig-
naling clusters, a clustering algorithm can be used to determine the clusters
themselves. The calculation of cluster diameters can then be done in the same
way as before.
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3.4.9 Summary

The simulation results suggest that the circular spatial setups with PI3K
on the inner circle and PTEN on the outer are most efficient in focusing
the signal to the PSD. To maintain a constant, stationary signaling peak,
both - production and degradation - are necessary. Without this steady
state, diffusion quickly dilutes any structural spatial characteristic. It seems
favorable to keep the signal producer (PI3K) focused at the PSD. In general,
focusing the signal works well as long as PTEN is spatially more spread than
PI3K. While circular PTEN settings focus PIP3 better to the PSD than
randomly fixing it to the PSD (see figure 15), randomly diffusing PTEN
restores the focus. However, this goes along with an overall increase in signal
at the PSD but also in the surrounding membrane area.
Spatial scenarios where r(PTEN)> r(PI3K) are the most efficient ones by
means of signal at the PSD to overall signal. The amplitude of the produced
signal depends on the spacing of kinase and phosphatases and seems to be
more sensitive to changes in r(PTEN) than r(PI3K).
While the absolute steady state PIP3 levels depend on the spatial scenario, the
speed at which the system approaches this steady state shows no dependency
on the scenario.
CSR testing and the PCF also highlight these most efficient settings by
indicating the non-random distribution of molecules on the PSD surface. In
cases where both methods indicate clustering, the diameter of the central
peak was determined and shows its dependence on phosphatase and kinase
distance as well. Clustering algorithms can be combined with this analysis to
determine clusters if more complex surface patterns are expected to form.
To finish with a general observation: systems with random distributed elements
appear more noisy: Variation in between simulations is bigger especially for
those settings that include a random fixed component. Settings containing
randomly diffusing elements, especially circular PI3K and random PTEN
settings are leaking more PIP3 molecules into the surrounding. This can be
considered as noise if the purpose of the signaling system is to focus the signal
to a certain location in space and time.
The sequence of analysis established in this chapter provides a tool set to
analyze spatial properties of larger spatial signaling models with regards to
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the spatial properties they are developing over time. These methods allow to
quickly scan a large results data set for interesting spatial properties occurring
over the time course of a simulation and to focus possible further analysis on
them.

4 Discussion

The spatial properties of signaling systems have often been neglected in
computational modeling of signaling systems in the past although different
aspects of spatial organization and diffusion are discussed in the literature.
The effects of phospho-protein signals forming a gradient are discussed by
Brown and Kholodenko (1999) and Kholodenko et al. (2000). These gradients
form due to the comparatively slow diffusion of the phospho-protein signal
created by a membrane-bound kinase and the fast dephosphorylation by a
cytoplasmic phosphatase. They potentially attenuate signal propagation in
signaling cascades such as the MAPK cascade between the membrane and the
nucleus if they are not overcome by scaffolds and active transport mechanisms
(Kholodenko, 2002).
The study presented here shows another spatial property by illustrating how to
focus and sustain the signal of a small, quickly diffusing lipid signaling molecule
by production and degradation to a specific area of the membrane with the
development and analysis of a simple "proof of concept" model for spatial
signaling. The control of signaling pathways is usually seen as activation and
deactivation of the signal producing and destructing components (short-term)
and changes in production and/or degradation of them (long-term). On the
spatial level it is recruiting of molecules to appropriate area. This example
shows that merely the spatial arrangement of components could contribute
to the fine tuning of a signals amplitude or adjusting it to the spatial extent
of the area in question. This level of control takes effect after activation and
recruitment of the signal producers/destructors.
A spatial configuration of signaling components like the ones identified as the
most efficient ones above could be created in the environment of the spine in
the vicinity of the PSD. PI3K class I kinases are heterodimers consisting of
a catalytic p110 subunit and a regulatory subunit. The regulatory subunit
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mediates binding of the kinase to tails of activated tyrosine kinase receptors
such as TrkB via its SH2 domains. The location of PI3K is hence determined
by the location of activated receptor. There are indications that TrkB is
mainly lining up along the PSD (Drake et al., 1999; Petralia et al., 2005). It is
possible that it forms a ring like structure inside the PSD. PTEN on the other
hand is recruited by binding to PIP2 in the membrane via its C2 domain (Lee
et al., 1999). PIP2 is present in the membrane surface regardless of receptor
activation. PTEN might not be able to reach the membrane in the area of
the PSD as the dense mesh of proteins should hinder free diffusion of larger
molecules. PTEN, binding to PIP2 in the area around the PSD, could get
caught by diffusive trapping when it reaches the PSD. This could create an
outer ring to constrain the PIP3 signal to the PSD boundaries in proximity
to PI3K. This tight control of signaling lipids is in line with observations
that implicate enhancing effects on PTENs phosphatase activity by the PI3K
p85 subunit (Chagpar et al., 2010). With regard to the size of the spine and
the amount of molecules involved it is likely that such a spatial signaling
pattern at the spine resembles the situation forming one single PIP3 patch
or microdomains in other systems. Peripheral neuronal growth cones have
a diameter of 100-400 nm (Martin et al., 2013) and the average size of lipid
rafts is below 700 nm in diameter (Simons and Vaz, 2004). Visual inspection
of single time step PIP3 densities suggest as well that one patch forms in
case of ring-like spatial conformations but a random distribution of PIP3 in
cases of random molecular conformations, even if one of the molecules or both
are fixed as indicated by the CSR test. It seems unlikely that several PIP3
clusters form on the surface of a single PSD due to the spatial constrains and
the low amount of molecules involved. However, large spines can exhibit more
than one PSD and the surface of whole cells could have similar configurations
of signaling molecules guided by special membrane environments and signaling
complexes such as lipid rafts.
This analysis highlights, how important it is to consider the spatial properties
of signaling systems. The "well-mixed" assumption often applied in systems
biology models does not hold true and results vary based on the concrete
spatial setup found in a system where all other parameters are kept constant
(Enzymatic rate constants, diffusion coefficients and molecular numbers).
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The battle of Helm’s Deep is over;
the battle for Middle Earth is about to begin.

- Gandalf -
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3
TrkB signaling in long-term potentiation

1 Introduction

Brain-derived neurotrophic factor (BDNF) and its receptor tropomyosin-
related kinase B (TrkB) are known to play an important role in the pro-
cesses of long-term potentation (LTP) at the postsynaptic sides of synapses
(Minichiello, 2009). The diversity of the triggered pathways provide many
different possibilities for cross-talk with the signaling pathways triggered
by NMDAR-dependent LTP processes (see chapter 1). Studying the TrkB
initiated signaling pathways will provide further insights into the finetuning
of LTP and the signaling responses involved.
TrkB binds BDNF via two distinct binding sites (Haniu, 1997). BDNF itself
is a short peptide, a dimer of two identical 100 amino acids (Ernfors and
Bramham, 2003). TrkB dimerizes and autophosphorylates itself upon binding
of BDNF providing binding sites for other kinases and signaling complexes
such as the PLCγ and PI3K.
Phospholipase Cγ (PLCγ) is directly phosphorylated by the receptor when it
binds to phosphorylated tyrosine residues in the tail for actived TrkB with its
SH2 domain (Middlemas et al., 1994). Rapid activation of PLCγ was found as
a response to BDNF stimulation in cell cultures from all major brain regions
(Widmer et al., 1993) and LTP and learning were shown to be impaired in
mice where the PLCγ binding site was mutated (Gruart et al., 2006).
The PI3K pathway was found to be required for the expression of LTP but not
necessarily its induction (Sanna et al., 2002). PIP3 however, the main product
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of PI3K activity, is required to maintain the distribution of AMPAR at the
PSD and typical inhibitors of PI3K have a negative influence on this process
(Arendt et al., 2010). PI3K does not bind to TrkB directly. Instead, a cascade
of adapter proteins (Shc, Grb2 and Gab1) are recruited by the activated
TrkB receptor (Minichiello, 2009). The adapter Grb2 was shown to interfere
with one of the three activating PLCγ tyrosine residues suggesting a negative
regulatory role of the PI3K activating scaffold on the PLCγ induced pathway
(Choi et al., 2005). The modulation of phospholipid pools by PI3K and
PLC and especially the production of phosphatidylinositol-3,4,5-trisphosphate
(PIP3) by PI3K in the membrane deliver a precise spatial signal.
Khodakhah and Ogden (1995) were the first to show IP3 dependent release
of Calcium from intracellular stores in neurons. At least 50% of the neuronal
spine population seems to contain endoplasmic reticulum (ER) (Spacek and
Harris, 1997). The ER itself seems to have a high frequency of turnover.
Spines frequently lose and gain SER (Toresson and Grant, 2005) with larger
mushroom shaped spines being more likely to contain ER (Spacek and Harris,
1997; Holbro et al., 2009). The importance of ER presence in hippocampal
spines was demonstrated by deficits in learning and LTP in mice that do
not have it in their spines (Deller et al., 2003). In addition, BDNF induced
Calcium transients via IP3 receptors from intracellular stores were shown to
induce the translocation of AMPA receptor GluR1 subunits to the postsynap-
tic membrane underlining its possible role in the studied signaling pathway
(Nakata and Nakamura, 2007). In contrast to intracellular Calcium that is
dominated by immediate binding of Calcium to buffering proteins, Calcium
within the ER appears to be more mobile.Amongst the plethora of kinases that
can be activated by Calcium is the family of protein kinase C (PKC). There
are at least 11 isoforms of PKC present in humans (UniProt (The UniProt
Consortium, 2012)). Their main catalytic characteristic is the phosphorylation
of serine and threonine residues. PKCs are grouped into conventional PKC
(cPKC), novel and atypical ones depending on their activation mechanism
(Sossin, 2007). PKCα is the most common cPKC while PKCγ is the neuron
specific cPKC. cPKCs are located in the cytoplasm in their inactive form with
a pseudo substrate blocking its catalytic side. cPKC bind Calcium in the
cytoplasm to become activated. This enhances the electrostatic interactions
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of the enzyme with the plasma membrane. To become fully active, a pseudo
substrate has to be released by DAG binding. Since DAG is located in the
membrane, the enhanced electrostatic interactions increase the probability for
PKC activation. This integrates Calcium and DAG signals and links TrkB
activation to the phosphorylation of AMPARs via PKC. Novel PKCs differ
from cPKCs in that they do not require Calcium for activation. DAG is
sufficient.
In the hippocampus PKCλ/ι and PKMζ represent the atypical type. These
kinases are not sensitive to Calcium and DAG. They get activated by PIP3 in-
stead and the activation mechanisms are considered to be very similar (Selbie
et al., 1993; Suzuki et al., 2003). Increasing evidence shows the activation of
atypical kinases in the PI3K kinase signaling cascades downstream of tyrosine
kinase receptors such as epidermal growth factor (EGF) and nerve growth
factor (NGF) receptors (Akimoto et al., 1996; Wooten et al., 2000). The Trk
family is one of the major NGF receptor families.

AMPAR are modified in various ways during LTP signaling to increase
their conductance and change their trafficking behavior. The most abundant
AMPAR forms present in the hippocampus are of the GluR1/GluR2 type. It
appears to be their trafficking behavior that is changed predominantly during
LTP (Adesnik and Nicoll, 2007; Gray et al., 2007). The GluR1 subunit has a
cytoplasmic tail that contains several residues that are modified during LTP
signaling and were associated with the changes in AMPAR numbers at the
synapse and their conductance observed.

• Phosphorylation of Serine 818 by PKC facilitates AMPAR insertion
into the postsynaptic site (Boehm et al., 2006). This interaction is
most likely mediated by enhancing the binding of GluR1 to the PSD
scaffolding protein 4.1N (Lin et al., 2009). Recent studies suggest, that
serine 818 is phosphorylated by the atypical PKCλ/ι via PI3K induction
(Ren et al., 2013).

• Serine 831 is phosphorylated by PKC and CaMKII (Barria et al., 1997).
The main consequence of S831 phosphorylation are increases in the
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conductance of AMPAR (Derkach et al., 1999; Jenkins and Traynelis,
2012).

• Serine 845 is the target of protein kinase A (PKA) mediated signaling
(Roche et al., 1996). This residue seems to have a major role in promoting
AMPAR insertion into the membrane and stabilizing it at perisynaptic
sides (Oh et al., 2006). PKA mediated GluR1 phosphorylation was
shown to be triggered in response to β1 adrenergic (Amanda M Vanhoose,
2003) and D1 dompamine receptors (Price et al., 1999).

• Threonine 840 shows high basal phosphorylation in vivo and is rapidly
turned over Lee et al. (2007). The phosphorylation itself is likely medi-
ated by p70S6 kinase and counterbalanced by protein phosphatase 1 or
2A in response to NMDAR activity. Decreases in T840 phosphorylation
during long-term depression (LTD) and no increase in LTP stimulating
protocols suggest a regulatory role of this residue in LTD rather than
LTP (Delgado et al., 2007).

Objectives

TrkB Signaling encompasses many interesting possibilities for signal integration
and crosstalk. The activity flow diagram in figure 24 gives an overview of the
signaling events described above that are further considered in this chapter.
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Figure 24: SBGN activity flow diagram (Le Novère et al., 2009) of the implemented
spatial TrkB signaling model in the neuronal spine
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When TrkB Signaling is initiated, the two enzymes PI3K kinase and PLCγ1
compete for the same substrate: PIP2. Their products IP3 (and the release
of Calcium from intracellular stores), DAG and PIP3 in turn can activate
different isoforms of the PKC family that were shown to phosphorylate
AMPA subunits and modulate their behavior during the course of LTP. The
spatial environment of these signaling events is highly compartmentalized and
structured and it is important to notice that the second messengers produced
and utilized in these pathways are acting in different spatial locations and
dimensions. Phosphatidylinositol lipids and DAG contain fatty acids that
confine them to membranes. Their signaling range is the membrane system
of a cell which is two-dimensional. On the contrary, IP3 and Calcium are
water-soluble and can diffuse through the cytoplasm. Their spatial signaling
range is less restricted than that of lipids.
This chapter presents a computational model to aid the understanding of TrkB
signaling events in space and time with regards to their effects of AMPAR
phosphorylation. This biochemical model is explicitly integrated into an
accurate three-dimensional representation of the neuronal spine. The small
size of the system and the low molecule numbers require a stochastic model
to allow for stochastic effects that might influence signaling outcomes.

2 Methods

The simulations in this chapter were run using the single particle stochastic
simulator Smoldyn on the computing farm at the European Bioinformatics
Institute as described in chapter 2. All reactions are modeled using mass
action law (MAL) and catalytic reactions are split accordingly (see figure
2.2, chapter 2). The reaction parameters were found in the public model
repository BioModels Database (Le Novère et al., 2006) if the corresponding
reaction has been part of a deposited model before. If not, other database
sources such as the Braunschweig Enzyme Database BRENDA (Schomburg
et al., 2002) were used.Parameters were estimated from literature resources.
Diffusion coefficients for the spatial three dimensional model were gathered
from the literature or estimated as described in chapter 2 section 2.3.
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The Smoldyn implementation of the model1 was developed alongside an im-
plementation for simulation with Copasi (Hoops et al., 2006) for the purpose
of parameter estimation and general quick overview of the modeled system.
This model implementation is a non-spatial single compartment model based
on continuous molecule concentrations. The reaction structure and param-
eters are exactly the same as in the Smoldyn implementation. Molecular
concentrations are adjusted to reflect the concentrations present in the various
compartments of the Smoldyn model.
The analysis of the simulation results was performed using the statistical
programming language R.

3 Results

The biochemical components of the model presented in this chapter are the
PI3K and the PLCγ signaling pathways emanating from the TrkB receptor.
They are two of the three main TrkB signaling pathways involved in long
term potentiation. The third, the MAPK pathway is induced by PI3K as
well, but it is mostly important for the late phase of long term potentiation
and the induction of gene transcription which is not considered in this work.
The PLCγ pathway triggers the release of Calcium from internal stores and
produces the lipid messenger DAG while PI3K syntheses PIP3. The pathways
converge in the activation of PKC and ultimately AMPAR phosphorylation
changing its trafficking behavior.

3.1 Model setup

The diagram in figure 25 gives a detailed description of the modeled processes
(see figure 24 above for an overview). The figure uses the Systems Biology
Graphical Notation (SBGN) (Le Novère et al., 2009) to give a detailed
graphical representation of the involved processes. All biochemical reactions
corresponding to the diagram are listed with their corresponding parameters
in table 5. The parameters were either reused from already published models
or extracted from the literature. The references are given accordingly.

1The Smoldyn configuration files are availabe at
https://github.com/yetime/SmoldynConfigs.git
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TrkB activation and dimerization
R1:TrkB + BDNF ↔ BDNFTrkB Jain and Bhalla, 2009

R1 kf 1660000 molecules
nm−3 s−1

R1 kb 0.05 s−1

R2: BDNFTrkB + TrkB ↔ BDNF2TkB Jain and Bhalla, 2009
R2 kf 1660000 molecules

nm−3 s−1

R3: BDNF2TrkB → BDNF2TrkBP Jain and Bhalla, 2009
R3 kf 0.02 s−1

TrkB receptor cycling and inactivation
R4: BDNF2TrkB → 0 Jain and Bhalla, 2009

R4 kf 0.01 s−1

R5: 0 ↔ TrkB Jain and Bhalla, 2009
R5 kf 0.0005 s−1

R5 kb 0.001 s−1

PLCγ1 Pathway
R6: BDNF2TrkBP + PLCG1 ↔ PLCG1M Jain and Bhalla, 2009
→ PLCG1MP

R6 kf 13800000 molecules
nm−3 s−1

R6 kb 2 s−1

R6 kcat 0.5 s−1

R7: PLCG1MP → PLCG1 Jain and Bhalla, 2009
R7 kf 0.07 s−1

R8:PLCG1MP + PIP2 ↔ PlcG1MPPIP2 Bhalla and Iyengar,
1999

→ IP3 + DAG + PLCG1MP
R8 kf 1200000 molecules

nm−3 s−1

R8 kb 56 s−1

R8_kcat 14 s−1

PI3K Pathway
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R9: BDNF2TrkBP + Shc ↔ ShcM → ShcMP Jain and Bhalla, 2009
R9 kf 2990236 molecules

nm−3 s−1

R9 kb 1.2 s−1

R9 kcat 0.3 s−1

R10: ShcMP → ShcM Jain and Bhalla, 2009
R9 kf 0.2 s−1

R11: ShcMP + Grb2 ↔ ShcGrb2 Jain and Bhalla, 2009
R11 kf 1660578 molecules

nm−3 s−1

R11 kb 1s−1

R12:ShcGrb2 + Gab1 ↔ ShcGrb2Gab1 Jain and Bhalla, 2009
R12 kf 498173.4 molecules

nm−3 s−1

R12 kb 1s−1

R13: ShcGrb2Gab1 + PI3K ↔ PI3KM Jain and Bhalla, 2009
R13 kf 8302889 molecules

nm−3 s−1

R13 kb 0.08s−1

R14:PI3KM + PIP2 ↔ PI3KMPIP2 Jain and Bhalla, 2009
→ PI3KM + PIP3

R14 kf 8302889 molecules
nm−3 s−1

R14 kb 16 s−1

R14 kcat 4 s−1

R15: PTEN + PIP3 ↔ PTEN_PIP3 Yong et al., 2008
→ PTEN + PIP2

R15 kf 8302889 molecules
nm−3 s−1

R15 kb 0.5 s−1

R15 kcat 5 s−1

IP3 Receptor
R16a:IP3R + IP3 ↔ IP3RIP3 Maeda et al., 2006
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R16a kf 265692461 molecules
nm−3 s−1

R16a kb 3 s−1

R16b:IP3RIP3 + IP3 ↔ IP3R2IP3 Maeda et al., 2006
R16b kf 265692461 molecules

nm−3 s−1

R16b kb 2 s−1

R16c: IP3R2IP3 + IP3 ↔ IP3R3IP3 Maeda et al., 2006
R16c kf 265692461 molecules

nm−3 s−1

R16c kb 1 s−1

R17: IP3R3IP3 + CaER → IP3R3IP3 + CaCyt Maeda et al., 2006
R17 kf 24909 molecules

nm−3 s−1

Calcium pumps
R20: Serca + CaCyt → SercaCa + CaCyt Maeda et al., 2006

→ Serca2Ca
R20 kf1 9133178 molecules

nm−3 s−1

R20 kf2 8302889 molecules
nm−3 s−1

R20 kb 3 s−1

R21: Serca2Ca → Serca + CaER + CaER Maeda et al., 2006
R21 kf 1 s−1

R22: ExtCaPump + CaCyt → CaExtPumpCa Maeda et al., 2006
→CaExtPump
R22 kf 1017103952 molecules

nm−3 s−1

R22 kb 19.6 molecules s−1

R22 kcat 4.9 molecules s−1

cPKC and AMPAR
R23a: cPKC + CaCyt ↔ PKC_Ca Maurer et al., 1992

R23a kf 21587512 molecules
nm−3 s−1
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R23a kb 0.1 molecules s−1

R23b: cPKC_Ca + CaCyt ↔ PKC_2Ca Maurer et al., 1992
R23b kf 21587512 molecules

nm−3 s−1

R23b kb 0.1 molecules s−1

R23c: cPKC_2Ca + CaCyt ↔ PKC_3Ca Maurer et al., 1992
R23c kf 21587512 molecules

nm−3 s−1

R23c kb 0.1 molecules s−1

R24: cPKC_3Ca + DAG ↔ PKC_3CaDAG Ananthanarayanan et
al., 2003

R24kf 16605779 molecules
nm−3 s−1

R24kb 0.1 molecules s−1

R25: cPKC_3CaDAG + AMPAR
↔ PKC_AMPAR

→ cPKC_3CaDAG + AMPAR_P Invitrogen2

R25 kf 183000 molecules
nm−3 s−1

R25 kb 13.2 molecules s−1

R25 kcat 146 molecules s−1

PKCλ and AMPAR
R26: PKCλ + PIP3 ↔ PKCλM Invitrogen3

R26 kf 8302889 molecules
nm−3 s−1

adjusted according to
Nakanishi et al., 1993

R26 kb 0.5 molecules s−1

R27: PKCλM + AMPAR ← AMPAR_P2 see R26
R27 kf 183000 molecules

nm−3 s−1

R27 kb 13.2 molecules s−1

R27 kcat 146 molecules s−1

2Invitrogen Corporation, 1600 Faraday Avenue Carlsbad, CA92008, PRKCG (PKC
gamma) Recombinant Human Protein, P2233, 39126l

3Invitrogen Corporation, 1600 Faraday Avenue Carlsbad, CA92008, Recombinant Human
Protein Kinase C Iota, PV3183, 29127C
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cPKC/PKCλ and AMPAR_P1/P2
See reaction R25 and R27, respectively
Substrate in R25/R27: AMPAR_P2/AMPAR_P1
Product in both cases: double phosphorylated AMPAR_P1P2

AMPAR scaffold binding
R28: AMPAR_P2/P1P2 ↔ AMPAR_Stat adjusted Czöndör et

al., 2012
R28 kf 0.001 s−1 and Nakata and Naka-

mura, 2007
R28 kb 0.00001 s−1

Signal shutdown
R21a: IP3 → 0 Maeda et al., 2006

R21a kf 2.5 s−1

R21b: DAG → 0 Maeda et al., 2006
R21b kf 0.15 s−1

R21c:BDNF → 0 Jain and Bhalla, 2009
R21c kf 0.1s−1

R21d: PIP3 → 0 Jain and Bhalla, 2009
R21d kf 0.01s−1

Table 5: Parameters of biochemical reactions
This table lists all of the implemented biochemical reactions with the chosen
parameters and their references. Molecular species in the cytosol, ER or the
cleft that diffuse in three dimensions are colored in blue to distinguish them from
those located at the membrane and indicate those reactions that are transitions of
molecules from the cytoplasm to the membrane.

Diffusion coefficients were extracted from the literature. In cases where none
were found, they were estimated based on the molecular weight according
to Young et al. (1980) as described in chapter 2.3. The same estimate was
used to calculate the diffusion coefficients of complexes based on the sum of
their molecular weights. The estimated diffusion coefficients for molecules
located at the membrane were reduced by a factor 1000 since diffusion is
approximately 100 to 1000 times slower in the membrane compared to the
cytoplasm (McCloskey and Poo, 1986). Table 7 lists the modeled diffusion
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Table 6: Diffusion coefficients of the monomeric model components and
their sources
This table lists the diffusion coefficients used to model the molecular movement of
monomeric components in the cytosol (cyt) and on the membrane (mem). Estimates
for complexes are based on the sum of their molecular weights.

D cyt D mem Reference
[µm2 s−1] [µm2 s−1]

BDNF 45 - Stroh et al., 2004
TrkB - 0.023 est. Young et al., 1980
PLCγ1 19 0.019 est. Young et al., 1980
Shc 26 0.026 est. Young et al., 1980
Gab1 24 0.024 est. Young et al., 1980
Grb2 35 0.035 est. Young et al., 1980
IP3R - 0.017 Pantazaka and Taylor, 2011
Serca - 0.029 est. Young et al., 1980
PKCγ 5.45 0.00545 Craske et al., 2005
PKCλ 24 0.024 est. Young et al., 1980
AMPAR - 0.045 Tolle and Novère, 2010
AMPAR Scaffold - 0 fixed
Calcium 400 - Holcman et al., 2004
PI3K 17 0.017 est. Young et al., 1980
PTEN 28 0.028 est. Young et al., 1980
PIP2 - 0.08 Xu et al., 2003
PIP3 - 0.08 Xu et al., 2003
DAG - 0.4 Prieto et al., 1994

Vaz and Almeida, 1991
IP3 283 - Allbritton et al., 1992

coefficients.

Molecular numbers are based on concentrations used in published models
or were found in the literature. Molecular densities are hardly found for
proteins. In those cases, concentration based values were transformed into
molecular densities taking the cellular volume and surface area into account.
The spine surface is modeled as described previously in chapter 2 section 3
with the dimensions given in chapter 2 table 3. The geometry of the model
was extended as illustrated in figure 26. This extension involves an explicit
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Table 7: Initial molecule numbers
This table lists the initial molecule numbers at the start of a simulation and their
location.

Initial
molecule
numbers

Location Reference

TrkB 20 PSD Jain and Bhalla,
2009

PIP2 2107 membrane Xu et al., 2003
PTEN 81 membrane Maeda et al.,

2006
IP3R 64 SER memrane Maeda et al.,

2006
Serca 64 SER membrane Maeda et al.,

2006
CaExtPump 30 membrane Maeda et al.,

2006
AMPAR 66 Spine Tolle and Novère,

2010
AMPAR 100 PSD Chen et al., 2011;

Nicholson et al.,
2006

PLCG1 30 cytoplasm Jain and Bhalla,
2009

Shc 150 cytoplasm Jain and Bhalla,
2009

Grb2 301 cytoplasm Jain and Bhalla,
2009

Gab1 210 cytoplasm Jain and Bhalla,
2009

PI3K 30 cytoplasm Jain and Bhalla,
2009

CaER 750 SER Maeda et al.,
2006

cPKC 30 cytoplasm estimate, similar
to other kinases
in the system

PKCλ 30 cytoplasm estimate, similar
to other kinases
in the system
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representation of the smooth endoplasmic reticulum (SER) as Calcium store
(figure 26, red) and the synaptic cleft as compartment for the release of BDNF
(figure 26, blue). The volume of the SER is set up to be 1.5 % of the spines
volume (Harris and Stevens, 1988). The size of the cleft spans the area of the
PSD and has a width of 20 nm (Zuber et al., 2005).

(a) (b)

Figure 26: Illustration of the models geometry
(a) Illustration of the implemented geometry of the model.
(b) Magnification of the spine head.
The red sphere represents the SER and the thin blue cylinder the synaptic cleft on
top of the postsynaptic density.
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The number of AMPAR at the PSD is used as a measure for the strength of
LTP assuming that this is proportional to the excitatory postsynaptic current
(EPSC) because the single channel currents sum up. AMPAR phosphorylated
at S831 have a higher conductivity and contribute more to the current.
Therefore, their number is weighted by 1.8 to account for the increased
conductance based on Jenkins and Traynelis (2012).

3.2 The onset of TrkB signaling is characterized by the

competition of PI3K and PLCγ for their common

substrate PIP2

The first upstream layer of signaling events is characterized by the competition
of the two enzymes PI3K and PLCγ that utilize the same substrate (see figure
24 and 25). The previously described model was truncated downstream of
PI3K and PLCγ to analyze the onset of signaling events as illustrated in
figure 27.

Figure 27: Activity flow of the truncated TrkB signaling model
The readouts that are used in this analysis are colored according to later usage: IP3
as readout for PLCγ activity in darkblue and PIP3 as readout for PI3K activity in
lightblue
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The model was simulated with varying levels of BDNF as stimulus corre-
sponding to BDNF stimulation protocols found in the literature between 10
and 500 ngml−1. Molecule numbers were calculated based on the volume of
the synaptic cleft and BDNF molecules were released into the synaptic cleft.
Each simulation was repeated 10 times with the same amount of BDNF The
timecourses of PIP3 and IP3 development in the model were monitored over
300s.
The simulation results appear to fall into four major categories based on
the onset of IP3 and PIP3 production and the overall dominant signaling
molecule produced by the end of the simulation. The different categories are
illustrated with examples in figure 28. Category II represents timecourses with
IP3 being the first molecular species produced and remaining the dominant
species (figure 28a). The same initial conditions can also give rise to simula-
tions that are characterized by an earlier onset of PIP3 production and PIP3
remaining the dominant species (Category PP, figure 28b). Between those
are the intermediate categories IP (early onset of IP3 signal production but
PIP3 being the dominant species in the end, figure 28c) and PI, the opposite
of IP (figure 28d).
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Figure 28: Different signaling outcomes of the PI3K and PLCγ signaling
pathways
The figures show timecourses of single simulation runs showing IP3 (darkblue)
as readout for PLCγ activity and PIP3 (lightblue) for PI3K. These timecourses
illustrate the four different principal results of PLCγ and PI3K competition for
PIP2.
(a) IP3 is the first product to rise and shows the higher overall signal levels.
(b) PIP3 is the first product to rise and shows the higher overall signal levels.
(c) IP3 rises first but PIP3 reaches the overall higher signal level.
(d) PIP3 rises first but IP3 reaches the overall higher signal level.
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The ten different simulation runs for each BDNF stimulus are composed of
these categories with varying contributions of each of them. Figure 29 depicts
the different percentage with which each category is observed depending
on the BDNF stimulus. Interestingly, most simulations fell into the PP
category at low concentrations of BDNF indicating a dominance of PI3K
signaling while high concentrations of BDNF evoke PLCγ dominance. The
intermediate categories PI and IP follow a similar pattern as the II and PP
categories respectively as shown in figure 29a. This indicates that the common
characteristic is rather the dominance of one signaling pathway at the end
than the onset of it. Combining PI with II and IP with PP yields an even
clearer result. Low concentrations of BDNF are followed by dominance of
the PI3K pathway while high concentrations of BDNF are characterized by
PLCγ dominance (see figure 29b).
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Figure 29: IP3 and PIP3 levels depend on the BDNF stimulus
The figures show the dependency of BDNF/TrkB signaling output on the applied
BDNF stimulus. The percentage of signaling results categorized according to figure
28 are shown.
(a) Low BDNF stimulus concentrations result in PIP3 being the main signal produced
by PI3K from PIP2 while high BDNF concentrations result in a shift towards IP3
and PLCγ. Category IP follows a similar relation as PP and category PI is similar
to II.
(b) Grouping IP with PP and PI with II indicates that the concentration dependence
mainly manifests in the final signaling outcome but not the onset of the reactions.
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3.3 AMPAR potentiation depends on the upstream sig-

naling outcome

The influence of the concentration dependent signaling outcome at the level of
PI3K and PLCγ was analyzed further downstream in the signaling pathway.
Specifically, signal integration at the level of AMPAR behavior is of interest.
To be able to compare the outcome of the full model simulation to those
of the truncated model, the same set of random seeds was used to initialize
the simulations. Four typical examples of AMPAR behavior are shown in
figure 30. The figures give the total number of AMPAR located at the PSD in
red. The purple timecourse profile represents AMPAR numbers as well, but
those receptors that are phosphorylated at S831 by cPKC have the previously
stated weight of 1.8 to account for their increased conductance, while the
red profile is only counting the unweighted numbers of all present forms of
AMPAR. With this in mind, figure 30a shows the time course of synaptic
potentiation due to conductance change (cPKC phosphorylation) indicated
by the increased spacing between the red and purple lines. Figure 30b shows
the opposite, potentiation due to trapping of more AMPAR at the PSD
(PKCλ phosphorylation) with no conductance change at all. The lower row of
figures illustrates combined outcomes with most of the conductance changes
happening before more AMPARs get trapped (30c) and increases due to
trapping and then conductance changes (30d).
Overall, low concentrations of BDNF stimulus result in most simulations
showing either one or the other mode of potentiation but rarely both while
increasing concentrations assure that both pathways are activated as depicted
in figure 31.
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Figure 30: The four AMPAR phosphorylation responses to TrkB activa-
tion
The figures illustrate the four principal responses of AMPAR at the PSD to the
BDNF stimulus. The red line gives the total number of AMPAR present at the PSD
while the purple line gives the weighted number of AMPAR at the PSD indicating
the strength of the potentiation as a result of S831 phosphorylation by cPKC
increasing AMPAR conductance.
a) Potentiation of the synapse as result of changes in AMPAR conductance only.
b) Potentiation of the synapse as result of changes in AMPAR trapping only.
c) Potentiation of the synapse due to both effects, onset of changes in AMPAR
conductance happens before changes in trapping behavior.
d) Potentiation of the synapse due to both effects, onset of changes in AMPAR
trapping behavior happens before changes in conductance.
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Figure 31: Increases in BDNF concentration ensures both potentiation
pathways to be effective
The dependency of AMPAR potentiation on the strength of the BDNF stimulus is
illustrated by giving the percentage of simulation runs that show either the weighted
(purple), the trapped (red) or a combined (blue) response (compare figure 30).
Increasing the amplitude of the BDNF stimulus increases the overall percentage
of both pathways being active while low concentrations mostly trigger the cPKC
pathway resulting in conductance changes of already PSD resident AMPAR.
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Interestingly, these results do not immediately follow from the analysis of
upstream events at the level of PI3K and PLCγ. However, the level of PKC
activation is located between upstream events and those happening at the
level of AMPAR representing another level of signal integration. Looking
at the levels of PKCλ activation, the kinase that is activated by PIP3 and
phosphorylates S818 that traps AMPAR, one notices that low concentrations of
BDNF stimulus fail to activate it in contrast to cPKC. If PKCλ gets activated,
the activation is higher at low concentrations than observed at higher stimuli,
see figure 31. The values shown in this figure are computed by integrating
the amounts of active PKC isoforms over time for each simulation run and
BDNF concentration and then averaged (time courses without activation of
the respective kinases are not included in the calculation of the mean). cPKC
does not show a dependence of activation levels on the BDNF stimulus in
contrast to PKCλ. Significance in the difference between active PKCλ at the
PSD at very low and very high concentrations are significant between 0 and
50 BDNF and 0 and 100 BDNF as indicated by the grey bars in figure 32
(Student’s T-Test, significance level 5%).
Of further interest is the ratio of kinase activity at the PSD compared to
the rest of the membrane. The BDNF stimulus is highly localized within the
synaptic cleft while the small molecules and kinases diffuse across the whole
membrane. Figure 32b gives the ratio of active kinases at the PSD over active
PKC kinases across the rest of the membrane. Assuming an even distribution
of active kinases over the membrane solely based on the diffusion properties
of them, the expected ratio would be around 8% of kinases located at the
PSD (based on the ratio of the PSD to extrasynaptic membrane area). Figure
32b indicates that the levels of kinases are between 20-30%, which is higher
than the expected value. This ratio does not show stimuli dependency but it
illustrates that the overall activation of signaling tends to happen closer to or
within the PSD area where the entire signaling pathway is triggered.
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Figure 32: The PSD ratio of active PKC isoforms is similar across all
stimuli concentrations
The figures illustrates the overall amount of active PKC kinases in dependency of
the BDNF stimulus. Results for cPKC are given in purple, PKCλ is shown in red.
The compared values are active kinases over time as calculated as integral of single
PKC timecourses. Each value is the average over 10 simulation runs.
a) Total of active kinase for the PSD. Each datapoint represents the mean over
10 simulation runs (σ: +- 20-30 for cPKC and 2.2 - 4.6 for PKCλ) The grey lines
denote two pairs that are significantly different)
b) Ratio of active kinases between PSD and spine. The dotted line gives the expected
ratio of 0.08 based on the ratio of PSD to total membrane area. Each datapoint
represents the mean over 10 simulation runs (σ: +- 0.06 - 0.2)
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3.4 The special diffusion environment of the PSD could

increase signaling efficiency

In the previous model, diffusion coefficients (except for AMPAR) were treated
as being the same over the entire membrane surface. However, the high
density of the PSD creates a specific environment for diffusion where not
only AMPAR get trapped but also the diffusion of other molecules might be
influenced. Another set of simulation runs of the full model were performed
to analyze, if the diffusive properties of the PSD have an additional positive
effect and focus the signal more efficiently to the PSD. This time, a ten times
slower diffusion coefficient was assigned to every involved protein component
when it is located at the PSD. The results are shown in figure 33.
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Figure 33: Slower diffusion of proteins at the PSD focuses the signal
towards the PSD membrane
a) Total of active kinase for the PSD. Each datapoint represents the mean over 10
simulation runs (σ: ± 20 to ± 35 for cPKC and ± 3.1 to ± 5.6 for PKCλ)
b) Ratio of active kinases between PSD and spine membrane. Each data point
represents the mean over 10 simulation runs (σ: ± 0.05 to ±0.08)
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Comparing PKC activation in this scenario with that of the previous section
indicates an increase of overall active PKC kinases at the PSD as manifested
in total number of active kinases at the PSD and the ratio of kinases between
the PSD and the rest of the membrane.
The increase is significant compared to the results in the previous section
(Student’s T-Test, significance level 5%). The downstream effect at the level
of AMPAR phosphorylation appears to be a shift of the previously shown
behavior towards lower concentrations of BDNF (see figure 34). The signaling
pathways are more efficient in phosphorylating both S831 and S818. This
creates a more reliable potentiation effect at lower concentrations of BDNF.
It illustrates the positive effect of increased local concentration of signaling
molecules due to diffusion trapping at the PSD on the downstream signaling
events.

Figure 34: The special diffusion environment of the PSD allows more
reliable AMPAR potentiation
The dependency of AMPAR potentiation on the strength of the BDNF stimulus
is illustrated by giving the the percentage of simulation runs that show either the
weighted(purple), the trapped(red) or a combined (blue) response (compare figure
30). Full potentiation caused by both PKC pathways is already achieved at lower
BDNF concentrations compared to the results shown before (figure 31)
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3.5 Partial inhibition of PLCγ results in a more reliable

activation of both AMPAR potentiation pathways

Choi et al. (2005) reported an inhibitory effect of Grb2 on PLCγ activation
in case of epidermal growth factor (EGF) receptor signaling. EGF is another
tyrosine kinase receptor with very similar signaling properties to TrkB. The
model studied in the previous paragraphs was expanded by an additional
reaction inactivating PLCγ to address the potential influence of this inhibition
on the signaling pathways. The inactivation was set up to achieve the reported
40-50% reduction in IP3 production. The results in dependency of the BDNF
stimulus are shown in figure 35. They indicate a shift towards PIP3 dominated
signaling of the IP type (compare categories in figure 28). The influence of
BDNF concentration itself is much less pronounced.
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Figure 35: Partial inhibition of PLCγ stabilizes TrkB signaling events
The figures show the dependency of BDNF/TrkB signaling output on the applied
BDNF stimulus categorized as in figure 29. The implemented partial inhibition of
PLCγ results in a more efficient phosphorylation of both residues with regard to
the applied BDNF stimulus. The most abundant signaling outcome is of the IP
type (compare figure 28c). (a) and (b) as in figure 29
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The downstream signaling effects of Grb2 inhibition on AMPAR potentiation
are given in figures 36 and 37. The main observable effect at the PKC
integration level is a decrease in total active cPKC at the PSD (see figure 36b
with a tendency to increase with higher BDNF stimuli. The ratio of PKC
distribution is similar to the observed one for the non-inhibited model (figure
32b).
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Figure 36: Inhibition of PLCγ changes the activation of cPKC
Partial inhibition of PLCγ reduces the amount of activated cPKC especially for low
concentrations ofthe BDNF stimulus. The overall ratio of signaling molecules at
the PSD is similar to the previously observed ones (see figure 32. a) Total activity
of the kinases at the PSD. Each data point represents the mean over 10 simulation
runs (σ: ± 13 to ± 20 for cPKC and 3.3 - 9 for PKCλ)
b) Ratio of active kinases between PSD and spine. Each data point represents the
mean over 10 simulation runs (σ: ± 0.03 to ± 0.04)
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The effect of partial PLCγ inhibition at the level of AMPAR potentiation is
again an increase in the reliability to activate both pathways (the cPKC and
the PKCλ pathway) ensuring maximal potentiation. Especially for higher
concentrations, potentiation due to trapping occurs shortly before conductance
increases (see figure 30d). This shows, together with the shift in the dynamics
of IP3 and PIP3 production shown before towards and early IP3 and late PIP3
dominated timecourse, that higher levels of PIP3 later on ensure the activation
of PKCλ although cPKC signaling starts earlier. The PKCλ pathway appears
to be the faster one.

Figure 37: Inhibition of PLCγ influences AMPAR potentiation
Partial PLCγ inhibition could create more reliable AMPAR potentiation already at
lower BDNF stimulus concentrations since both pathways (cPKC and PKCλ) are
active in parallel).
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4 Summary

This chapter introduced a spatial and stochastic model to study BDNF/TrkB
triggered signaling pathways in the spine. The model contains a spatially
detailed geometry representing the dendritic spine in three dimensions. The
extension of the simulator Smoldyn described in chapter 4 enables the simu-
lation of the PSD as a distinct diffusion environment within the membrane.
The models biochemical parameters are entirely based on literature resources.
The results demonstrate the dependence of the signaling output at different
depth of the modeled pathways based on the concentration of the BDNF
stimulus. Low stimulus concentrations frequently fail to activate the PIP3
dependent PKCλ isoform in the context of the entire model. In these cases,
potentiation happens solely due to conductance changes of already PSD resi-
dent AMPAR mediated by cPKC. The frequency of signaling outputs with
both pathways activated (AMPAR conductance changes and recruiting more
receptors to the PSD) rises with increasing concentrations of the stimulator
BDNF.
Modeling the PSD as an entirely different diffusion environment by slowing
down diffusion of protein components in contrast to the surrounding virtually
increases the amount of active signaling molecules at the PSD due to diffusive
trapping. This increased local concentration results in more reliable activation
of both potentiation pathways.
The model was also used to test the potential effect of a reported inhibitory
effect of Grb2 on PLCγ showing again that the resulting signaling output
activates both pathways more reliably at lower concentrations. In contrast to
the increased local concentration effect the reason in this case seems to be
to assure that PIP3 levels are getting high enough to activate PKCλ and to
reduce the cPKC dominance.

5 Discussion

The choice to implement this model for simulation within a stochastic frame-
work was based on the huge influence of stochastic effects that are likely
to influence signaling outcomes especially in the range of very low molecule
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abundances. Deterministic simulations with Copasi show a change in the
activity of the different pathways with varying stimuli as well. The stochastic
simulations however, clearly show that the signaling output is more a matter
of changing the abundances of certain signaling outcomes than a change in the
average activity. While the deterministic regime proposes the same outcome
for each stimulated spine, the stochastic simulation shows that occasionally
rare deviations from the average behavior appear. This could be interpreted
as a measure to keep the system more responsive at lower concentrations,
while high concentrations always yield the full response.
This chapter also indicates different qualitative signaling properties of the two
different PKC isoforms. cPKC with its dependence on Calcium appears to be
less sensitive to changes in signal induction than PKCλ. The main difference
causing this effect could be the additional step in cPKC activation that releases
Calcium from internal stores in this model providing an additional adjustable
signaling step. Considering glutamate signaling at the spine in addition, the
necessary Calcium could come from other sources as well such as ion influx
through the glutamate receptor while the produced DAG determines the
time frame of the signal and the signal location as described in Gallegos and
Newton (2008). Phosphorylation of already PSD resident receptors increasing
their conductance could be the overall quicker and less long lasting effect over
recruitment of new receptors from the extra synaptic space. Considering this,
it is a plausible behavior that low stimulus concentrations trigger potentiation
via conductance changes preferentially while higher BDNF stimuli increase the
contribution of receptor trapping creating a longer lasting change by adapting
the molecule composition at the PSD.
Both modifications of the signaling pathways addressed in this chapter yield a
similar result. Partial inhibition of PLCγ and modeling the PSD as an entirely
different diffusive compartment within the membrane increase the efficiency
with which both potentiation pathways are activated at lower stimulus concen-
trations. The results demonstrate how spatial properties and signal interaction
might be utilized for the fine tuning of signaling responses. Especially the
importance of signal localization and the influence of heterogeneous membrane
environments on the outcome of entire signaling pathways are clearly visible.
The involvement of a PIP3 activated isoform of PKC implies that the necessity
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of PIP3 for the maintenance of LTP as reported by Arendt et al. (2010) might
not only be important for maintaining PSD scaffolding properties but also for
the phosphorylation of S818 via PKCλ thus changing the trapping behavior
of AMPAR.
The model provides further interesting extension possibilities. Possible inter-
esting cross-talks could be the integration of PKA phosphorylation of GluR1
S845 as well as the integration of CaMKII S831 phosphorylation. CaMKII
and cPKC compete for the same binding site on AMPA GluR1 changing
the conductance. Given that CaMKII activation solely depends on Calcium
(bound to calmodulin), the time course and contributions of both kinases to
the overall phosphorylation would be of great interest. CaMKII might be the
faster acting one upon Calcium influx while cPKC might be responsible to
maintain the signal due to its dependence on DAG for sustained signaling.
In addition, CaMKII phosphorylates SAP97 which disrupts the interactions
of PKC with AKAP79. However, this is important for PKC mediated phos-
phorylation of S831 (Brooks and Tavalin, 2011; Jenkins and Traynelis, 2012).
This supports a hypothesis of CaMKII dependent induction and a possible
later phase with stronger PKC dependence.
Last but not least, it would be interesting to implement the presented model
in the context of an glutamate signaling model to analyze the overall contri-
butions of TrkB signaling to NMDAR mediated LTP.

The Road goes ever on and on
Down from the door where it began.
Now far ahead the Road has gone,

And I must follow, if I can,
Pursuing it with eager feet,

Until it joins some larger way
Where many paths and errands meet.

And whither then? I cannot say.
- Bilbo -
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4
Extending Smoldyn to allow surface

dependent diffusion

1 Introduction

The post-synaptic density (PSD) is a highly organized structure, visible in elec-
tron microscopy micrographs as an electron dense area in spine heads (Sosinsky
et al., 2008) (see also chapter 1). Research techniques such as single-particle
tracking, showed that molecules including α-amino-3-hydroxy-5-methyl-4-
isoxazolepropionic acid receptor (AMPAR) exhibit different macroscopic dif-
fusive behavior when they are moving within the PSD or the extrasynaptic
membrane (Triller and Choquet, 2003; Jaskolski and Henley, 2009; Choquet
and Triller, 2013). The environment of the PSD acts as a trap for receptor
molecules depending on synaptic activity, hence regulating synaptic strength
(Borgdorff and Choquet, 2002; Tolle and Novère, 2010). The subdiffusive
behavior of molecules depending on their membrane environment is frequently
observed in biology (Nicolau et al., 2007; Espinoza et al., 2012). To study
these sub-diffusive effects in the context of signaling pathways, these areas
have to be explicitly represented in the geometry of the models, and exhibit
different properties from the surrounding areas. This integration should help
to better understand the importance of spatially organized and regulated
signaling pathways.
Currently available simulators, including the new versions of Smoldyn (≥
V2.21) usually require the introduction of an artificial boundary surface sur-
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rounding the desired surface area. Upon crossing this boundary, a molecule
changes its type. A new type of behavior can be specified. However, this
comes at the costs of explicitly defining the interactions with the boundary
surface. Smoldyn for example requires the explicit definition of transition rates
for molecules crossing the surface which is an artificial concept. In addition,
reactions that take place on all types of surfaces have to be defined for all
variants of molecules for each surface type. This results in an explosion of
molecule and reaction definitions in the model. This practical issue becomes
more important as numbers of molecule and surface types increase.
This chapter introduces a Smoldyn extension to model surface dependent
diffusion that I started to develop based on Smoldyn V2.16. This version did
not provide any means of changing a molecule’s behavior located on a surface.
Boundary surfaces as described above became available in later versions of
Smoldyn (≥ 2.21) and I ported my implementation to Smoldyn V2.21. This
modified version - Smoldyn V2.21_M - allows the macroscopic modeling of
different diffusive areas of a biological membrane. Artificially introduced
boundary surfaces intersecting the diffusive surface as described above are not
necessary. Diffusive trapping of receptors such as AMPAR in the PSD can
easily be simulated. The modified version Smoldyn V2.21_M is described in
the following and tested against the original Smoldyn V2.21. An example
based on AMPAR diffusion in the dendritic spine illustrates its use.

2 Smoldyn supporting surface dependent diffu-

sion: Smoldyn V2.21_M

The modifications implemented in the context of this work change the control
flow of the Smoldyn simulator. The new version Smoldyn V2.21_M imple-
ments surfaces that hold the information for specific diffusion coefficients for
the respective surface in addition to the global list of diffusion coefficients
implemented in the original version of Smoldyn. These specific diffusion
coefficients are accessible for each surface via molecule id and state. Whenever
a diffusion coefficient is needed to calculate diffusion step lengths or binding
parameters, Smoldyn V2.21_M checks whether a molecule is located on a
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surface that specifies a specific diffusion coefficient for that surface. Based on
this, reaction parameters such as diffusion step lengths, binding and unbinding
radii are now calculated in a surface dependent manner using the original
methods provided by Smoldyn.
The main modifications to the Smoldyn source code affect the structures
that hold the surface and reaction data and the functions operating on them.
The modified files (smolmolec.c, smolreact.c, smolsurface.c) as well as
the complete source code are available online and can be downloaded from
GitHub1. Surface specific diffusion coefficients are assigned in the configu-
ration file. A new statement was added to the configuration file syntax to
define different surface dependent diffusion coefficients. This new statement
has the form:

surface [surface] sdifc [species] [state] [diffusionconstant]

It is meant to be used in addition to the standard Smoldyn difc statement
and can be interpreted as adding exemptions to the general diffusive behavior
of a molecule species for a specific surface.

2.1 Testing

Surface diffusion, unimolecular and bimolecular reactions were simulated
using Smoldyn V2.21 and compared to equivalent simulations performed using
the modified Smoldyn V2.21_M. These tests show that the core simulation
functions of Smoldyn are still functioning in the expected way despite the
new functionality of surface specific diffusion that was added 2.

2.1.1 Diffusion

The spatial geometry used to test diffusion is illustrated in figure 38a. A
rectangular plane was created inside a 3-dimensional box. The plane is
separated in two triangular panels, each defined as a surface in its own
right. A specific diffusion coefficient can be defined for each triangle in
Smoldyn V2.21_M, a slow and a fast one. Figure 38b gives an example

1https://github.com/yetime/SmoldynV2.22M
2The Smoldyn configuration files are availabe at

https://github.com/yetime/SmoldynConfigs.git
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path of a molecule diffusing on this plane. The assigned diffusion coefficient
is hundredfold faster on the "fast" triangle compared to the "slow" one.
The figure clearly shows the different behavior depending on the surface the
molecule is currently on.

(a) (b)
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Figure 38: Random diffusion of single molecules was tested on a rectan-
gular plane
(a) Geometry of the testing environment. The plane the molecules are diffusing on
is separated into two parts. A molecules diffusion coefficient can be set depending
on the surface it is diffusing on.
(b) Example of a single molecule random walk crossing from a fast diffusion en-
vironment to the slow diffusion environment. The blue line indicates the path of
the molecule, the grey line indicates the separation between the fast and the slow
diffusing environment.
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Random walks of molecules simulated using a fixed random seed to initialize
the simulator show identical paths for the simulated molecules in case of either
"slow" or "fast" diffusion.
In addition, the mean square displacement (MSD) (Berg, 1993) of the diffusion
processes was calculated and compared between Smoldyn V2.21 and Smoldyn
V2.21_M. The MSD can be interpreted as the space explored by particles over
time. The MSD of random diffusion is expected to be linear over time. The
diffusion of single molecules was simulated to be able to track the particles.
The "fast" triangle had a hundredfold faster diffusion coefficient than the
"slow" one. The default diffusion definition in Smoldyn does not allow for
different surface dependent diffusion coefficients. Therefore, the amount
of simulations performed was doubled in V2.21 compared to V2.21_M to
simulate the slow and the fast diffusion. In addition, molecules were not
allowed to cross between the two surfaces in this case, in contrast to the
example shown before in figure 38b. Figure 39a and 39b show the MSD over
time for the slow (a) and the fast (b) process. The MSD results are equivalent
for Smoldyn V2.21 (red) or V2.21_M (blue). The linear dependency indicates
the expected random movement in all cases.
If the molecules are allowed to cross between the triangles, the MSD shows
the anomalous behavior expected from such a system as shown in figure 39c
(Smoldyn V2.21_M only) indicating sub-diffusion, a behavior that is observed
for example in systems that exhibit molecular crowding (Banks and Fradin,
2005).
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Figure 39: The mean square displacement (MSD)
(a)-(b) The MSD of particles in the same diffusion environment shows the same
diffusive behavior using the modified and the original version of Smoldyn (blue:
modified Smoldyn, red: Smoldyn V2.21). Figure (a) shows the MSD for the slow
diffusion environment while (b) shows it for the fast surface environment.
(c) The MSD of particles diffusing in different diffusion environments shows anoma-
lous Diffusion
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2.1.2 Reactions

The same geometry as described before in section 2.1.1 was used to run a set
of simulations to compare Smoldyn 2.21 and 2.21_M. The modeled reaction is
based on the phosphorylation of the phosphoinositide PIP2 by phosphatidyl-
inositol-3-kinase (PI3K) using the kinetic parameters given earlier (see section
3). Again, diffusion on the "fast" surface is 100x faster compared to the
slow one. Simulations are initiated with 3 kinases and 500 molecules of
PIP2 on each surface. PIP2 is not allowed to move between surfaces. As
before, simulations using the two different diffusion coefficients were run using
Smoldyn V2.21_M, while the amount of simulations had to be doubled to
simulate fast and slow diffusion in Smoldyn V2.21. Figure 40 shows the
time courses of PIP3 production indicating equivalent simulation results for
Smoldyn V2.21_M and V2.21. Smoldyn V2.21_M results are given in blue
while red shows Smoldyn V2.21 results. Darker colors represent reactions on
the "fast" surface, light colors those on the "slow" surface.
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Figure 40: Reaction simulations comparing Smoldyn V2.21 and Smol-
dyn V2.21_M
The same realistic spine geometry shown in chapter 2 figure 38a was used as spatial
environment for these simulations.
The modeled production of PIP3 by PI3K was simulated using Smoldyn V2.21 (red)
and Smoldyn V2.21_M (blue) using a fast (dark) and a slow diffusion coefficient.
Smoldyn V2.21_M simulations use the surface specific sdifc to set the diffusion
coefficient for PIP2 and PIP3, while the default difc statement is used for simula-
tions performed with Smoldyn V2.21. Ten different simulations of each, using the
slow and the fast diffusion constant, were performed with each simulator.
Red: Smoldyn V2.21, Blue: Smoldyn V2.21_M, dark colours: fast diffusion coeffi-
cient, light colours: slow DC
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Smoldyn provides the possibility to set the seed for the random number
generator explicitly, allowing to test whether both versions produce identical
results if they are based on the same sequence of random numbers. In this case
however, simulations run with Smoldyn V2.21_M had to be split in two as
well to ensure that the same amount of random numbers are used. Comparing
a Smoldyn V2.21_M simulation with two different diffusion coefficients is not
possible because the diffusion coefficient changes the probability of reactions
and hence the amount of random numbers used. The results cannot be
expected to be identical.
Splitting the Smoldyn V2.21_M simulation in two as well but using the
surface dependent diffusion coefficient to define diffusion in V2.21_M produces
identical results for a fixed random seed as shown in figure 41. The results
of Smoldyn V2.21_M and V2.21 are identical. The overlap of the results is
indicated by the purple color.
In addition, a simulation was run in Smoldyn V2.21_M connecting the two
surfaces, setting the two different diffusion coefficients and allowing PIP2
to cross between surfaces. The same random seed was used as before. The
development of PIP3 is shown for both surfaces in figure 41 in blue. The
trapping of PIP2 molecules on the "slow" diffusion surface causes an increase
in the local concentration compared to the "fast" surface. Therefore, more
PIP3 is produced on the slow than on the fast surface in this case compared to
the other cases where crossing of molecules between surfaces was not possible.
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Figure 41: Reaction simulations comparing Smoldyn V2.21 and Smoldyn
V2.21_M
The same realistic spine geometry shown in chapter 2 figure 38a was used as spatial
environment for these simulations.
Ten simulations of identical reaction systems were performed using a fixed identical
random number seed. This ensures that the sequence of random numbers used in the
simulations to determine the stochastic effects is the same. Simulations performed
using Smoldyn V2.21 and Smoldyn V2.21_M produce identical results (illustrated
here by increase of PIP3 over time) for different diffusion coefficients (DC). The
purple color indicates the overlay of the corresponding V2.21 and V2.21_M results.
In Smoldyn V2.21_M it is possible to run simulations with molecules crossing over
from one surface to the other adopting a new diffusion constant in the process.
The results by means of PIP3 development on the fast/slow surface are shown in
dark/light purple.
Purple: Smoldyn V2.21 and V2.21_M, separate simulations per diffusion constant,
Blue: Smoldyn V2.21_M different diffusion constants in the same simulation.
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2.2 Modeling AMPAR trapping

The increase in synaptic AMPAR numbers is one of the major processes of
long term potentiation (LTP). Sources for new AMPAR at the synapse are
exocytosis and lateral diffusion (Newpher and Ehlers, 2008). This section
shows an application for surface dependent diffusion coefficients to study the
latter (lateral diffusion) based on a model proposed by Tolle and Novère, 2010.

2.2.1 Different macroscopic diffusion environments can mimic scaf-
fold binding

Frequently, binding partners and mechanisms of detainment of molecules in
specific areas of the membrane are unknown, only vaguely defined or very
broad. This can render explicit modeling difficult. Molecular behavior could
also be solely influenced by crowded environments. Different macroscopic
diffusion environments can be used to abstract from this level of detail as
shown for example in figure 42.
Based on the model for AMPAR trapping at the PSD in Tolle and Novère,
2010 that models scaffold binding of AMPAR explicitly, simulations were
run in Smoldyn V2.21_M using different diffusive environments for AMPAR
at the PSD and the extra synaptic membrane (ESM). The parameters for
the model were taken from Tolle and Novère, 2010 (DESM =0.45 µm2 s−1,
n(AMPAR): 66, n(Scaffold)= 132). Diffusion coefficients for AMPAR at the
PSD were decreased six times by a factor of 10 between simulations based
on a diffusion coefficient of DESM =0.45 µm2 s−1 for AMPAR at the ESM.
The enrichment of AMPAR at the PSD is shown for a range of PSD diffusion
coefficients of DPSD =0.45 µm2 s−1 to DPSD =0.45 e-6 µm2/s . Lighter
colors indicate slower diffusion at the PSD. The pink time course indicates
AMPAR trafficking due to explicit scaffold binding when DESM = DPSD
=0.45 µm2 s−1, see also section 2.2.2 below. The figure indicates that the time
course of actual scaffold binding resembles trapping due to slower diffusion
with DPSD =0.45 10-5 µm2/s.

113



Chapter 4. Extending Smoldyn to allow surface dependent diffusion

300
time [sec]

0

7
0

#
A

M
P
A

R

DPSD=DExt

DPSD<< DExt

Figure 42: Trapping of AMPAR at the PSD
Time courses of AMPAR numbers at the PSD are shown. Diffusion coefficients (D)
on the extra synaptic membrane (ESM) are kept constant, while they are changed for
AMPAR diffusion on the PSD. The coloring indicates the ratio of DPSD to DESM.
The differences changed in 10-folds starting from DPSD = DESM (darkblue) to
DPSD ·1.000.000 = DESM (lightblue). The amount of AMPAR present at the
PSD in case of DPSD = DESM (darkblue) reflects the area ratios of PSD to ESM.
The bigger the difference between DPSD and DEMS becomes (indicated by lighter
shades of blue), the more AMPAR get trapped at the PSD.
The pink time course indicates trapping of AMPAR due to binding of AMPAR to
scaffolding elements instead of changes in diffusive behavior.
All time courses are averages of 10 simulation runs. The geometry used for these
simulation is the same as shown in figure 7b.
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2.2.2 Different diffusive environments enhance receptor trapping
at the synapse

Tolle and Novère, 2010 used explicit modeling of the PSD boundaries to show
the effects of AMPAR receptor confinement to the PSD on receptor trapping.
They vary the probability that AMPAR are reflected back into the PSD upon
encounter of this boundary instead of diffusing into the extra synaptic space.
Increased confinement of AMPAR to the PSD decreases the time needed to
bind most receptors to the scaffold due to increased probabilities of AMPAR
encountering binding scaffold elements.
As shown before, a different macroscopic diffusion environment is enough
to enrich receptors at the PSD without the need of explicitly modeling a
reflective boundary around it. Simulations were run using Smoldyn V2.21_M
modeling two different diffusive environments for AMPAR. Results are shown
in shown in figure 43. The parameters for the model are taken from Tolle
and Novère, 2010 (DESM =0.45 µm2 s−1, n(AMPAR): 66, n(Scaffold)= 132).
The extra synaptic diffusion coefficient is the same for all simulations (DESM
=0.45 µm2 s−1). The diffusion coefficient for the PSD is changed five times
by a factor of ten from DPSD =0.45 µm2 s−1 to DPSD =0.45 10-5 µm2/s.
Scaffolding elements and AMPAR binding to them is modeled explicitly. The
results clearly indicate the positive effect of slower AMPAR diffusion at the
PSD on the overall time that is needed to trap AMPAR by scaffold binding
at the PSD. This improvement however has its limitations once diffusion at
the PSD gets too slow to enable AMPAR to encounter the scaffold elements.
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Figure 43: Trapping of AMPAR at the PSD via scaffolds
Time courses of AMPAR binding to scaffolding elements at the PSD are shown.
The number of scaffold-bound AMPAR is depicted over time. Diffusion coefficients
are changed in the same way as in (a) from DPSD = DESM (darkblue) to DPSD
·100.000 = DESM (lightblue).
All time courses are averages of 10 simulation runs. The geometry used for these
simulation is the same as shown in figure 7b.
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3 Discussion

This section demonstrated the idea of defining molecular properties based
on the current environment of a molecule. The implementation of surface
dependent diffusion coefficients was described, validated and illustrated as an
extension to the simulator Smoldyn V2.21.
The shown examples demonstrate, that Smoldyn V2.21_M behaves as ex-
pected compared to Smoldyn V2.21 when such a comparison is directly
possible. The new extension enables simulations showing interesting aspects
such as anomalous diffusion due to different diffusive areas or the enhancement
of reaction speed by enriching substrate molecules.
Simulations of AMPAR trafficking at the PSD show that a change in diffusion
coefficient can substitute for explicit modeling of binding reactions, especially
in cases where binding partners are unknown, not well defined or an abundance
of unspecific associations slows the movement of molecules down. Especially
in case of the latter, modeling the behavior based on macroscopic diffusive
behavior might be the easier and also biologically more realistic abstraction. It
has to be kept in mind though that the results are not the same with regards
to the spatial distribution of the trapped molecules. Modeling molecular
trapping by unspecified scaffolds defines the position of receptors via the posi-
tioning of the scaffold. Trapping them via a change in diffusivity concentrates
them on the boundaries of the subarea in the beginning. Achieving a random
or uniform distribution of molecules via macroscopic diffusion in that subarea
might take longer since the molecules have to distribute within this subarea
via the slower diffusion coefficient.
In general, being able to easily model membranes as surfaces composed of sub-
areas that exhibit different properties is a great feature to study the influence
of special sub diffusive membrane environments like the PSD.
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We cannot achieve victory by arms, but by arms we can give the Ring-bearer
his only chance, frail though it be.

- Gandalf -
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5
Conclusions

The general background of this thesis was the postsynaptic signal integration
of brain derived neurotrophic growth factor signaling pathways and their influ-
ence on long term potentiation, the processes that strengthens the connections
between neurons as basis of memory and learning as outlined in Chapter 1.
These complex interactions are difficult to understand by pen and paper and
computational modeling appears to be the method of choice to gain further
insights into the complex behavior of the system itself rather than each of its
parts on their own.
Due to the extremely small size of the postsynaptic signaling environment
(the dendritic spine) and the low amounts of molecules, stochastic processes
are likely to play an important role and influence signaling outcomes. In
addition, the extremely heterogeneous and versatile spatial environment of
the spine determined the decision to develop a model within a stochastic
single particle modeling framework. The simulation environment Smoldyn
together with an extension developed and described in chapter 4 enabled the
development of a detailed spatial representation of the dendritic spine, with
explicit representation of the postsynaptic density (PSD) as distinct diffusion
compartment within the spines membrane. The single particle nature of
the simulation allows full control over the positioning and movement of all
molecules together with the possibility to track them in space and time.

Firstly, chapter 2 takes a step back from the complicated interaction net-
work of BDNF signaling and focuses on the small subnetwork compris-
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ing phosphoinositide-3-kinase (PI3K), the phosphatase and tensin homolog
(PTEN) and the two phosphoinositides PIP2 and PIP3.
One of the goals of the initial study was to develop a set of methods to
facilitate the automated statistical analysis of spatial molecular distributions
at the PSD membrane over time and in space. Spatial geostatistics was found
to be a closely related field providing a comprehensive toolbox for the analysis
of point patterns distributed in space. A software package implemented for
the use in geostatistics (Spatstat) within the context of the statistical script-
ing language R was utilized to develop analysis pipelines that deal with the
generated spatial output format of the simulator Smoldyn.
The study demonstrated key aspects of the important role of space in signaling
pathways, regardless of the identity of the actual chosen phosphatase and
kinase interaction. The relative positioning of positive and negative regulators
in space creates a focused and localized signal of an otherwise small and
quickly diffusing signaling substance. Space as a potential signaling parame-
ter itself is able to adjust and fine-tune the signaling outcome of otherwise
identical systems. Studies found in the experimental literature outlined in
chapter 4 illustrate that the studied ring-like spatial layout could indeed be a
realistic representation of biological reality.

Secondly, chapter 3 returns to the larger system of BDNF signaling in long
term potentiation and presents a model that integrates possible signaling
events downstream of the receptor. The implementation of the model relies
on the Smoldyn extension described in chapter 4.
Three different layers of signal interaction and integration were considered:

• The competition of PI3K and phospholipase C (PLC) for the same
substrate PIP2.

• Two different isoforms of protein kinase C (PKC) that were shown to
modify AMPAR conductance and trapping behavior as described in
chapter 1.

• The integration of conductance changes and trafficking behavior at the
level of AMPARs as a measure for the extend of synapse potentiation.
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Simulations varying the amount of the stimulus BDNF show that the compe-
tition of the kinase PI3K and PLCγ for the same substrate is dominated by
PI3K at lower and PLCγ at higher levels of BDNF. Further downstream, the
model predicts that lower concentrations of BDNF potentiate the synapse
mainly by changing the conductance of already PSD resident AMPAR while
the AMPAR trapping modification due to the PI3K dependent pathway oper-
ate more within an all or nothing regime. Higher concentrations of BDNF
reliably trigger both, AMPAR trapping and conductance changes.
The addition of an inhibitory effect on PLCγ shifts the response towards
full potentiation of the synapse due to the activation of both pathways at
lower concentrations of BDNF. Defining the PSD as a different diffusion
environment for all protein components which simulates diffusion trapping has
a similar effect. The reasons for this effect however are different. Molecular
trapping results in an increase of local concentration of the important signaling
components, thus lower concentrations have a similar effect to higher ones in
the unmodified model. Inactivation of PLCγ on the other hand provides the
necessary advantage for the PI3K pathway to reach the necessary signaling
levels to trigger downstream signaling. It seems reasonable from a biological
point of view to increase synapse strength by changing the conductance of
AMPAR first and at lower concentrations because this process involves re-
ceptors already present at the PSD. Later and at higher concentration the
recruitment of more receptors to the PSD by trapping mechanisms creates
a potentially longer lasting potentiation because it changes the molecular
composition of the PSD.
Chapter 3 relied on the implementation of the Smoldyn extension introduced
in chapter 4. This extension allowed an accurate representation of the PSD
as diffusion microdomain. Showing the influence of an increase in local con-
centration due to different diffusion properties at the PSD would have been
impossible otherwise.

The spine itself is still extremely close to the resolution limit of light mi-
croscopy techniques that allow the real time tracking of molecular movements
and events. Typical fluorescent microscopy studies allow the distinction of
two cases : (a) A protein is in the spine and (b) it is not (see the publications
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on AMPAR movement done by Arendt et al. (2010) and Tardin et al. (2003)
for examples). Colocalization studies rely on detecting the spatial overlap
of the fluorescent signal with typical synaptic marker proteins (Tardin et al.,
2003). The advent of new high resolution techniques such as STED microscopy
for example are capable of resolving structures in the 50 nm range such as
vesicles (Kempf et al., 2013). These dimensions are still huge compared to
the diameter of the PSD of around 600 nm given in chapter 2. With this
resolution, it is impossible to see details of single molecular movements within
the PSD.
Ultrastructure studies such as immunogold electron microscopy (Tao-Cheng
et al., 2011) on the other hand miss the dynamic component. Computa-
tional models, like the one proposed, allow to combine the static view of
high resolution imaging giving accurate positions of molecules with the dy-
namic perspectives gained from fluorescence microscopy. They allow further
to extrapolate from observations done within a larger context to the condi-
tions and events happening on the small spatial scale of the spine and test
hypothesis on the dynamic distribution of molecules over time within the PSD.

The TrkB signaling model as described in this thesis provides interesting
possibilities to address further questions. Some of them require smaller some
larger extensions to the model.
Release of BDNF studied here resembles more bath application experiments
of BDNF although BDNF is released into the context of the synaptic cleft.
The current model does not make any assumptions whether BDNF release is
postsynaptic (Hartmann et al., 2001), presynaptic (Dieni et al., 2012) or both
(Kojima et al., 2001; Matsuda et al., 2009). However, experiments indicate the
BDNF release is activity dependent as is glutamate release and an interesting
question to answer using modeling is the integration of the glutamate signal
with the BDNF signal addressing both, temporal and spatial coordination.
Further downstream, addressing the spatial and temporal integration of TrkB
mediated calcium release from internal stores with calcium that enters through
glutamate receptors on the downstream targets is an interesting topic as well
and could allow the relative quantification of contributions of both, the glu-
tamate and BDNF pathways, to LTP processes. These questions however,
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require the extension of the presented model by an appropriate glutamate
dependent signaling model.
Furthermore, a realistic representation of the electric properties arising from
the involvement of ionic currents would be interesting and help to compare
simulation results with experiments measuring postsynaptic potentials as
result of signaling events. This is however beyond the capabilities of Smol-
dyn. Attempts have been made of integrating biochemical simulations with
electrical ones such as the VirtualNeuron (Brown et al., 2011) or TimeScales
(Mattioni and Le Novère, 2013). Especially the methodology developed in
TimeScales is of interest. The author is running two different simulators
in parallel, synchronizing them in an event driven manner. The purpose of
TimeScales is the integration of these two simulators and the conversions of
events happening between them. A similar integration might be possible for
Smoldyn to not only address the influence of spatial events on the electrical
signal of a single spine but also over several spines on a dendrite. The elec-
trical summation of spines showing the stochastic behavior as described in
chapter 3 depending on BDNF concentration would be an interesting prospect.

The simulator Smoldyn has been used throughout this work as simulation
environment of choice. The current available version V2.31 of Smoldyn pro-
vides interesting new features such as moveable surface panels, excluded
volume reactions and rule-based modeling allowing the easier implementation
of complex models. The implemented extension presented in chapter 4 is
based on version V2.19 and V2.21. Due to major redesign of the Smoldyn
source code in the recent past, these versions are currently not compatible.
It might be interesting to re-enter the conversion about environment specific
features of molecules like diffusion as introduced here as it was mentioned in
the Smoldyn programmers manual of version V2.23 (Andrews, 2011).
In general, there are certain aspects of Smoldyn usability that could be ad-
dressed in the future to make Smoldyn accessible to a wider range of audience.
The lack of model development and analysis tools results in a steep learning
curve. Once the initial steps are mastered, Smoldyn becomes a powerful tool
for simulation.
A model editing environment as seen in other simulators would facilitate the
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implementation of Smoldyn models. In addition, instant feedback on syntax
and possibly semantic components could be included to increase the efficiency
of model implementation.
The development of a toolbox potentially in R and based on scripts that
were implemented for this thesis would benefit the user community. This
toolbox could range from global time course output and analysis functions as
seen in many other simulation environments such as Copasi or VCell to the
generation of spatial statistics to compare molecular distributions across time
and space.
Input and output filters to enable easier sharing of Smoldyn models with the
systems biology community would be desirable. Already import and export
of the biochemical components into standard markup languages of systems
biology such as SBML (Hucka et al., 2003) would be of great benefit. In
addition, SBML Version 3 is on its way to support spatial features (Hucka
et al., 2010; Schaff et al., 2013).

Overall, the increase in available data and the improvement and development
of new technologies enables more and more parameters of models to be de-
termined accurately. The prospect of creating more realistic and detailed
models is tempting. However, one has to keep in mind when developing
more and more realistic and therefore complex models, that simplification
and abstraction of a problem can be an important step in modeling. It helps
to identify and understand the important components and aspects of the
underlying questions. Extending a model solely for the purpose of increased
realism could cause the loss of focus on the original question.

Despite this conclusion, the benefit of including space as a variable parameter
was shown in this thesis with regards to the signaling events at the single
spine level. The possibility to build computational models and modifying
them to address the influence of parameters and aspects that are very difficult
to alter in experimental settings such as diffusion properties is one of the huge
benefits of modeling and systems biology. A system is more than its parts
and although we have to understand the single components first, bringing
them back into their context is characterized by the emergence of new and
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exciting properties that none of the single components is able to show alone.

After all, no living cell is a simple container of isolated biochemical components
mixed together but a highly organized machinery of complex interactions
and components in time and space. This observation is true throughout
all different layers of complexity from single cells to tissues, organisms and
ecosystems. Life is organization of interaction and communication in time
and space and stochasticity has its share.

Home is behind, the world ahead,and there are many paths to tread through
shadows to the edge of night,until the stars are all alight.

- Pippin’s song -
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r(PI3K) r(PTEN) Total PSD PSD
Total

d[nm]
42 none 2103.145± 1.32 216.33± 2.01 0.10 -
42 42 140.54± 5.30 7.83±0.13 0.06 54
42 85 7.86± 1.16 1.12±0.10 0.14 87
42 170 11.94± 2.67 4.37± 0.28 0.39 173
42 255 13.89± 1.72 8.97± 0.28 0.65 257
42 370 17.62± 0.60 16.79±0.49 0.95 317
42 fix 5.60± 1.07 4.38± 0.34 0.80 253
42 rnd 48.98± 3.19 36.31 ± 1.90 0.74 735
85 none 1937.41± 4.65 104.65± 2.07 0.05 -
85 42 1020.45± 20.53 55.77 ± 0.89 0.05 90
85 85 76.55± 5.17 3.95± 0.17 0.05 106
85 170 18.88± 2.86 5.86± 0.15 0.32 181
85 255 22.24± 2.95 12.61± 0.17 0.58 262
85 370 25.03± 0.57 23.86± 0.54 0.95 375
85 fix 8.89 ± 3.03 6.37± 0.50 0.77 255
85 rnd 66.37± 1.06 49.73± 0.41 0.75 738
170 none 2007.69 ± 3.82 108.50± 1.72 0.05 -
170 42 1549.91± 13.65 80.40± 1.42 0.05 173
170 85 1081.34 ±19.23 53.71 ±0.70 0.050 180
170 170 38.09 ±8.98 1.96± 0.15 0.05 216
170 255 25.75± 3.08 10.58 ± 0.35 0.41 284
170 370 29.78 ± 1.10 27.19± 0.59 0.91 390
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170 fix 14.50 ± 7.17 4.78 ± 0.70 0.41 277
170 rnd 88.57 ±4.33 64.02 ± 2.55 0.72 743
255 none 2039.29± 5.94 110.08± 2.07 0.05 -
255 42 1712.90± 15.72 83.72 ± 0.83 0.05 257
255 85 1444.57± 31.15 66.39± 0.86 0.05 261
255 170 693.66± 7.36 27.78± 0.50 0.04 284
255 255 36.46± 5.80 1.96±0.12 0.06 325
255 370 25.09± 0.99 21.75 ± 0.32 0.87 415
255 fix 43.99± 22.48 5.13± 0.45 0.15 330
255 rnd 100.28± 3.52 68.67 ± 2.69 0.684 752
370 none 2103.73 ±1.03 107.37± 1.34 0.05 -
370 42 1992.44± 8.67 85.54±2.09 0.04 3710
370 85 1888.32 ± 10.784 74.00 ± 1.01 0.04 384
370 170 1367.79±14.34 43.53± 0.66 0.03 398
370 255 707.93± 15.62 16.682± 0.40 0.02 424
370 370 9.84±2.69 2.89± 0.11 0.31 484
370 fix 273.35 ± 65.20 9.30 ± 1.010 0.04 428
370 rnd 231.90± 6.38 136.40± 2.10 0.59 769
fix none 2057.67± 23.64 90.16± 37.02 0.04 -
fix 42 1751.96± 91.36 82.14± 2.24 0.05 255
fix 85 1324.07± 58.24 61.20± 2.45 0.05 247
fix 170 712.60± 56.23 27.18± 1.71 0.04 272
fix 255 254.23± 72.94 10.89± 0.52 0.05 325
fix 370 27.09± 2.39 21.79 ±2.11 0.81 416
fix fix 86.89± 29.46 5.81 ± 1.18 0.07 326
fix rnd 116.29± 11.86 77.57 ± 5.84 0.67 756
rnd none 2107± 0 108.94 ±1.60 0.05
rnd 42 1986.41± 6.80 53.10 ±1.66 0.03 733
rnd 85 1943.96± 11.20 38.75 ± 1.40 0.02 739
rnd 170 1894.90± 6.00 22.42± 0.47 0.01 741
rnd 255 1842.10± 9.05 13.74± 0.23 0.02 755
rnd 370 1427.69± 3.89 2.04± 0.44 0.00 769
rnd fix 1757.63± 48.11 9.59± 1.55 0.01 761
rnd rnd 39.80 ±3.26 3.86± 1.27 0.10 1003
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Table 8: Steady State Maximum PIP3 levels in # molecules at the
PSD and over the whole surface
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r(PI3K) r(PTEN) f(CSR) f
(mCSR)

f(pcf) r(PCF)
[nm]

r(dia)
[nm]

42 none 0.139±
0.011

0 0.279±
0.006

- -

42 42 0.047±
0.010

0 0.298±
0.011

- -

42 85 0.375±
0.028

0 0.450±
0.129

- -

42 170 0.767±
0.030

1 0.887±
0.009

84± 53 184±6

42 255 0.835±
0.011

1 0.909±
0.005

74± 9 283 ±4

42 370 0.713±
0.039

1 0.853±
0.009

67± 26 426 ± 4

42 fix 0.559±
0.058

1 0.867±
0.015

49± 5 212 ±
24

42 rnd 0.382±0.029 1 0.614±
0.014

23± 2 574 ± 4

85 none 0.148±
0.022

0 0.270 ±
0.003

- -

85 42 0.094±
0.010

0 0.305 ±
0.002

- -

85 85 0.049±
0.012

0 0.282 ±
0.029

- -

85 170 0.856±
0.016

1 0.898 ±
0.014

55± 14 239±9

85 255 0.927±
0.024

1 0.943 ±
0.005

71± 6 323 ± 2

85 370 0.834±
0.021

1 0.905 ±
0.010

39± 15 446 ±5

85 fix 0.693±
0.036

1 0.859 ±
0.018

61± 25 280±19
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85 rnd 0.452±
0.049

1 0.621 ±
0.017

22± 1 588 ±1

170 none 0.157±
0.028

0 0.259 ±
0.006

- -

170 42 0.199±
0.007

0 0.279
±0.008

- -

170 85 0.2337±
0.012

0 0.324 ±
0.009 -

-

170 170 0.159±
0.022

0 0.327 ±
0.058 -

-

170 255 0.587±
0.027

1 0.841 ±
0.012

58± 24 363±4

170 370 0.630±
0.039

1 0.868 ±
0.005

31± 6 477±4

170 fix 0.117±
0.036

0.4 0.561
±0.040

118± 31 317±30

170 rnd 0.322±
0.021

0.6 0.563
±0.011

20± 1 607±2

255 none 0.162±
0.021

0 0.252±
0.004

- -

255 42 0.213±
0.011

0 0.270±
0.006

- -

255 85 0.333±
0.013

1 0.329±
0.007

- -

255 170 0.156±
0.008

0 0.387±
0.010

- -

255 255 0.175±
0.013

0 0.296±
0.056

- -

255 370 0.259±
0.016

0 0.693±
0.009

43± 12 502±1

255 fix 0.069±
0.012

0 0.404±
0.017

- -

255 rnd 0.217±
0.018

0 0.468±
0.010

- -
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370 none 0.148±
0.023

0 0.234±
0.008

- -

370 42 0.261±
0.020

0 0.270±
0.006

- -

370 85 0.445±
0.029

1 0.310±
0.003

- -

370 170 0.320±
0.019

1 0.400±
0.009

- -

370 255 0.145±
0.027

0 0.371±
0.005

- -

370 370 0.096±
0.008

0 0.337±
0.033

- -

370 fix 0.134±
0.041

0 0.383±
0.030

- -

370 rnd 0.331±
0.012

0.8 0.368±
0.011

- -

fix none 0.157±
0.018

0 0.249±
0.011

- -

fix 42 0.233±
0.037

0 0.266±
0.016

- -

fix 85 0.313±
0.070

0.6 0.337±
0.016

- -

fix 170 0.217±
0.124

0.2 0.406±
0.067

- -

fix 255 0.109±
0.048

0 0.344±
0.042

- -

fix 370 0.402±
0.073

0.8 0.741±
0.033

50± 28 496±2

fix fix 0.105±
0.026

0 0.391±
0.042

- -

fix rnd 0.27±
0.040

0 0.484±
0.025

- -
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rnd none 0.133±
0.024

0 0.234±
0.003

- -

rnd 42 0.251±
0.011

0 0.281±
0.009

- -

rnd 85 0.351±
0.057

0.8 0.348±
0.012

- -

rnd 170 0.345±
0.048

1 0.410±
0.005

- -

rnd 255 0.211±
0.022

0 0.351±
0.007

- -

rnd 370 0.243±
0.041

0 0.481±
0.033

100± 42 224 ±54

rnd fix 0.173±
0.030

0 0.352±
0.018

- -

rnd rnd 0.171±
0.041

0 0.388±
0.015

- -

Table 9: Means and standart deviation by spatial simulation setup
of the CSR test and the PCFs
CSR Fractions: The fraction of overall timeframes with a p-value below the
significance threshold of .05
CSR Mode Fractions: The fraction simulation runs where the most-prevalent
p-value is below .05
r(PCF): The most prevalent maximum of each time frames PCF function
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Estimate Std. Error t value Pr(>|t|) Sig.
a 0.0005362 0.0001014 5.286 5.02e-05 ***
k 1.7501096 0.0326114 53.666 < 2e-16 ***

Table 10: Parameters of power law fit for settings with r(PI3K)=42 X
r(PTEN)={85,170,255,370}
Fitted function: a · xk = y
Significance Codes: 0: ***; 0.001: **; 0.01: *; 0.05: .

Estimate Std. Error t value Pr(>|t|)
r(PI3K)=rnd X r(PTEN)={42,85,170,255,370}
d 7.165e+01 1.201e+00 59.663 < 2e-16 .
x=r(PTEN), c -5.091e-01 2.698e-02 -18.871 1.19e-14 ***
x=r(PTEN), b 1.639e-03 1.539e-04 10.653 6.33e-10 ***
x=r(PTEN), a -2.086e-06 2.459e-07 -8.483 3.18e-08 ***
r(PTEN)=rnd X r(PI3K)={42,85,170,255,370}
d 6.152e+00 3.133e+00 1.964 0.0629 ***
x=r(PTEN), c 8.792e-01 7.036e-02 12.495 3.44e-11 ***
x=r(PTEN), b -4.784e-03 4.013e-04 -11.920 8.23e-11 ***
x=r(PTEN), a 9.075e-06 6.414e-07 14.148 3.30e-12 ***

Table 11: Parameters of cubic fit for spatial setups r(PI3K)=rnd
X r(PTEN)={42,85,170,255,370} and r(PTEN)=rnd X
r(PI3K)={42,85,170,255,370}
Fitted function: a · x3 + b · x2 + c · x+ d = y
Significance Codes: 0: ***; 0.001: **; 0.01: *; 0.05: .
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Figure 45: PCF based estimation of signalling peak radii
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Figure 46: t1/2 for reaching the steady state depends on the spatial setup.
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